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A POEBTOIATIOir OP INELASTIC’ STRUCTURAL 33ESIGN UNDER 
UNCERTAINTY 3?OR COST-EFPEOTITENESS AS GAME 
AND DECISION THEORY PROELBICS 

SY NOPSIS 

The thesis is an attempt to make use of the modem 
concepts of engineering system design and theories of 
decision-making to evolve a methodology for design of 
•* well-balanced*’ structures. The ^plication of several 
decision techniques extensively used in optimal control 
theory, management science, operations research etc, are 
investigated for this purpose with special eoap basis on the 
feasibility of applying game theory for inelastic structural 
design. 

The nature of structural design decisions is 
analyzed and a methodology for structural design that pays 
attention not only to the structural safety aspects, but 
also to the economic, social, functional and other involve- 
ments of design is proposed. The approach to the design is 
one of dividing the problem into decisions at comparatively 
smaller levels* at vhich the decisions can be tackled 
rationally and more effectively, and of synthesizing the 
decisions so made to global decisions by means of appropriate 
methods. Structural design is divided into five major 



decisiojas namely the selection of site, selection of 
functional configuration, choice of structural concept, 
arrangement of members and selection of connections, and 
finally the choice of materials and proportioning of members* 

The decisions are to be sequentially carried out in the 
framework of a learning mechanism or heuristic procedure, 
and may be iterative in nature. Decision models are proposed 
for all the first four steps which include gaming, checklist 
method, and other subjective decision models* Of these 
decisions, the choice of structural concept is further 
studied and illustrated through exaii5)les. The last decision 
namely the selection of materials and proportioning of 
members is studied in detail as follows. 

The proposed formxilation of design for the choice of 
structural members treats structural design as a decision 
ma3cing process under certainty, risk or uncertainty depending 
upon the nature of infomation or design data available.' 

Also, the method uses a direct design concept in i/diich the 
forcG-defoimation relations of cross sections of structural 
members are obtained as the output of the solution. Knowing 
the force-deformation relations, the cross sections are 
subsequently chosen subject to certain optimization criterior^costj 

I 

cost-effectiveness etc.). The method is essentially . 
developed for inelastic materials with or without creep 
effects although it is equally ^plicable to elastic cases 
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as well, A cost-effectiveness criterion that trades off the 
cost of the structure with the expected cost of failure 
considering several modes of failure for the same structure is 
developed and used as the criterion of design* This method 
also determines the optimum safety level consistent with 
economy, and also considers the consequences of failure and 
ductility requirements* Serviceability requirements are 
satisfied for an arbitrarily specified normal load condition* 

Inelastic structural design for given load conditions 
is formulated as an optimal control problem i/diich satisfies 
the serviceability requirements under normal load conditions* 

A design method for risk situations (random state of loading) 
making use of cost-effectiveness criterion is also proposed* 
The two methods together give the force-deformation relations 
satisfying the values in design; safety, serviceability, 
ductility and economy* The concepts in these two formulations 
are subsequently made use of to formulate a general stage 
by stage decision process for proportioning the members 
under conditions of uncertainty* 

The decisions involved in the proportioning of 
members under uncertainty are divided into four stages* In 
the first two stages, a gome theory model in which stiuctural 
action is simulated as a game played by structure against 
nature is considered to construct the force-deformatiOti 



relations required for serviceability and optimum cost^ 
effectiveness under uncertain load conditions* Iwo consecutive 
plays of the game are considered, Ihe first play called 
normal play is formulated as a differential game problem for 
satisfying serviceability requirements, Ihe uncertainties in 
the timing, sequence, position and direction of loads are 
considered' as the strategies of nature. The second play 
called survival play is formulated as a statistical game of 
minimax type in which the unknown parameters of probability 
density functions of the loads are taken as the strategies 
of nature. Survival play makes use of cost-effectiveness 
criterion as the payoff. In both plays, the force-deformation 
relations of structural cross sections are the strategies 
of structure. The optimal strategy of structure called task 
curve in the proposed game is the design output. 

In the third stage of decision, the task curves are 
corrected for nonmeasurable uncertainties mainly arising 
due to ‘human error's* in design, construction and operation 
by introducing proper marginal factors evaluated by a 
decision theory approach. In the fourth stage of decision, 
the material and dimensions of the members are chosen 
matching their force-deformation relations with the 
corrected task curves,’ This choice of cross section is for 
minimum cost or cost-effectiveness and is to be considered 
as choices under certainty, risk or uncertainty. The 
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random behaviour of structural members is idealized as a 
Markov process. The uncertainty in the randomness is taken 
into consideration by a Bayesian Markov process. The 
conc^ts involved in the proposed method are con^ared with 
those in the existing design methods* 

The emphasis in the present investigation is on the 
analysis and formulation of the generalized structural 
design problem rathor than on the co reputational a^ects of 
any ^ecific problem. The method is illustrated at all 
stages by means of 13 suitable illustrative exanples of both 
Mastic and inelastic structures with or without creep 
effects. The method attenpts to eliminate the arbitrariness 
in the design p2X)ccss and takes into account many of the 
problems that may arise in a design activity. The piroposed 
method has a deterministic format in spite of the probabi- 
listic nature of data. 
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GHAPgM OHE 
INTRO lUGTION 


1.1 GElTERili 

Design of stractures is perhaps one of the oldest 
design activities. Wasiut 3 nislci and Brandt (1) trace hack 
the origin of structural design to the first work of Galileo. 
However, the progress in the earlier period was slow and a 
comprehensive ^proach to design was absent for a long time.- 
Design was performed in the 19th century and the eaxlier 
period of '20th century through a process of analysis within 
the framework of continuum mechanics^ strength of materials 
etc. The mid twentieth century has introduced a new enthusiaan 
in the field of structural design. The probabilistic concept 
of design was introduced as an alternative to the conventional 
deterministic i^p roach. The two other achievements during 
this period are the introduction of electronic computer as 
c. design aid, and the increased use of the theories of 
decision-making and modern decision techniques of operations 
research, and statistical decision theory. Decision theory 
is defined as the formalisation of decision problems and 
the application of the mathematical and statistical 
techniques to their solution. The modern concepts and tools 
given above help the structural designer to arrive at logical 


* Numbers within paranthesis indicate references listed 


at the end 
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decisions as contrasted to intuitive decisions and to 
consider to an increased measure the economic, social, and 
other involvements of design, which were considered at one 
time to he intractable, Ihe modern systems engineering 
methods together with the theories of decision-making have 
opened up new hopes in making the design more logical 
systematic, and have found wide applications in industrial 
engineering, electrical engineering, aeroi^ace engineeriiog 
etc. Many decision techniqiies that are used in management 
science, war problems, and optimal control problems need to 
be investigated for suitability to structural design problems.- 

Structural design need not be dealt with in the 

narrovvrest sense of a process of mathematical computation to 

find a set of cross sections for the structural members, 

such that a Jfactor of safety? of say 2,0, or a probability 

•^6 

of failure of 10~ is obtained. It has got deeper and wider 
implications ranging from satisfaction of human needs, both 
physical and psychological, working with uncertain data, the 
systematic analysis of the economics of the system, and working 
out of a harmonious combination of geometry with material 
consistent with the functional and aesthetic needs, Pugsley(2) 
in his Y/right memorial lecture characterizes the essentials 
of a well balanced structure. He emphasizes that the design 
of a structure calls for a skilful balancing of many factors, 
Thus, for an aeroplane, not only the matching of loads and 
strengths is to be done, but also the matching of the 



structure to the aerodyuamic and performance needs as well 
as to ttie econo.dcs of -aircraft operation and to putlic 
views on safety needs to be incorporated in the design, An 
economic and efficient system req_uires the simultaneous 
consideration of three aspects; material, structural form 
and design conditions (3), as shown in Fig. 1*1, The designer 
has to operate at the central region marked A of the figure,. 

In tliis process numerous other related problems, like, the 
choice of a structural configuration, choice of idealization, 
and method of structural analysis, the selection of a 
criterion, jointing and fabrication methods, collection of 
data with df^endable precision about loads and materials, the 
problem of safety, failure mode, etc. make the design a 
complex affair. The object of this ch^ter is to briefly 
present current state of knowledge of structural design 
processes and related areas, so as to pave the way for the 
development of the thane of the present investigation. Through 
the review of current research, the need for the present 
investigation to develop a rational design methodology 
for structural design is identified. The object and scope 
of this investigation is described in Sections 1.7 and 1,8, 
^ccifically, a philosophical format for making logical 
structural design decisions and investigating the applicability 
of some mathanatical decision techniques like game theory, 
statistical decision theory etc, to a class of optimum 
structural design problems with nonLinear material behaviour 
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is presented and explained through examples* In Glister 2, 
an attempt to analyze in detail the nature and problems 
of structural design decisions is made with the intention 
of relating structural design to the available methods in 
systcans engineering and decision-maicing* 

1*2 MGINEERING lESIGN AMD DESIGN OE SIRUOTURES 

Design is a creative decision process leading to 
concrete activity like a finished product (4). Design methods 
have been in existence in various fields from the time of 
Greeks and in modern times may readily be traced back to 
Leonard da Vinci (5). In recent years, particularly in the 
last tvro decades, attention has been devoted progressively 
to the general methods of design of engineered products. 

This is termed by some as design engineering (6). Engineering 
design can also bo considered as the creation of a product 
in an optimal manner subject to problaa solving constraints 
(such as level of knov/ledge of designer, time and facilities 
available for design, computation etc., and facilities for 
vorification by model or prototype tests) and solution 
constraints (cost including time, availability of materials, 
construction equipment, construction methods, manufacturing 
skills etc*). Rosenstein (7) divides design into twelve 
stages starting from the identification of needs to the final 
stage of implementation of proposed design, Asimow (8) has 
dealt with the design aspects, and has suggested three 
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distinct phases of design namely feasibility study, pr^iminary 
design, and detailed design to be followed by three phases, 
which include planning for production, consuii^tion and 
retircanent , Each phase of design is characterized by a fine 
structure which is a repeated fundamental sequence of 
activities which consists of: problem statement and 
formulation, information collection, modelling, value 
statement, synthesis of alternatives, evaluation, optimization, 
communication and implementation. Mesarovic ( 9 ) discusses 
design activity as the dynamic relationship between the 
technological environment and the designer. In 1948 , Zwicky 
(10) introduced the moiphological concept which was later 
adopted by Hbrris ( 11 ). According to the approach, engineering 
design involves four major activities of problam definition, 
analysis, synthesis and presentation. Krick (12) describes 
a design process to consist of five steps namely problem 
formulation, problem analysis, search for alternatives, 
decisions and specifications. Eder ( 13 ) classifies the design 
metho ckilogies into six as follows: a. Experience, b. Modifi- 
cation and lunning design, c. Check lists, d. Design trees, 
e, Ihe fully-systonatic method, and f. System search method. 

Though design itself is not a science, scientific 
methods are used for the prediction and estimation associated 
with a design activity. They involve close observation of 
physical phenomena, creation of a theory or model, and 
prediction of observables from the theory or model by 



6 


mathematical, or logical daductions or through esperiments. 
Ho?/ever, when an analytical treatment or experimental 
investigation is impossible, these scientific methods are not 
applicable. Simulation toclmiques like analogue or digital 
simulation, Monte Carlo Method, participative models like 
gaming, Scenario writing, help himet hod (a form of gaming) etc. 
(14) have been suggested to deal with such situations. 

Planning activity, which has a high political, and social 
content, demands such simulation procedures. Civil Engineering 
planning is one such activity with decisions of social and 
psychological significance, and as such there is great 
potentiality for these techniques. These simulation techniques 
are in osetensivo use in other fields of planning and design 
like war, management, urban planning etc. 

In ^ite of the developments of general design and 
simulation teclmiques, only very fev/ applications of them 
have entered the field of structural design. Tung iu (15) 
suggests a heuristic game approach to planning and design 
of structures. Structural design activity is simulated as a 
game. The team of players will be designers engaged in the 
design activity, and the plays take place in a computer 
simulated environment to produce the most satisfactory design 
as envisioned by the players, fillers (16) emphasizes the 
need of introducing the concept of artificial intelligence or 
learning process in design so as to minimize the human 
interference and judgement for automated design. 
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Khachaturian (17) has discussed the operations in the 
structural design process, and critically eraluated the role 
of structural optimization. This is shovm in Kig, 1,2, The 
role of feasibility study, preliminary design and detailed 
design for routine as well as innovative situations .is 
critically studied. The significance of value system, concept, 
infoimation and their nature is critically discussed for 
preliminary design of structures. 

1.5 iPPROACH.dS TO STRUCTURAL DESIGN: A REVIEW 

One important aspect of stiuctural design is the 
effective utilization of available data to predict the 
behaviour of structure in a rational manner. The design data 
and technological infoimatioii that we make use of regarding 
load and structural behaviour may be at various levels of 
sophistication. If the information is perfect, i.e, 
deterministic, the designer can make the decisions with 
certainty. However, it is very rarely possible to estimate 
with certainty the loads and strengths of materials. On the 
other hand, it is recognized that these are random phenomena, 
which as shown in this thesis, lead to a risk situation 
(i.e, the possibilities of the states and their probabilities 
knovm). The information about the statistical nature of the 
data must be perfect for such a situation, which may be too 
costly to obtain, though not impossible. Hence probabilities 
are very often unknown leading to uncertain situations. 

In addition, uncertainties of non-measurable type may arise 
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due to liuman errors in design (assumptions, idealizations, 
inaccuracies in computation etc.), const ruction (degree of 
quality control, workmanship etc.) and operation (operating 
under conditions not specifically designed for) of the 
system. A classification of the uncertainties in a structural 
design process is made in Chapter 4. 

Several approaches to structural design have "been 
suggested to deal with the aho ve-discussed information problem 
with a view to satisfy strength (under all design conditions), 
serviceability, ductility end other design requirements. 

Broadly speaking, structural design can be divided into the 
following three approaches. 

(1) Deterministic approach 

(2) Probabilistic approach 

(3) Some combinations of both deterministic and 
probabilistic approaches (Engineering ^proaches) 

In the deterministic approach, all the loads, strengths 
of materials and other design variables are considered to be 
deterministic quantities. The design methods based on working 
stress or allowable stresses were the most generally used 
during the first half of the present century. In the last 
20 years there is a trend towards using overload factors for 
loads so that they can be designed using strength theories 
(e.g. plastic limit analysis for ductile members under quasi- 
static loading). Deterministic approach is infact an empirical 
gpproach in which all the relevant quantities are codified. 



ThG mGtliod of codification itself does not contain ojij rules 
for defining the quantities* ^1 the decisions regarding the 
quantities are made hy code v/ritors, and the designer is left 
with mostly the mathematical computations using the codified 
design specifications* Any uncertainties associated with the 
design informations are assumed to he compensated hy certain 
‘magic factors* called ‘ safety factors * , either as overload 
factors or ratio of yield strength to maximum permissihle stress* 
The greatest asset of the deterministic approach is the long- 
standing knowledge and experience accumulated in the past two 
hundred years, in terms of working stress design and plastic 
limit design. The current design procedures therefore involve 
the use of load factors to account for uncertainties that may 
exist in the applied loads and in the resisting strength of 
structural members. 

The probabilistic approach on the other hand recognizes 
the random nature of loads, strengths etc, and resorts to 
mathematical procedures employing the calculus of probability. 
According to Moo (18), Max Mayer was the first to introduce 
the statistical concept in structural safety in 1926, The 
earlier proponents of this spiproach are I'reudenthal (19 )» 

Prot (20) and Pug si ey (21). Considerable literature exists 
today on the probabilistic approach to design. The probability 
density functions of the random quantities must be known to 
apply this method of design. This design under known ptobabili-^, 
is treated in this thesis as a decision under risk. Contrary 
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to our "beliof, a probability of failure does not cover all 
uncertainties whicli the safety factor is purported to do, in 
a deterministic approach. Glassicial probability theories 
have serious limitations in structural design because of the 
imprecise nature of information available and difficulties in 
applying: to practical cases as was pointed out by Sridhar 
Rao (23). Of late, attorpts have been made to treat the 
probability distributions as either unloiown or only approxima- 
tely lerown and to use statistical decision models. ITurkstra 
(22) assumes design as a statistical decision problem of the 
Ba,yesian type, Benjamin (23) mahes use of the extensive form 
of Bayesian decision due to Raiffa and Schlaifer (24) for 
decision under unknown probabilities. Sexsmith (25) also 
proposes a Bayesian decision process for design. 

(Eurkstra's work (22) is a pioneer effort in the search 
for rationality and consistency in the structural design 
decisions. He emphasizes that a design cannot exclude engineering 
judgement, and be carried out on a purely factual basis. ¥ith 
this intention of incorporating judgement, he has formulated 
structural design a,s a decision under uncertainty. He assumes 
that the designer is playing a game against an imaginary 
opponent nature, the latter player being introduced only for 
the ease of formulation. Nature chooses a load and resistance 
and the designer chooses a design (material, cross-section, 
structural system). If the load is gx'oater than the resistance, 
the designer suffers a loss. A probability distribution is 
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assigned over all moves except the designers. Hhis distribution 
is assigned by tho designer \vhich represents the relative 
likelihood to the possible acts of Nature. Numerical utilities 
sxQ assigned to describe the preferences. The complex game 
problem is to bo solved with the help, of the assigned utilities. 
Knowing the utilities and the pin labilities assigned to the 
states of nature, expected values are -calculated and a choice 
is to be made ba,sed on the optimum expected pay off(returns) . 
When new data become available the subjective probabilities 
may be improved by means of a Bayesian decision approach* 

The third approach is essentially an engineering 
app r o ach aimed at achieving the advantages of both the proba- 
bilistic concept and the safety factors in the deterministic 
approach. Three types of approaches have been suggested. The 
OEB approach (26) recognizes the statistical nature of loads 
and strengths by defining characteristic loads, and strengths 
on a probabilistic basis, and resorts to a deterministic format 
for design. Partial safety factors are introduced to take 
care of the uncertainties associated vath the design. The 
characteristic loads and strengths are modified suitably using 
the partial safet^’" factors ^'nfethe design loads and design 
strengths for which an ultimate' limit state design is proposed. 
The extended reliability method of Ang and Min (27), on the 
other hand, introduces a factor of uncertainty (also called 
judgement factor) to take care of the non-measurable - 
unceid;aintios. The limitations of classical reliability method 
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wliich is very sensitive to the type of distribution functions 
assumed for lo¥7 probability of failure is partially overcome 
in this method. Ang (28) classifies uncertainties into 
objective uncertainties (considered o.s risk situation in this 
thesis) that arises due to the statistical variabilities and 
that can be treated in explicit probability teims and subjective 
uncertainties that arises due to the imperfect knowledge, 
infomation etc. This latter t57pe of unceztainty is incoiporated 
in design through the judgement factors which are derived by 
the designer for the situation using his judgement and 
discretion. The method uses GEB recommendations to evaluate 
the factor 2^ and is an improvement over classical probability 
methods to make use of available statistical information on 
loads and materials. The method given by GEB also considers 
the subjective uncertainties through partial safety factors, 
but at the some time makes use of reserve inelastic capacity 
of the structure for combating the additional burden due to 
these uncertainties. The nominal requirement for safety is 
given by 

p (R < iP S) < a (1.1) 

where p stands for the probability of the event, R is the 
resistance, S is the load or load effect measured in the 
same unit as that of R, oc an accepted probability of 
unsafety which takes care of the uncertainty arising from 
objective information and ZP the factor that takes care of the 
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subjoctivo uncerbaintios. 

In a rocent work, ing (29) proposes to evaluate the 
judgement factor on the basis of subjective probabilities. 

In this case, the risk of failure is a, product of the 
objective probability and the judgemental probability associated 
v/ith the uncertainty factor. This approach to design is intended 
to retain the rationality of the reliability concept, and. to 
possess the practical flexibility of the limit-state approach 
of CEB. However, the evaluation of the factor 1? through 
judgement in an overall sense not considering the utilities 
associated with the consequences of the uncertainties may not 
be a rational procedure. A decision theory ^p roach based on 
preferences is proposed in Oh^ter 7 of this thesis to evaluate 
a set of factors similar to the judgement factor. 

Ihc third typo of approach is due to Bind (30) and 
Cornell (31). Lind suggests a deterministic codified design 
in which optimization is achieved not through design, but 
through the optimization of codes themselves. It is further 
proposed to derive partial safety factors using the probabilis- 
tic data of loads strengths and other variables (32). A 
schematic diagram of design £®p roaches is shown in Eig. 1.3. 

An associated problem in structural design, which 
attracted the attention of several research workers, is the 
problem of rationalizing the level of safety which is at 
present taken in an arbitrary manner. Ibr example, one defines 
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the safety factor to be 2*0, or a probability of failure 10”^. 
O^urlcstra (33) proposes a rational approach in which failure 
level is linlced to the total cost of failure* tabular method 
of the evaluation of safety factors (34), and the probabilistic 
approach to the evaluation of partial safety factors proposed 
by ^avindra and Lind (32) .and Enol (35) are worth mentioning* 

In the tabulation method, the factors that affect the choice 
of overload factors are listed and the designer is to rate 
the relative influence of each of them on the design* She 
overload factor for the rating can be obtained from a table 
of factors. Knol (35) studies the problem of structural safety 
in both its theoretical and practical aspects, and discusses 
especially the influence of uncertainty arising from gross 
‘human error*. A system of safety factors for reinforced 
concrete structures similar to the one proposed by the British 
Institute of Structural Engineers is proposed. 

1.4 REVIEW OE STRUCTURAL LESIUN PROCESSES 

Several reviews of structural design processes have 
appeared in the literature (1, 4* 36-41). Therefore, it is iiot 
attempted to review all aspects of structural design here. 
Instead, a broa,d classification of structural design processes 
is made here so as to give a broad idea of the nature of 
structural design processes. In Chapter 2, they are further 
classified based on the structural design decisions.- 

Design methods are very often classified into direct 



15 


and indirect methods (42). In direct method, the hest 
dimensions of the stmeture and the type of materials are 
directly detenained so as not to exceed the limit values of 
stresses, displacements, deformations, cracking etc. In the 
indirect method, the shape, dimensions, and materials of the 
structure are chosen as a first approximation. Possible loads 
are also dcteiminod, and a verification whether the estimated 
behaviour under these loads is satisfactory is made* If the 
behaviour is. not adequate, .the structure is reanalysed with 
now data. Ihis is an inverse method, trial and error or 
iterative analysis-design cycle. 

Prom the view-point of decision making, structural 
design processes can be classified into two categories. 

Classical Honutilitarian Proces s: The classical design 
procedures intended to assure a preassigned safety level 
(defined either dot eministi colly or probabilistically) belong 
to this dass. No utility function is explicitly made use of 
to prefer one design to other designs. So long as the design' 
obeys all the laws of mechanics and remains within the safety 
level, it is said to be acceptable. Though economy may be 
accepted as a basic requirement, it does not enter into the 
design computations specifically. 

(ii) iiodern Utilitarian Processes ; A utility- function 
representing some design criteria enters the design computations 
directly or indirectly, and a design having an optimum utility 



dGfinod by some accoptance rule is chosen as the optimum 
design. Unifom strength design is perhaps the oldest form 
of optimum design and was studied even in 17th century. 

Minimum weight as an objective was used by Maxwell (43), in 
1890, and Michell (44), in 1904. The present state of minimum 
weight design is essentially due to the rapid growth of aero- 
space structures, and the introduction of limit analysis. 
Considerable literature exists in this area (36 , 38, 1). In 
1920, Ttoresoll (45) suggested cost as the utility and postulated 
tha,t *a structure should be proportioned such that the total 
cost (including the initial cost, maintenance cost etc. and 
the 03q3Gctod value of the cost of failure) is a minimum*. Many 
other utilities like, energy, deflection, amplitude etc. axe 
also used by some authors. The structural design processes 
for preliminary structural design, irrespective of the type 
of utility are classified into tliree based on the problem 
formulation as in Fig. 1,4. 

1. Conventional methods of optimum design 

2. Optimisation based on theorems in structural 
meclianics 

5. Matncmatica]- programming formulation of optimum 
design. 

Conventional methods of optimimi design include uniform 
strength designs (fully-stressed designs, simultaneous failure 
mode approach etc.) iterative methods etc. Optimization based 
on theorems in structural mechanics form a group, in which 
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the utility function does not c$)pear directly in the 
computa,tions* Instead structures are automatically optimized 
tnrough the use of stiuctural theorems for minimum volume of 
material. Maxwell (<;-3) and Michell (44) theorems give minimum 
weight design of trusses, while He5mian‘s (46) theorem gives 
the minimum v\r3ight design of heams and frames. Theorems for 
plo.stic minimum ’A/cight are suggested by itoulkes (47), Prager 
and Shi cl d ( .18 ) , Shi el d ( 49 ) and o t her s ( 90 , 51 ) . 

Taylor (52) gives a. variational method based on 
energy jorinciplcs to find the shape of the strongest column 
out of a, given volume of material or to find a stiff est column 
for a given volume of material to carry a specified load. 

Prager (53) derives optimality criteria for minimum weight 
design of singl.: purpose and multipurpose structures from the 
classical extranura principles of continuum mechanics.- The 
minimum weight design reduces to the minimization of functionals 
representing energy potential. This functional is then minimized 
subject to the constraints, which automatically gives the 
minimum weight, 

Mong the utilitarian design methods, the problems 
foimulated as molhematical programming problems (54) of 
optimization are the most popular. In general, optimization 
is done for two types of problems. In one type, the layouts 
of the members are not altered and optimum design is obtained 
by optimizing the geometry of the members only. In another 
type, the layout of members is also changed and the geometry 
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ox membci’ cross seci:ion is found out such that the weight 
is minimum, Optamization of truss geometry formulated as 
dynamic pi''ogramming problems (:;5, 56) and nonlinear programming 
problems (57s 58) a,ro examples of this class of problems. 

In tho former typo of problems, namely the optimization 
of geometry of members keeping only the layout unchanged, 
elastic emd limit design formulations axe available. Methods 
based on limit design are generally linear programming problems 
irrespective of static or kinematic formulation (59)»’ Infact 
a static formulation is a dual to tho kinematic formulation, 
Schmit (60), Ibx (61), Rozvany (62) and others have developed 
elastic optimum designs formulated as nonlinear programming 
problems. Optimum design for nonlinear materials (elastic or 
clastic-plastic) has not beon attempted so far. Along with 
the problem formula,tion, as programming problems, several 
optimization techniques have also been developed, 

The mathematical programming problems are suitable 
for det cjiainistic approach to design. However, when probability 
of failure (reliability) is taJeen as the constraints or the 
objective function is replaced by an es^pected value function^ 
those tccliniques can very well be used for optimum design. 
Several methods have been suggested in this manner (17, 63-66), 

Design as discussed earlier makes use af'a Tar^rdly of 
data regarding loads, material behaviour, technological 
information etc. These informations are infact estimates of 
future events with the help of the knowledge of the past. 
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Yery often, one cam say in almost all cases, the data 
obtained ma.y bo uncertain# Eor example, the highway bridge 
loading specifica.tions for the pa.st thirty years or so have 
increased loadings because of the advances in the truck industry# 
Hence the design is performed under conditions of uncertainty.- 
A variety of uncertainties may exist; some of these are 
discussed 5 :i Ohapter 4* In ^ite of the fact that design is 
Icnown as a decision under uncertainty, decision processes 
for tinceitainty conditions arc not specifically made use of 
in the usual procedure. Gar;ic theory and statistical decision 
theory co.n contribute significantly to this problem. The first 
formulation of structural design as a Bayesian game 
(subjective probability approach) was duo to Turkstra (22), 
later Benjamin (23) and Sexsmith (25) attempted to apply 
sinilruT I3aycsia,n reproaches. Tliis thesis is an attempt in 
this direction to malco use of game and decision theoretic 
methods, and to assess their c^plicability to certain classes 
of problems in structural design. 

ikicng other works, the expected value approach 
suggested by Had. dor (67), the cost effectiveness model of 
ELalce (68) and the optimal control theory approach of Haug 
and Kirmser (69) are worth mentioning. 

Holder (67) has developed an expected worth model 
that incorporates the safety, serviceability and economy of 
the structure# The expected vroith . E. of any action i is 
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given by 
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p . = tlie probability of tho ith action jtb state 

D » ^ 

combination; 

Q. . = Consequence of itli action and 3th. state; 

D j 

n„ = Total number of mutually exclusive and exhaustive 

n 

states. 


xt design decision using the worth function given above is 
illustrated for 0 . sta,tically determinate truss. A worth 
function is developed in which the cost of structure and cost 
of failure are related to weight, J'J.so, the minimum probabi- 
lities of failure and probahilities of other states arc 
functions of the total weight of the structure. Thus the 
e3{pected worth is given a,s a function of the weight of the 
structure. The optimum design problem thus reduces to finding 
that value of the structural v^eight which maximizes the worth 
function. This problem is solved by a sequential search 
process. In this process, a method is also developed by 
which the minimum probability of failure can be found out 
for a given total weight of the structure,. 


1.5 lESIG-N OP MADERIADS 

Design of materials consists oi the production of some 
arrangement of constituents of one or more materials to yield 
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desired properties » This is infact a recent development 
essentially due to the development of polymeric materials 
and composite materials. Fibre composites are examples of 
such materials designed for ^ecific use. Gonventionally, 
only standard materials tested by long applications wore taken 
for structural puiposos. The conc^t of design of materials 
has brought a. new thinking in design process to develop new 
‘need oriented’ materials. The motivation comes from the 
special characteristics re'puiredj ,-)ust as in the case of 
aero^ace structures or from the rttcript to bring down the 
product cost. The mix design of plain concrete and the design Oj. 
reinforced concrete arc the earliest forms of need oriented 
designs in Oivil Engineering. Recently ICroloosky (70), and 
Ghamis (71) have tried to spell out the characteristics of 
optimal materials for various environmental conditions and 
functional requirements. Smolenski and Krokosky (72) have 
given an optimal multifactor design for sandwich panels. 

1.6 0UPR.ERT INTERESTS IN STRUCTdR/il DESIGN RESBIRGH 

The review of the current literature on structural 
design processes presented in the preceding sections is 
selective and lorosents selected aspects of the design problem, 
that have a direct linlc with the theme of the thesis. Many 
related problems, that ho,ve attracted the attention of 
research workers in structural design, are knowHLngly left 
out. In general terms, the research work that is actively 



pursued about structural design can be stated as follows; 

1, A concerted effort to know more about the nature of 
loads and othor environmental effects, strength and 
behaviour of structiiral materials and other data 
required for design, 

2, Attempts to understand more about the structural 
behaviour, failure modes, long term effects of loads etc, 

3, To improve the technological skill in design, 
construction, maintenance, etc, 

4, To rationalize the design procedure and computational 
techniques with the help of systems engineering, 
theory of decisionmaking, operations research and 
improved experimental procedures* 

5, Effective utilization of computer, not only for 
numerical computation, but also for complete automation 
of routine designs reducing the dependence on human 
interference, judgements etc. by heuristic game 
approach or by introducing artificial intelligence, 

6, To have a rational gppinach to stmictural safety and 
system performance of structures, 

7, To bring in the design procedure, the social, 
psychological and economical involvements so as to 
have -an acceptable economic structure consistent with 
optimum functional conformity and structur'.al performance 
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Studies, ill all tJauso cases, hove improved our under- 
standing of the engineered system and its design* jhiy design 
procedure could make use of the knowledge derived f 2 X)m all 
these sources, Hov'cvcr, the attempts made to have a practical 
procedure or methodology of design by vfhich the problems like 
uncertainty of infomio.tion, randomness of the design paxa- 
meters, optimization, rational safety measures etc, can be 
systematically deolt with appear to be unsatisfactory* ibr 
effective research aimed at a better method of design, all 
the research activities must bo made systematic within ihe 
framework of a common design process. In such a case, the 
research can be channelized to 37icld relevant information for 
refining the design method. Hence it is worth while to attempt 
to have a design met hod ology consistent with modern conc^j^ 
of system engineering dosign and decision moking * Perfect 
information of data, flav/loss teclmology, and complete 
independence of design from human interference, and absolute 
optimality are ambitions v/hich one can never achieve or if 
possible, may not bo commercially practicable, Ihe design 
method must take into account these aspects. So also, aa 
ideal design methodology that is comprehensive and applicable 
to all possible cases in a ratio nol manner may be very 
difficult to obtain. 

1,7 OBJBCT AND SCOPh OP IHh' THESIS 

In spite of the above-mentioned limitations, it may 
be possible to rationalise the design concepts and met ho dole gy 
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within the fraaeTOrk of the constraints mentioned above. 

The oboect of the thesis is to develop a rational design 
methodology (rational in the limited sense) that can take 
note of many of the problems, if not all, of the structural 
design process. With this intention, the nature of structural 
design decisions is studied in the light of system engineering 
O-Osign and the theories of decision making, A design 
methodology for the various decisions starting from the 
selection of site to the final selection of cross sections 
is proposed. Becision techniques of operation research and 
statistical decision theory like operational gaming, check- 
list method, subjective programming, game theory and decision 
theory are proposed for making the various decisions* She 
central theme of bhis methodology is the following* 

Structure is a component of an overall engineered 
system wliich interacts with other components, The purpose of 
the structural component is to maintain the stable functional 
form with adequate safety to men and materials. Ihe overall 
optimization of the engineered system with reject to 
certain objective (merit) function requires the optimization 
of tho sbruotural subsystem considering its interaction with 
other subsystems. Therefore, structural design is done 
considering this intera-ction, together with the performance 
of tho structure in the future under the action of environment 
when it is built. This performance depends also on the precisi'’ 
with wliich it is designed, prediction of conditions in 
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service, and the skill v/ith which it is constructed* Tho 
orrors, and omissions resulting from the human interference 
in both design and construction must be properly compensated 
for, !Ehrther> all uncertainties and randomness of the design 
data must bo taken into account so that the decisions arri-ved 
at are depencLablo, Tho decision techniques chosen must he 
consistent with the design-designer relationship, and the 
methodology must have least dependence on human skill and 
judgement for possible automation of routine design or 
standardization in codes of practice by systematizing availab] ' 
experience. Hbvirevcr, bhe creative aspects of structural design 
(choice of innovative structural types, development of new 
materials etc.) are important. 

Of the various decisions, one decision namely the 
^el^cctipn o f the ge om etry and material of members for a given 
mcanber arrc.ngCTaont , is studied in detail, and design methods 
are developed for the same. The selection consists of a set 
of decisions made by tbo structure in the face of uncqrtainty 
due to botn load and its own behaviour, G-ame theory, 
decision theory and Bayesian Markov chain models axe proposed 
for the various stages of decision. The game theory model 
assumes that structural action is a game played . by st’rueture 
against nature, and differential game and statistical 
are made use of. The proposed method has got the fallowing 
special features. 





1, ThG forco-dcfonnation relations of ttio cross sections 
are the basic paronotcrs made use of to divide tbe 
decisions into stages. The forco-defonaation roLations 
arc synthesised and obtained as an outcomo of the game 
problem. In this way tho method is a direct design 
method in contrast with tho existing analysis oriented 
designs. 

2, The method is developed for non-linear force-deformation 
relations njid is applicable to elastic, or elastic- 
plastic matea’ialo vath or without creep effects, and 
for deterministic and probabilistic information* 

3, Tho design is considered to be decision under uncertainty, 
and uncortainty decision models are used for decisions 

in contrast to tho present practice of bypassing 
uncertainty bhiough safety factors, or judgemental 
p rn babil it i o s . 

4, A cost-offcctivoness criterion in which structural 
efficiency expressed in terms of the expected cost 
of failure is traded-off with the initial cost of 
structure. This will eliminato the arbitrariness of 
safety levels, and will give an economic design 
consistent with safety, serviceability and ductility* 

In this S'Jnso, safety margines are obtained not by the 
conventional methods where an arbitrary safety level 
is assumed* 
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5* Serviceability for an arbitrarily specified noimal 
load condition is gurantoed. Hence tiie structure is 
serviceable (with regard to some criterion) so long 
as the loa,ding is v/ithin the linit of normal load 
conditions# 

6. Hailuro is not defined in terms of any particular mode; 

All possible nodes of failure are considered with their 
probabilities of occurrence and costs of failure 
(economic as well as human losses). 

7. In spite of the fact, that loads and structural 
behaviour arc probabilistically defined, the design 
format is basically detonministic. This would be appealing 
in practical designs. 

8. The concept of direct design gives a design for a class 
of material behaviour not necessarily specifying the 
maberial. Designer can choose the material from a 
class of laaturiols. This would promote the modern 
concept of material design in whi ch materials arc designed 
for ^ecific use rather than design the system for 
specific natoriiiil. 

9. The design as fomulated here is applicable for quasi- 
static loading, but can be extended for repeated and 
dynamic loads and other environmental conditions. 

10. The formulation, though general, is to be studied 
further in debail for two and three dimensional 
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structurol systems. After farther studies, and 
obtaining further meaningful data, this method may give 
a valid basis for either a rational design netjiod and/or a 
rational methodology for inprovenont of codes of 
practice, 

1.8 BRIEF OUILII'TE OE GH^iPTERS 

The thesis is divided into 11 chapters. In Oh^tor 2, 
the nature of structu.ral design decisions is discussed in the 
light of engineering design and decision making theories. A 
design methodology consisting of 5 decisions is proposed in 
Ohspter 3. Chapters 4 to 10 arc devoted fully to describe the 
selection of the material and geometry of members, for a given 
arrangement of the members of the structural systems. 

Chapters 4, 5 and 6 prepare a basic framework for the 
systematic development of inelastic design for cost-effectivenesc 
under uncertainty presented in Chunters 7, 8 and 9* Ib.e method 
of selection of the material and dimensions of cross sections 
is described in Chapter 10, Gh^ter 11 contains the conclusions 
and recomi^iendations for further research. 

Chapter 2 ; This chapter consists of an introductory 
discussion on the nature of stiuctural design decisions, and 
the major problems involved in this process of decision. The 
importance of the design phase, the nature of the decisions 
involved, and tho various techniques in operations research, 
and statistical decision theory available for making the 
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decisions are discussed. li is emphasized that structural 
design is a decision under uncertainty, The decisions are 
divided into five stops as selection of site or position, 
selection of the functional configuration, choice of a structural 
concept, arrangement of the members and connections, and finally 
the selection of the material and proportions and geometry of 
the members, 

Ohap t or 3 1 A methodology of design for a stage— wise decision 
of the five stops of decision is proposed in this chapter* Ihe 
proposed methodology is consistent with the nature of the 
decisions and the design-designer rolationsMp , Also, it is 
attempted to take care of some of the problems discussed in 
Chapter 2* The importance of the introduction of a learning 
mechanism in design for systematic incorporation of human 
exporienoG and judgement, and for automation of routine design 
is also presented. Decision models like gaming, checklist 
method, etc. have boon discussed 

Chapter 4 : Ihe uncertainties, failure modes and a cost— 
effectiveness criterion are presented in this chapter* 
Uncertainties are classified and mat h^iatic ally stated. The 
various failure modes that may occur during the life time of 
the structure are also presented, A mathematical expression 
for the cost-effectiveness criterion is derived from an 
analogy with a mechanical system, A simplification of the 
criterion is also suggested. 



Chapter 5 ? Tho inelastic design of structures for 
serviceability under nonaal load conditions (for a deteministic 
loading condi^tlon) is foraulated as an optimal control problem# 

By this method, the relevant force-defomnation relations of 
the c 2 ?oss sections of the members are obtained as the optimal 
controls required for the serviceability requirements for a 
given path of loading. Kno\/ing the force-deformation relations 
that the stiTucture needs, the cross sections can be chosen 
such that they possess the same set of relations. Structural 
design problems for serviceability controlled design using 
nonlinear ma,teriaLs are solved in which a simulated condition 
of certainty exists. 

Chapter 6 ; This chapter is a supplimentary to the 
Chapter 5, and it consists of a method of design when the loading 
is a random phenomenon with knovm probabilities. Ihe method 
is therefore designated as inelastic design under risk. Ms in. 
Ctiapter b, no uncertainties are considered. The proposed method 
extends and completes the force-deformation relations (called 
task curves) so as to achieve optimum, cost-effectiveness.' 

Hljjhen members having cross sections with these force-defoimation 
relations are chosen, it is expected that the structure is 
safe, serviceable and economic. 

Chapter 7 ; Inelastic design is treated as a decision under 
uncertainty, and the outline of a method for optimum design 
under uncertainty for cost-effectiveness is presented. A 
design is to be completed in four stages. A structural action 



gano, with two consecutive pla;7s, a decision based on personal 
preferences, and a Markov decision process are proposed as 
the no dels for the decisions. Of these, the evaluation of 
the marginal factors for non-f.ioasurablo uncertainties by a 
decision based on preferences is presented in detail, while 
other stages of decision are presented in the subsequent 
chapters. 

Ghapter 8 : The method proposed in Chapter 5 is ertended to 
cover the uncertainties of the strategic type in the loading 
process. Structural action is assumed to be a game played 
by structure against nature. A differential game model ishich 
is a natural extension of the optimal control problem 
introducing the concept of a gome is chosen. This particular 
play is called the * normal play * of the game. The solution 
or optimal strategy of the structure is the force-deformation 
relations corresponding to the worst course of loading chosen 
by nature such that serviceability roquirenonts are met with. 

Ghapter 9 : The method proposed in Chapter 6 is e:rtended to 
cover the uncertainties of the statistical type in the loading 
process. Structural action game is assumed, and the play of 
the goiue is colled * survival play ^ » A statistical game, 
in v^hich the uncertain probability density functions form the 
strategy of the nature is made use of. The solution of the 
game extends the force-deformation relations obtained in 
Chapter 8 such that the pay-off namely the cost-effectiveness 
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attains a niniurjic: ^ptiinun. 

Gtiapter 10 ; This chapter presents the method of soLeotlon 
of the natorial and geometry of the cross sections once the 
task curves are obtained as C35plainod in Chapters 5 to 9* 
Throe cases are considered. They are choice under certainty 
when the material hohiaves deteminist-ically, a choice under 
risk when material heho-viour is probabilistic with known 
probabilities, and a choice under uncertainty when the 
probabilities arc unknown, h Bayesian Markov Chain is 
proposed for the last typo of choice. 

Chapter 11 ; A brief summary of this study, and some general 
observations and conclusions are presented. In view of the 
importance of the problems for which this method is intended, 
bhe need for further study is discussed. Some of the problems 
that deserve priority are also mentioned. 


4 



GHAPrm TWO 


THE FATURi! O F STRUCTURi\Ii DESIGU DEGISIOI^ 

2,1 INTRO nJCTIOH 

This chapter contains an introductory discussion 
on the nature of structural design decisions, and the major 
problems involved in this process of decision. Such a study 
would help deeper understanding of the design problem, the 
selection of the decision techniques and development of the 
overall framework of a design method. The importance of 
the design pliaso, the nature of the decisions involved and 
the various techniques in operations research and statistical 
decision theory availa.blo for making the decisions are 
discussed. The existing design methods, and approaches are 
also studied to some extent, so as to distinguish the 
features of the method proposed in this thesis from those 
of existing ones. 

It is empliasizod herein that the structural design 
is a decision under uncertainty. The deterministic ^proach 
considers the uncertainties through safety factors, while the 
classical probabilistic design does not fully consider the 
uncertainties. It is shown that gaiiio theory and statistical 
decision theory (Bayesian, Minimax etc,), if selected as 
decision tools, can accommodate uncertainty a^ects in a 


better manner. 




2,2 STRUCTUiL’Jj SYSTEM 
2,2.1 Structural 

In alnost all engineered systems, whether it is 
a building, a Imgc industrial complex, or even a siniple 
mechanical lever, there exists a structural component or 
subsystem v/hich is to be designed for operation along with 
other components of the overall system. The primary function 
of the structural subsystem is to maintain the functional 
configuration under va ri ous loads and other enviromental 
effects, and to assure adequate safety to its occupants* 

Without the structure, the material fom cannot be preserved^ 
When the overall system is in operation, the hidden structural 
component is also in constant action with the oncoming 
environmental ‘stresses and strains* to maintain the material 
fona, A general system may involve more than one structural 
subsystem, and if the performance of one structural element 
does not any way affocb bhat of another, they can be further 
isolated and treated separately. 

The aim of a, structural designer is to equip the 
structure with enough noa,ns to carry on its assigned functions. 
Eor him it constitutoitho major problaa. This aspect is 
persued here and the structural part of an engineered project 
is called the system in this investigation. To distinguish 
it from the overall system, the latter is called the general 
system . To assure and maintain interdependence with general 
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sy st on , tho intoracti oii o f the stiucture with other 
conponcnts of the systoni (oitt ior functionary or 

nochanically) nust alwa y s be considored, ( Pig « 2 , 1 ) , 

2 •2.2 Sysigni Htnyir omont ; 

Any engine erod syoten is mlDOddod in a set of 
onyiromonts - physical, social, political, economical and 
technological ~ heroin callevi tho total enyiromont « 

The total environnont infLuonccs to sono ext.ont, the selection 
of a particular structural systen, Hbweyer, in its porfomance, 
the structural conponent reacts only with tho external 
physical onyiromont (including the reaction with other 
components of tho general system). Depending upon the 
effect on tho structural system, the physical environment 
can ho broadly classified o-s follows, (i) That which causes 
a material damage or change. It involves an environment 
that causes deterioration of material, or weakening of the 
strength of the material with which the structure is made. 

The environment usually gives rise to a chemical action 
(oxidation, corrosion, radiation etc.), (li) That ^ich 
causes a structural disturbanC'j or damage of the material. 

They include the generalized loading acting on the 
structure including the effects of settlement, toaperature 
etc. Stresses, strains, inelastic deformations, crec^ 
shrinkage etc. are the outcome of this environmental action. 

The former may also indirectly cause a structural damage 
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duG to reduction in cross section, natorial domagG or due 
to the reduction in the resistance of the naterial of the 
systGQ. 

The interaction of the systor-i with its enviroment 
causing a structural d i sturhanco is herein called structural 
action . The pattern of structural action changes with the 
change in environaent, material and structural configuration. 

2,3 SISTJiJ/I QU;j:iITISS 

The status of the structure in relation to the 
general system is already defined. The interaction of the 
structure with the enviroment has also been discussed. 

Some of the qualities of the system are discussed below, 
which ore intended to reveal the importance of the design, 
for the future structural action in an efficient manner. 

2.3.1 System Life : 

The life cycle of an engineered system consists of 
two periods (i) un acquisition period which includes all 
those steps necessary to define the needs, the resources, 
and to design, test and evaluate the system, (ii) A use 
or operation period that consists of these items required 
to operate and maintain the system (73). ^^he structural 
action also extends over the entire service period, of the 
general system, (until the system fails or the operation Is 
terminated by obsolescence or end of its designed life). 



The acquisition period is further divided into 
three phases; an administrative decision phase, an engineering 
design phase, and an execution and evaluation (production) 
phase. The functional needs and availability of resources 
are evoluated and a decision is made in phase 1, (i.e* 
whether the systai is feasible or whether it is needed). 
V7herever new systems are contemplated, it involves both 
technical and economic factors. In the engineering design 
phase, the needs and qualities of the systen and the 
resources available arc further analysed. A particular 
system is chosen out of oil available alternatives. In the 
execution and evaluation phase, the creative ideas of the 
designer are put into practice through construction and/or 
production techniques, and the performance is evaluated. 

Thu various operations arc sliown in Table 2.1. The 
IDhascs are subdivided into stages. iFrom the technical and 
behavioural point of view, the preliminary design stage is 
the most important, since all the icq)ortant decisions 
involving the technical aspects of design are made in this 
stage. The typo of structure, its dimensions, materials etc. 
are decided in this stage, along with the designs of other 
components (17). 

Detailed design is the stage in which all the 
decisions made in preliminary design stage are communicated 
in the form of drawings, specifications. Detailed dimensions 
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aro prepared, connections arc dosignod, and drawings are 
prepared. It is followed by production planning. 

2.3.2 SystoQ Status : 

Structural systca:i is at the lowest level of Boul ding's 
(74) heirarchy of systems. They have neither physical growth 
as that of plants or animals, nor intellectual growth as 
that of homan beings. By themselves they are not self-a,(laptive. 
However, structures do show some adaptability and intelligence 
in the distribution of the load coning over it. Any such 
capability is infact released on thaa at the time of design* 

The importance of self adaptability is further discussed 
in Section 2.8 with the help of relevant exampOes* 

2.3.3 Rationality of the System ; 

By rationality of the structural system, it is 
meant the rational action under the environmental influence, 

A structure, being at the lowest of the levels of systems, 
does not behave rationally on its ov/n, aUiy rationality of 
the system results from a rational choice of the ^propriate 
structure most suited to the situation* The irrationsjlity 
in behaviour must bo taicen into account while choosing the 
system for the situation and must be compensated for. 

A ration^^i t^oRign is the one that a ccounts for the irration- 
ality of structural beliaviour in the most logical,, way;. 

The aboye discussion shows the importance of design 
to achieye an effective system. The basic concepts of 
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structural design arc discussed below, 

2 . 4 BASIC aONGiPT S Ol' SlRUGTlIEbiL DESiaN 

Structural design is essentially an engineering design 
possessing all the qualities of a creative decision process. 
Hence it is vrorthwliilc to examine the nature of structural 
design activity from the viovspoint of systems engineering,' 

In v/hat follows the word < design* means only the prel-1,r-iinn.rv 
design . 


2,4*1 Design : 

The central activity of engineering technology is 
design. Like most scientific methods, design method is 
a kind of problem solving. Scientific methods are aimed at to 
find what exists in nature, whereas design method is a pattern 
of behaviour employed in inventing things of value which may 
not as yet exist, Soionco is analytic, design is » constructive * 
or synthetic . However, the two cq^proaches to problem solving 
have some similarity and hence engineers very often, without 
conscious knowledge switch over from the design methods to 
scientific (analytical) methods, Though scientific methods 
can very much aid a design process, design is essentially 
creative. Systematic procedures can be developed for this 
creative synthesis of systems, 

2.4,2 Basic design considerations ; 

Structural design is a decision making process 



aiming to develoT) a structural systiSm optimally # Traditionally 
structural mechanics offered a framevvorlc for the design of 
systems through analysis. Bat, it is mainly used to verify 
whether the structure obeys the basic laws of mechanics in 
the process of structural action. The stresses, strains, 
deflections etc. computed by this process of analysis 
satisfying the laws of mechanics are then checked whether 
they are admissible. Design has a wider significance than 
the mere satisfaction of laws of mechanics or the acceptanoe 
of a stress level. Design involves decisions in which various 
quantities of facts, data (subjective or objective) 
esqperience, faith, intuition and bias are combined in making 
a selection from a number of alternatives (75). Hence apart 
from the laws of mechanics, the following basic considerations 
are necessary in foimulafcing a structural design process 
irrespective of the type of structure. 

(i) A decision scheme, 

(ii) A decision criterion or utility by which merits 
of various alternatives can be ordered. 

(iii) Availability and the nature of irput -output 
information. 

(iv) A design methodology and decision models through 
which the decision can be made, 

(v) An acceptance rule by which one of the alternatives 
is chosen from the available set. 
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those functional configurations that are structurally 
realizable are to be selected so that economy can be achieved* 

(iii) Choice of Structural Concept ; Structurally a tiTuss 
is a concept different from a beam, though both may be 
resisting laterally a$)plied loads. Numerous types of 
structures apparently serving the same structural and 
functional purpose \vith different degrees of effectiveness 
may be known to the designer. A judicious choice considering 
all the basic design criteria is needed to arrive at the best 
structural concept suited for the situation out of all 
available alternatives, ibr example, a flat roof covering a 
rectangular area may be designed as one-way or two-way slabs, 
T-beam and slab system a grid- floor slab, cellular plate , 
flat slabs with radiating ribs etc. The designer has to 
choose optimally one out of these alternative structural types. 

(iv) G-eometrio Configuration of the Structure a nd Type 
of Go nnect io ns j The selection of structural conc(^t 

is followed by the selection of the arrangement of its various 
members. The arrangement of members can very well influence 
the optimality of the design by way of proper distribution 
of loads among the members. Several optimization procedures 
have been suggested for achieving the optimum truss geometry 
(55-58). Michell structures are examples of optimal 
arrangement of skeletal members. Nervi (76) developed among 
others a flat slab concept with ribs so placed that they 
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are in the lines of mazimum moments. With the use of ferro- 
cemento foxms and precasting methods, economy is achieved, 
Nervi’s designs aro characterized hy very efficient structural 
forms. 

( V ) Selection of the G- eometrv and Material of the Gross 

Se ctions o f Memb ers ; On the chosen layout, the material 
may be distributed in the form of proportioning of cross 
sections. Ihe selection of material and the geometry of the 
cross sections at all the points on the structure forms the 
decision in this step, From the structural safety point of 
viev/, it IS the major decision step, as the value system 
(to be explained later) for structural efficiency is considered 
in this step. In addition to an assessment of structural 
behaviour (similar to stress analysis) and safety, this step 
is preceded by a load” analysis and streng-th analysis. 

Chapters 4-10 of bliis thesis deal with this step of decision 
in detail. 

k 

Ihe five steps discussed above form a scheme of 
preliminary design. In fact the decisions mentioned above are 
not new. In the classical structural analysis also, a structure 
is evolved by making all these decisions. Ihe oiily difference 
is that in the classical approach, some decisions are made 
by the designer mentally (by intuition, judgement etc*) and 
the remaining through detailed mathematical computation or 
experimental study. The decisions listed above can be made 
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in a more systematic way if suitable mattiomatical decision 
techniques are used. The modern concepts towards the study of 
structural design processes lead to this end. The various 
steps of design are in no way independent of one another and 
to obtain the decisions at one step, not affecting others or 
not affected by that in other steps^ is practically impossible. 
The flow diagram shown in fig, 2,2 indicates that decision at 
each step is influenced by decision at all other steps 
resulting in a complex p3.’0cGss, The complexity arising out 
of information feedback, makes stepwise decisions of any 
sequence not always optimal, 

2,4*4 Decision Criteria; 

To arrive at an optimal decision considering all 
alternatives, a basic measure or utility, by which the alter- 
natives can be compared, is necessary. It is mentioned earlier 
that no such utility” appears to have been considered explicitly 
in the classical analytical approach to design. The modern 
processes for optimum design make use of a variety of 
utilities like -veight, cost, deflections, energy, amplitude 
of vibration etc, /miong cost, the minimum expected cost 
criterion of forsell (45) is perhaps the most accepted one for 
civil engineering structures. Sawyer (77) and Haider (67) 
have extended bhie expected cost criterion to include 
different modes of failure. The expected cost models, 
in general, consider not only the cost of the structure but 
also the expected cost of failure. Thus expected cost 0 is 



where 0 is the cost of structure, C„ is the cost of failure, 
and the probability of failure. When more than one 
failure mode is to be considered, the expected cost of failure 
may be expressed as given by Haider (67) (see Eq. 1*2), 

In most of the design processes, the cost or 
weight is minimiz'^d to achieve arbitrarily specified safety 
levv.-ls* However, safety and cost are two obijectives that 
pull in different directions* With these conflicting objectives, 
a trade-off betvTeon safety and cost is to be sought for* Ihis 
concept is different from the one mentioned above, in which 
cost is minimized keeping the safety level fixed. Eurthor, 
as tho structure is to serve as an integral component of the 
general system, the conformity of the structure to the 
functional needs must be an added criterion. 

The expected cost models mentioned above trade 
off the cost and safety of the system, A system-effectiveness 
or cost-effectiveness criterion (incorporating the functional 
conformity also), is proposed in tnis investigation* 

System effectiveness is an integration of system capacities, 
performance and cost. ELake (68) has proposed a cost- 
effectiveness model for structural design in which a trade- 
off between cost, weight and reliability is sought for* The 
system-effectiveness of a structural system for any situation 
can be expressed in terms of the following. 
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(i) The conformity of the structure to the functional 
needs of the syston. It includes function, aesthetics and 
other values shown in Tig. 2.3. 

(ii) The efficiency v,dth \diich the system performs its 
structural action. It includes the values in design namely, 
safety, serviceability and ductility (17). 

(iii) long term economy, (It may be in terms of cost, weight, 
.time, available human skill or use of scarce materials.) 

Tig, 2.3 shows the value system in the model* 

( i ) Conformity of the structure to the ftinctional needs ; 
Though a primary consideration in design is to proportion the 
structure from its structural point of view, it must always 
be done considering bhe structure as a component of the general 
system. The elaborate arrangements done for the structural 
purpose must be conformal to the functional needs of the system. 
The aesthetic, utilitarian and other considerations very often 
restrict the designer from resorting to very efficient structural 
systems. Suspension cables , Michell structures, and some forms 
of shells (e.g. funicular shells) though structurally very 
efficient, do not get as much place as the less efficient 
beams, slabs etc. because of cither the noncomformity to the 
functional needs or the difficulties in making than materially 
realizable. 

This criterion, namely conformity of the system to the 
functional needs is a subjective criterion, and it is generally 
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impossible to state it quantitatively. 

Structural Effectiveness ; A sti-uctural design is made, 
based on the expected behaviour of the structur© under loads 
and other enviromental effects, The structure must retain the 
functional form with adequate safety under the influence of the 
onvironmont (including the loads). The offectivonoss of the 
system is to be measured in terms of the efficiency with which 
it performs the structural action. The value system that 
measures the structural efficiency against various stages of 
failure is discussed in Chapter 4 in detail. The model developed 
in Chapter & is assume d to take care of the values safety and 
ductility consistent with economy, 

(iii) Iiong Term Economy : The extent to which economic 
considerations enter into engineering activity can hardly be 
overstated. If society is to bo benefitted from engineers* 
creations, they must be solutions which are economically 
feasible. Cost of a system is one clement of value or benefit 
forgone, in order to secure a greater benefit. It is in effect 
a negative benefit. Cost is not limited to money, but rather 
it must include all benefits or desired effects which may have 
to bo sacrificed in order to obtain greater benefit (78), It 
includes money, time, consumption of scarce resources and use 
of available human skills. In terms of money, it involves not 
only the initial cost, but also the cost of maintenance, cost 
of repairs and cost of money, life or matter lost because of 
failure (functional, or various stages of structural failure). 
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In a design the throe objectivos may bo weighed 
and traded off such that an optimum system-effectiveness 
(cost-effectiveness) is achieved’. Since the value system for 
functional conformity is subjective, it is not attempted to 
state them mathematically, A cost-effectiveness model combining 
cost and structural effectiveness is developed in Ohaptor 4, 

2,4,5 Availability of Input Information : 

In addition to a rational design metho d, a design 
process requires sufficient information about the ii 5 )ut data 
like loads, strength of material, conditions in use etc, lack 
of accurat 3 information may lead to uneconomic or possibly 
unsafe designs, however, rational the design method may be. 
Unfortunately a good do,al of uncertainty exists in this a^ect 
of the problem. This may bo either due to the difficulty in 
getting exact data or due to the enormous cost involved in the 
collection of data. Sometimes, the cost of getting more 
accurate info naat ion may far out- weigh the benefits to an 
individual client. Even gathering the data for a region to 
include in a code of practice may be very costly, if not 
impossible. The data so collected when used for an individual 
design may bring in inaccuracy. Thus, a designer has to work 
very often with uncertain data, A detailed analysis of the 
iccrtainties is made in Chapter 4* Broadly uncertainties 
can be classified into three, 

(i) Uncertainty associated with generalized loads and 
loading process. It includes thermal effects, 
settlamo'ofc etc. 
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(ii) Uncortainty associated with structural action and 
material hehaviour. 

(iii) Uncertainties of design and constructional origin 
like that arising from idealizations, assunrptions, 
inaccuracies in the calcul8-tions,poor workmanship 
etc, (called nonmcasurable uncertainties). 

In the deterministic design procedure, the uncertain- 
ties arc taken care of by a factor called safety factor. In 
many countries, this safety factor is a ‘global* value 
specified by the code wribors. However, this penalizes very 
good designers who are able to get more accurate information, 
have rigorous supervision and quality control procedures and 
whore the function is such that the loading is reasonaliLy 
controlled or the possibility of the change of use (or 
function) in the design lifetime is small. The tabular form 
of evaluation of safety factors (54) discussed in Chapter 1, 
is an improvement in this direction which allows some flexi- 
bility to the designer to judge the factor by himself for the 
situation. By this method the judgement can bo done on 
smaller factors rather than on a global basis. Similar safety 
factors arc used in the extended reliability method (2?), 
serai probabilistic limit state approach of CEB (26), and in 
the optimum design of codes of practice proposed by Lind 
(30) wherein probabilistic information is put in a determinis- 
tic format. Methods are also proposed for the rational 
evaluation of these safety factors by Ravindra etal (32) 





and Knol (35)» BbwGvoi’, in all ’bliGsG casGs an GlGmoni of 
ampiricisni cr>-!>^s in duo to tho subjective ^udgemont by 
which these factors are cvpluatod. In this thesis a 
different approach is suggested. The design of structure is 
to be considered as a decis ion under uncertainty . This aspect 
is further emphasised in Section 2.5.4. Decision models 
like game theory and statistical decision theory are made 
use of for inelastic structural design using the cost 
effectiveness concept, 

2.5 30IMCE Of DECISION MAKING AND SIRUCTURAI DESIGN 

Structural design is accepted as a decision-making 
process, and it would be advisable to classify the structural 
design processes on tho basis of tho nature of decisions 
involved. This would help to select the appropriate decision 
techniques. Pig. 2,4 shows the tree of decisionmaking. 

2.5.1 Decision of tho Acceptability of a Hypothesis 

(belief^ or o f co urse of Action ; 

Ihc decision problem involved at any situation may 
be either about tho acceptability of a hypothesis (belief) 
or of a course of action (79). The decision is to lead the 
decision maker to a rational belief or rational action. 
Basically, having a rational belief is different from resorting 
to a rational action. Decision of the acceptability of a 
hypothesis is generally of the non-utilitarian type and 
therefore the acceptance rules of the non-utilitarian type 






are applicable in this case (Acceptance rales arc discussed 
in Section 2«7)t Tiie non— utilitarian structural design discussed 
in Glij^L-er One is oi the former type. Design in this case 
may be considered as the formation of the opinion about the 
safety of the structure. The statement of a safety factor.' 
or a probability of failure is a statement of the degree of 
belief on the safety of the structure, A structure having a 
safety factor greater than or a probability ol failure less 
than their respective assigned limits is said to be acceptable.. 
Conceptually, probability of failure may be a more rational 
belief than factor of safety* fhe belief of code writers is 
reflected in the specifications of a design load or a maximum 
permissible working stress. Ib^erience, experimental evidence, 
and scientific studies are relied upon to rationalize the 
belief. The utilitarian design nrocosses belong to the class 
of the accept ability of course of action . The designer decide s 
which structure he has to choose out of the alternatives, 

A slightly different method of decision is proposed 
in this thesis. The selection of layout of members and the 
distribution of materials in the layout are treated as the 
decision of a rational course of action b.y the structure, and 
not by the designer . The course of action of a structure is 
its structural behaviour. Hence this assumption allows the 
decision of structural behaviour often expressed as force- 
deformation relations. In a design, designer decides the 
course of action of the structure and not his acti on. 

riTT. KAmm ' 



structural action is simulated as a game in which structure 


is a pla5rcr. The selection of a structural concept is 
however treated as the utilitarian decision hy the designer. 
The tree of decision maling shown in fig. 2,4 is for the 
decisions of the course of action. 

2,5.2 Individual and G-roun Decision Making ; 

ending upon the individual or group that makes a 
decision, decision malcing is divided into individual decision 
making, and group decision making (80), A group of people 
having a common interest or aim is termed here as an 
individu.al. Structural design is a group decision process 
made by an adninistrator (client), architect, structural 
engineer, construction engineer and other technologists, Tung 
Au (15) suggests a heuristic game approach in which the 
design is treated as a group decision. 

In the methodology proposed horo, the initial 
selection of position and functional configuration is a group 
decision, vhile the sdLcction of structural concept is a 
decision by individual. In the other two steps of design, 
the structure is assumed to decide how it must act (which 
is decided by the designer on behalf of the structure), 
and therefore, the decision is an individual decision making 
process. 


2,5.3 Intuitive and Logical Ihcision : 

In fig, 2,4, the individual decisian making is 
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further divided into intuitive or logical decisions. An 
intuitive decision is one in TAhich a particular decision is 
chosen by thu designer and tested or analyzed for its 
acceptance. The classic al analytic process of design is an 
intuitive one . If an optimum design is needed, it leads to 
an iterative procedure. A logical decision, on the other hard, 
is the one made by considering all alternatives available, 
and by choosing one of them as the acceptable one with 
respect to an optimization criterion in a logical way (81). 
Naturally a logical decision process is preferable as it 
gives the optimum decision out of all possible alternatives. 
The modern operational research techniques have a logical 
structure, 

2.5.4 Decisio n Und er C onditions of Certainty, Risk 
And Uncertainty ; 

Depending upon the information condibions with 
which the decision maker operates, decision may be classified 
as that under certainby, risk and uncertainty (80). Decision 
maker is operating under 

(a) Certainty if each action is known to lead 
invariably to a specific outcome, 

(b) Risk , if each action leads to one of a set of 
possible ^ecific outcomes, each outcome occuring 
with a known probability, said 

(c) Uncertainty if each action has as its consequence 
a set of possible outcomes, but where the 
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probabilities of these outcomes are completely 
unknown or are even not meaningful. In this>all 
actions are considered to be known (i.e. all states 
are known but their probabilities are not known). 

It is vrorth studying under what conditions a 
structural design falls in each of these oLasses, 
This would help to verify whether the information is 
taken in the proper perspective. 

Let us consider that the designer is faced to select a 
slab out of four possible alternatives 3“, 4' and 6** 
thick. The load on the slab and strength of material are 
not knovrti. Any combination of load and strength may occur, 
let any such load and strength jointly represent the state 
of nature . Five such states are assumed to occur as shown 
in Table 2,2. This is a simple discrete model of a much 
wider problem, lot us also consider that uncertainty may 
arise ohl.y from these two sources, load and strength. The 
state of nature that actually occurs is called the true 
state of nature , which is unknown. Hence load and strength 
are considered random. The probability with which these 
states occur are generally unknown . Therefore the decision 
maker, according to our classification, is operating, under 
conditions of uncertainty . In most of the practical problems^ 
the knowledge of the probability of the state of naturae is 
incomplete, let us assign utilities u^. ^ for the ith slab 
when it is at the jth state of nature,! 
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In the deterministic approach to design, a load and 
strength are specified by code. In the example shovm, it 
amounts to ^ecifying the state of nature. If the state of 
nature is ^ecified, each act of selection of slab leads to 
one and only one outcome, bringing the decision as a decision 
under certainty. In a non-^tilitarian design process, the 
alternative with maximum safety factor will be chosen. Thus 
if state 4 is ^ecified, 6** slab will be chosen* In a 
utilitarian approach that alternative with optimum futility 
(least cost) v^ill be chosen. Thus a determtnlFitlc approach. 
to design, whether it is utilitarian or non-utilitarian, is 
brought to as a decision under certainty . 

In a probabilistic approach to design, it is reco'gnized 

that any one of the states of nature may occur and the 

probability of each state (strength and load) is known. When 

the probability of occurrence of various states a^re kpnwn . 

* 

probabilistic design is a decision under risk . Here, only the 
uncertainty in the state of nature is considered. The 
uncertainty in information, for example the probability \ 

t 

distribution, is not considered here. In the non-utilitarian, 
process, an arbitrary value of probability of failure is 
assumed as the acceptable limit. 

However, the accuracy of a decision depends also on 
the accuracy of the infomation obtained. If the probahility 
density function of loads and strengths are known accurately . 



and no obher uncertainty- exists, a probabilistic ^proacb is 
perfectly justified. I-bwever, in most cases, it is not 
possible to get the accurate distribution. Under such 
conditions, it is more appropriate to consider the yarious 
states of nature ^ith unknown probabilities . She stinctural 
design in this manner is considered by Ilurlcstra (22); 
Benjamin (23) and Sexsmith (25). Uncertainties of non- 
random nature to which much attention is not so far given 
also, always exist, The variations in timing, sequence, 
position, direction etc. of the loads are strictly not 
probabilistic though in some cases they may be expressed 
probabilistically. The influence of these variables are 
very important in serviceability (deflection, crack-width 
etc.) controlled designs. Treating these variations as 
•strategic* variations, game theory models can be brought 
in for decision making. The uncertainties are further 
cl OfiJ sified in Oh^ter 4-. 

2,6 DECISION MO BJaS 

Modelling of the system, the environment and system 
behaviour are essential in structural design decisions* The 
various modelling processes followed by engineers are given 
by Erick (12) as shown schematically in Pig* 2.5* Decision 
models of diverse nature have been developed in the field of 
operations research. These models can be divided into 
analytical models and simulation models. 
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2,6.1 Analytical Models ; 

These are mathematical models having a scientific 
treatment of the problem. The various analytical decision 
models for decisions of diverse nature are shown in Pig* 2*4 
and Table 2.5. 

(i) Mathematical Programming ;- The utility is expressed 
as a mathematical function of decision variables.. ALl 
mathematical programming techniques b^ong to this dass* A 
classification of the various optimization techniques under 
this class is given in TahL^2,5, 2.4 and 2.5. Ihe mathe- 
matical programming methods of structural optimization 
discussed in Chapter One falls under this group. 

(ii) Riskless Ohoice Based on £reference.3 ;- When the 

utility is not derivable in mathematical fornij mathematical 
programming techniques are not applicable. The criteria of 
optimization in overall structural design in general are 
subjective and a mathematical statement is very often 
difficult to mahe. Non-t-risky utility approaches (like 
suboective programming (84) liave been proposed for solving 

such problems, 

(ill) Elsk_Beoision!- ■ Certain axiomatic approaches 
using ejipeoted value criterion (80, 85) are generally made 
use of. Stochastic linear programming, (86) and chance 
oonstrained programming (87) are also suitable models for 
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risk decisions, 

(iv) G-ames of Strater;y t~ Uncertain conditions arise in 
a decision making process from two sources. Firstly, 
uncertainty arising from the secret decisions made by an 
intelligent opponent ^lich may affect the gain or loss of 
the decision maker, This situation leads to the ggplication 
of games of strategy (yon Neumann* s theory of games) as tiie 
decision models 

In game theory, it is assumed that each player knows 
the desires of the other fully, and that each player is 
rational striving to better his gains. All possible strategies 
of the opponent must be known to each player, 

(■ 7 ) Statistical Q-ames s** Ihe second type of uncertainty 
arises from the random states of nature; the probability of 
vrhich is unknown. When complete ignorance prevails, statis~ 
tical games proposed by Wald (88) and ELackwell and 
Girshick (89) offer a conservative estimate, 

( 71 ) Bayesie.n Decision Processes ;- When the probability 
subjectively assigned a priori can be mproved by experi- 
mentation, a Bayesian decision process can be advantageously 
used, which gives a fairly reasonable estimate. Bayesian 
decision models suggested by Savage (90), Raiffa and 
Scblaifer (24) and others (91-94) are suitable for uncertainty 


decisions of this class. 
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Structural design is treated in this wDrk as a 
decision under Uncertainty* Naturally it Mrould lead to any 
of the decision techniques; game theory, statistical game 
(Bayesian process or mihimax game)* The techniques chosen 
are discussed in Chapters 5| 7 and 10* 

2*6.2 Simulation Models ; 

Some of the simulation models are shown in Fig. 2*5. 

The participative models like gaming and the ndn-pahtioipative 
models like Monte-carlo Method are the most popular simulation 
techniques. 

Warner and Kahaila (95) have proposed a Mbnte-carlo 
dtudy of structural safety. One of the difficulties associated 
with probabilistic method of design is the evaluation, in 
closed form, of the cumulative distribution of stochastic 
variables. Numerical integration is very often needed 
for this purpose. The Monte— carlo Method is a oi.'ulm'ciou 
process that can be applied for such situations* The 
evaluation of region of safety, ultimate strength, factor 
of safety etc. using probability distribution can be done 
by this method. The method is illustrated for an axially 
loaded reinforced concrete column* 

2 , 7 AOGfBTANCE RULES : 

Finally, the choice of the proper acceptance rule 
is as important as the choice of the decision model. By 
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accept; ancG rule, we mean a way of seating our preference 
of utility and thereby the act that appears to be acceptable 
for the situation, Yerious acc^tance rules under different 
conditions of decision making are given in Table 2,6, 
Acceptance rules are of two types, A utilitarian rule 
escplicitly takes account of the gains or losses involved in 
the acceptance of a hypothesis or course of action. This 
is mainly for acceptance of course of action. An acceptance 
rule which docs not explicitly take account of the gains or 
losses involved in the acceptance of a hypothesis or course 
of action is called ITo n-ut il it arian . These rules are mainly 
used for the selection of acceptance of a hypothesis (belief). 
It is not attempted here to describe all the acceptance rules 
listed in Table 2,6, A detailed account of them can be had 
from ref. (70). The rules that are used in this thesis for 
making decisions will be discussed in later chapters along 
with the fomulation of structural design problem. Some of 
the 37ules are briefly stated below. 

The rules of high probability and high weight state 
that the hypothesis having high probability and high weightage 
respectively may be accepted. In structural design, the 
statement of an acceptable probability of survival as 
0.9999 is a rule of high probability. The structure having 
this probability is chosen and is believed to be the 
acceptable design. 
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The rules of maximum pro lability and maximm lA/eight 
are relative merit criteria that allow the acc^tance of a 
hypothesis from a given set of alternatives choosing the one 
with maximum probability or weight re^ectively.s 

Likelihood criterion is used when the relative 
likelihood of events are subjectively decided. 


jtoong the utilitarian acceptance rules, the rules 
for decision under certainty and risk are well known. Wald*s 
criterion, minimax theorem and Bayesian rule will be discussed 
in the subsequent chapters. Other rules are defined below_»t 


Given the alternative actions and the possible states 
of nature, the utility u . ^ of any action-state combination 
can be found out. The matrix so formed may be a loss matrix 
or gain matrix depending upon whether the elements represent 
loss or gain. The minimax rules that pick out the acceptable 
act with different degrees of optimiai^'^^ * are given b^owt 


(i) Min. loss 

(ii) Max min gain 
(iii) Max Max gain 
(iv) Min Max loss 


Min u . . 
i 

Max Min u . . 
i 0 

Max Max u . . 

i D ^ 
Min Max u. ^ 
i D 


C-] loss 

Qi I gain 
gain 
{u ] lo ss 


Hurwicz*s rule is a combination of min max and 
max max criteria. A factor P representing the optimism 
of the decision maker ( 0_<P^1 ) is chosen. According to 
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this rule, that act i for which. 


max u^. ^ (1 - P) min 


ID 


f “iO 


3 D 

is chosen. Here is a gain matrix,! 

Savage* s regret rule is a modified form of Waldos 
criterion. A regret matrix is found out from gain matrix 
with its each element as the difference of the corresponding 
element in gain matrix and the maximum in its column. Iiet 
he the regret matrix. The choice goes to that act 
i for which 


min max r, 
i D 


i3 * 


It shows that acceptance rules are not unique except for 
utilitarian decision under certainty. Depending upon the 
situation and the optimism a suitable aocf^tance rule is to 
be chosen by the decision maJcer, 

2,8 SOME MAJOR PROEDMS IH STRUOTURAL DESI&N DECISIONS, 

Some of the major problems that deserve attention 
in a structural design process are discussed below. Of 
these problems some are traditional, some newly created.,' 

2.8.1 AT^aTvtlcal Basis of Stru ctiiral Mechanics: 

Traditionally, structural mechanics developed as an 
analysis-oriented process. The process of analysis makes 
use of the constitutive relations as a link between the forces 
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and the deformations. Constitutive equations are functions 
of cross sections and material of the system. In modern 
optimization pro cesses, the variables representing the geometry 
of cross sections are taken generally as design variables 
and have to undergo a number of revisions before an optimum 
set of variables are chosen. Every time a change is made 
on these variables, constitutive equations undergo a change 
and the entire analysis is to be repeated especially in 
statically indet eiminat e systems. The iterative optimization 
techniques work on tlus philosophy. 

The operational research techniques have a logical 
structure different from the analytical structure discussed 
above. They proceed to select the optimum alternative out 
of all possible alternatives with respect to some acceptance 
rule subject to certain constraints. Because of this 
difference in approach, the fitting in of structural design 
in the framework of operation research techniques is somewhat 
complex, 

2.8.2 Subnectivity of Heeds or Oriterla t 

Modern operational research techniques demand a 
quantitative statement of the utility of the alternatives. 

But most of the functional needs are subjective in nature, 
and a quantitative statement is difficult. For example, the 
monetary value of the motivation behind the construction of 
Taj Mahal or pyramids of Egypt is in no way measurable. It 
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is this prohlem of subjectivity, that compels the designer 
to resort to simulation and other subjective methods. The 
argument is true for other a^ects alike namely aesthetics 
cost, safety, serviceability etc. 

2.8.3 A rbitrariness of Safety Level ; 

This is a problem which has received the attention 
of research workers in the past. The statement of the accept- 
able factor of safety, load factor or probability of failure 
is quite arbitrary. As discussed earlier, stating an 
acceptable safety factor or probability of failure is 
equivalent to choosing the acceptance rule of high probability. 
This rule itself has no proper quantitative limit and any 
statement xs made arbitrarily. The optimization methods in 
vrhich failure probability is taken as constraint also have 
the above mentioned drawback. 

One way of obviating this difficulty is to tie down 
safety with some utility like cost of failure, or cost- 
effectiveness. According to De Pinnetti^s conc^t of subjective 
probability, an individual choice of any particular action not 
only depends on the probability of outcome but also on 
the utility associated with it. The probability of failure 
concept in design recognizes only the probability of a state 
as the measure of acceptance. If it is coupled with the 
associated utility a bettor model will be obtained anl 

be eliminated. Such a model is developed 


arbitrariness can 
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in Chapter Eour. It considers not only one type of failure 
hut many typos of failure, 

2.8.4 Bole of Ibqoerience t 

Experience in design is an inevitability in the 
classical iterative approach to design to yield acci^table 
results quiclcLy, In the modern decision processes also, 
experience very often becomes a necessity in the search for 
alternatives as well as in the problem analysis. The 
decision maker in some cases has to list out all the alter- 
natives before ho apply the decision techniques in which, 
experience, knowledge and intuition are good guides. The 
dependence on experience brings in two difficulties, 

(i) When a fresh engineer ventures into the field of 
stnActural design, ho often gets puzaled as to how he can 
proceed in the face of lack of experience, 

(ii) When the design is to be performed in a new 

t 

surrounding about vdiich no information is available, the 
designer has to really tackle a challenging problem. 

The heuristic gaming suggested by Tung Au (15) is 
aimed to educate the designers for absorbing es^erience 
and engineering judgement by considering new design 
situations, 

2.8.5 Inevitability of Bman Judgement ; 

At various stages of design decisions, human 
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judgement: is inevibalDle, It oners in the decision pixDcess 
through the analysis of problem, idealizations, selection 
of decision models and the acceptance rule, and finally in 
evaluating the results# I'he human interference hinders the 
complete automation of design with the help of computers# 
Since human skill is costly, it would increase the cost of 
design also. By making the computer to participate more 
in judgements involved in routine designs, this problem can 
partly bo solved, This would necesitate the introduction of 
artificial intelligence in design processes as suggested 
by fillers (16). 

2,8,6 Keed of Modelling : 

Modelling of the real system, the environment and 
system behaviour are esential in stiuctural design. This is 
done either because the designer is unable to tackle the 
problem exactly or because of the volume of computation 
involved in treating the problem in its correct perspective. 
The decision models for various conditions are discussed 
earlier, ipart from this, idealization of the system and 
system behaviour is needed in the decision process. The 
elastic, elaBto--pla,stic, visco-elastic models etc* are 
idealized models for material behaviour. Pins, rigid joints, 
rigid supports etc, replaces the real of connections 

and supports. If the model is not judiciously chosen, the 
real behaviour of the physical system and the behaviour of 
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model differ considerably and a prediction of the real system 
through the model is no longer valid*' 

2.8*7 Blversity in Design Techniaues s 

Today, with the increased human needs, social 
changes, and spirit in scientific loiowledge, numerous types 
of structures, numerous structural materials and their 
con^o sites have come into use*' The environmental influences 
are also varied* Each situation therefore demands s^arate 
considerations and mo delling. Prom practical point of view, 
a unified approach or algorithm irrespective of the diversity 
in materials, structures or environment mahes the design 
process economical and automation easy* The systou engineering 
approach to structureal design is a welcome step in this 
direction, Any unified approach must not be at the loss of 
accuracy. 

2.8.8 Introduction of Self-Adaptivity : 

By the term self-adaptivity, it is meant that the 
system must adapt itself to the different conditions to which 
it is subjected, showing efficiency in each of the 
conditions. Among the heirarchy of systems only living 
beings (animate or inanimate) are self adaptive* Self 
ad^tivity, if introduced in structures, is very useful 
in lEuliiiload condi’bions# 


A simple example of a self-adaptive structure is a 
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suspension cable* Because of its ability to chauge shape, 
it adapts itself to loads applied at different points on 
the cable, Zuk (96) suggests tbat artificial ‘brain' must 
be supplied to the structure in the form of a built in 
programmed computer or servomechanism which directs the 
structure to adjust itself to the various types of loads, 

Bor example, when the mnd forces are excessive causing 
lateral deformations bo be exceeded beyond a specified value, 
a servo-mechanj sm is activated v;hich prestresses the 
vortical cables thereby restricting further deflections. 

k 

Several possibilities ol such structures, called kinetic 
structures, are given by Zuk (96), Ian (97) uses the self- 
adaptive principles in malcing the structure to be flexible 
after a certain lateral deformation to reduce dynamic 
effects under earthquake, 

2,9 SWIARY 

The nature of structural design decisions are 
examined in the light of system engineering and theory of 
decision making. The structure is treated as the component 
of an overall engineered system. The importance of design 
in rationalising the structural behaviour is emphasized. 

The basic concepts of design are discussed, and the decisions 
in a Structural design arc divided into five steps. They 
are the selection of: a. Position or positions occupied 
by the structure, b. The functional configuration. 
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c. Structural concept or type, d. Arrangement of mem'bers 
and types of connection, and e. The geometry and material 
of members. 

A system effectiveness model is suggested as the 
decision criterion in which structural values, economy and 
function are tra^d- . off. In general tems, structural design 
is shown as a decision under uncertainty. It is emphasized 
that decision models for decision under uncertainty are 
to be used to account for the uncertainties rather than taMng 
uncertainties empirically or by subjective judgement, 

Further some of the major prohLoas in structural design that 
deserve the attention are listed. 

In the light of the information gathered in this 
ch^ter about structural design process, a design methodology 
for the five steps of decision is proposed in Chapter Three* 



CHAPTER THREE 


OUTLINE OP THE PROPOSED HESI&H MSTHOPOLOGY 
3.1 INTRO nJOTION 

Design is a creative activity in which, the talents ' 
of the designer may often outweigh any systematic methodology 
in achieving Letter designs. However, a methodology can 
help the designer to make decisions in a well -organized way 
and not to miss any alternative by oversight. With this 
intention, the nature of structural design decisions, and 
the associated problems were discussed in Chapter 2. Five 
decision st^s were suggested in a design process, and was 
shown that all the decisions must be treated simultaneously 
so as to achieve an optimum design. The consideration of 
all the decisions simultaneously is practically impossible 
on account of the complexity of the problem. Hence, it is 
worthwhile to examine in what order the decisions can be 
taken, and what are the decision models required for each 
stage of decision. A methodology of design is proposed in 
this chepter, making use of the ideas developed in CJh^ter 2, 
The rationality of a design d^ends on the interaction of 
the designer j design methodology and the relevant information 
of the irput and output data. Design-designer relationship 
is discussed in Section 3.2. The role of experience, learning; 
and judgement in design is discussed in Section 3.,3. With 
this background, the design methodology is proposed in 
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Section 3.4. An operational gaming model is proposed in 
Section 3*5 for the selection of the initial selection of 
site and functional configuration. In Section 3.6, the 
selection of the structural concept is considered and the 
use of certain models like checklist, decision tree etc. 
is described with illustrative examples. Other decision 
aspects are dealt with in the subsequent chapters. The ch^ter 
is intended to present a central framework within which design 
can be done. 

3.2 DESIGN-DESIGNER RELATIONSHIP 

Design, being a subjective activity, is more personal 
in character than science. The role of designer has a 
greater Impact in design, and therefore it is useful to 
define the design-designer relationship. Structural designer 
is primarily entrusted with the selection of the structural 
concept and the decisions in the subsequent two st^s 
namely arrangement of members, and the selection of geometry 
and material of members. Thus the real re^onsibility of 
structural engineer starts only when the selection of 
functional configuration is over. However, it is to be noted 
that the structure is an integral part of the overall syston^ 
To maintain the interaction with other components and to 
achieve better economy, the structural designer has to 
associate with other designers involved in the design of the 
system. He participates in the selection of the overall 
system. The role of the structural designer as a decision 
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maker ciiajages from sfep to step. It may be considered that 
three roles are assumed by the designer, 

(i) Partner in a &roup Decision ; Initially, structural 
designer assumes the role of a partner in a group decision 
in the functional planning of the system. The decisions 
involved at this stage of design have greater social, 
economical, functional and political content. The participa- 
tion of the structural engineer in this group decision 
benefits the design in two ways: 

(a) He impresses upon other designers about the 
structural needs in the overall planning of the system. 

The functional configurations chosen must be consistent with 
structural feasibility, and efficiency, 

(b) He gathers enough information about the functional 
needs of the system so that, when he selects the structure 

he can do it keeping the functional needs in view, 

(ii) Individual Decision Maker; Once the selection of 
functional configuration is made, it is the sole duty of 

the designer to select the structural concept for the system*- 
He to do this with the three objectives in view, nam^y 
functional conformity structural efficiency and economy,' 

(xijL) Becision Adviser ; The decisions in the latter two 
steps following the selection of structural concept are 
more of a behaviour (action) oriented type. The decisions 
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are made on the basis ol the behaviour ol the structure 
under load, Shis process can be viewed from a different 
angle. Instead of the choice of the geometry of manbersi 
let us assume that the structure has to decide its course 
of action to resist the external loads, bringing structure 
itself as the decision maker. The course of action in this 
case is the structural action or behaviour. It is a course of. 
action adopted by structure and not by the designer. This 
approach has specific advantage in dealing with the uncertainty 
in the information of design data, by considering that 
structure takes a decision under conditions of uncertainty. 

The designer in this case makes decisions on behalf of the 
structure. In other words, he assumes the role of a decision 
adviser . 

3.3 EXPERIMOE, lEARKIEG AEI JTJEGMEITT IN DESIG-N 

In addition to technological skill, e:g)erience and 
ability to make judgement are the two qualities that a 
designer must possess. These qualities are acquired partly by 
learning. Even to build up the intuitive ability to evolve 
new designs for new situations, experience and knowledge 
can help to some extent,. Yery o:fben by repeating design with 
the knowledge obtained in a prior cycle, the design can be 
fmprovedo This concept is made use of in the method of 
design proposed in Section 3,!4« 
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5. 4 PROPOSED DESIGN MEIHODOLOGI 

A methodology of design is proposed in this section. 
The discussions made in the preceding sections are taken 
into account in this proposal* 

Decisions Invol-yed s 

The decision scheme involved in the structural 
design is the following; 

1* Selection of site or position of the system 

2. Selection of the functional configuration 

3. Choice of the structural concept 

4. Arrangement of memhers and types of connections 

5. Selection of the material and geometry of members 

i.e, proportioning of the members. 

In addition to the major decisions involved as given 
above, there are some associated decisions, pertaining to 
the design activity. They arc the collection of relevant 
design data, and its projection throughout the design life, 
a load analysis, the choice of a model to study the system 
etc. These decisions are as important as the decisions 
listed above. 

3,4.2 Essential Characteristics of the Design Meth odology; 

Any design methodology for structural design should 
have the characteristics discussed in the earlier sections, 
a summary of ■vdiich is given below. 
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(i) Tlie data needed for design must te easily obtained# 

Only such methods will be accepted by practical designers* 

(ii) The design data are generally obtained with 
different degrees of accuracy* The parameters may be random 
or non-random* The infomation may be exact or uncertain* 

In the case of uncertainty, some data may be known to lie 
within certain bounds, ?/hile others may be completely unknown* 
According to the nature of information, decisions are 
classified into decision under certainty, risk or uncertainty* 
The method of design must be flexible enough to accommodate 
the design data of various levels of accuracy and yet 
capable of arriving at reasonably acceptable decisions* 

(iii) Functional conformity, structural effectiveness and 
economy are the needs or criteria in the design of structures* 
As discussed earlier, the statement of the needs are often 
subjective, and qualitative* In the estimation of the 

cost of structure, cost of failure, serviceability requirements 
etc. considerable uncertainty exists. The method of design 
must take into consideration the subjectivity and uncertainty 
in the estimation of the needs. As fax as possible, the 
design must not be very sensitive to the stated needs. 

Slight variations in the human needs are very common, and 
any design sensitive to the change in needs will have 
psychological implications. An absolute economic design 
sensitive to the design needs may not be as acceptable as a 
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(iv) The decision model must be a logical one. It must 
be capable of considering all available alternatives, and 
the optimum must be picked out considering all of them. 

(v) If past experience on the design is available, it 
must be made use of. If such experience is not available, 
the design process must be capable of creating enough 
information by way of repeated trials so as to evolve an 
optimal system. However, the trials must be consistent 
with the cost of design, time available for design and the 
degree of refinement needed. 

(vi) ThG need of human judgement at every stage of design 
must be eliminated as far as possible. However, human 
judgement cannot bo fully exicludcd from the design procedure. 

Tho judgement must be incoip orated into the design in such 
a way that it .should not interfere with the flow of computation. 
This is especially needed in the automation of inutine design. 
Judgement may sometimes bo fed into tho computation as an 
input data as is done for the decision of the marginal safety 
factors in Chapter 7. 

(vii) The decision models chosen must be consistent with 
the role of the designer in the various stages of design, 
discussed in Section 3.2. 

(viii) iipart from safety and other structural values, the 
social, psychological and economic involvement in the design 
of the systan must also bo brought into the design process 
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at least subjectively if possible* 

(ix) Tbo design metbod lEust be same for any situation 
irrespective of tbe structure, loads or design needs; but 
not at tbe expense of accuracy* 

(x) The structure that is to bo designed must be treated 
as the component of an overall system constantly in action 
along with other compononts* Go nsiderai?ion of the inter- 
action of all the components irould be helpful in the optimi- 
sation of the performance of the system as a whole* 

3.4*5 Grouping of the Decisions : 

The ten requirements of a design methodology listed 
above are difficult to obtain in a method of design* Ihrther, 
a simultaneous consideration of the decisions taislng all the 
factors given above is too complex* Hence, a stagewise design 
is attempted here* The five decisions are grouped into three 
categories as follows; 

(i) A group decision for the selection of site and 
:hinctional planning 

(ii) Choice of the structural concept 

(iii) Design of structural elements. 

The details of the decisions involved in each group are 
given in the next section* This grouping of decisions 
would help to select proper decision models. 
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5.4*4 Oharactciri sties of the Decisions and the Ghioice of 
Decision Mod^s i 

The characteristics of the decisions in each group 
are discussed and the ^propriate decision models are chosen. 

(i) G-roun Decision s The interaction of the various 
requirements in the design of the general system is 
considered in this decision. Some of the requirements may 
he of competitive nature, while others may he complimentary 
to one another. The final decision is a compromise among the 
various requirements. The data available at this stage 
of design are totally inadequate for a rigoinus mathematical 
analysis. Most of the requirements are subjective and a 
quantitative statement may not he possible. The social 
cultural, psychological and even political implications are 
significant at this stage of decision. The personal pre- 
ferences with regard to functional needs and aesthetics may 
very often outweigh other considerations. Hh pattern of 
set rules can he established for human preferences. 

A snnulation model may he better suited to this 
stage of decision than any rigorous mathematical model, 
Atteompts have been made to utilize mathematical programming 
technique for the decisions involved in this group, Por 
example, Schilling (98) makes use of unconstrained gradient 
method (steepest descent) to find an optimum site of a static 
missile test stand so that the total cost of construction. 



79 


consisting of tlie cost of allied constractions and that of 
a safety harrier, is minimized, igailar (99) uses a linear 
programming algorithm for decision malcLng in building 
planning and real estate development. The decision considers 
the construction of apartments with zero, one, two, three 
and four bed rooms both furnished and unfurnished. The 
problem is to find how many apartments of various type should 
be built in order to maximize return on investment. The 
constraints on the solution involve the total amount of money 
available, the maximum amount to be ^ent for furnishings, 
the minimum number of units to be considered and probable 
preferences for various types of apartments. However, in 
practical problems, the data may not be as specific as used 
in these problems due to the subjectivity of the problem*. 

The heuristic game ^preach proposed by Tung lu (15) 
is an elegant model for the decision. According to this 
model, structural design operation is a game played by a 
group of designers in a computer simulated environment. ^Ehe 
various design requiroments are assumed to be in the hands 
of each of the designers. The various proposals are rated 
and optimal choice is made. Au uses the method for the 
entire design activity, starting with the solection of site 
and ending with the final choice of members (100, 101), In 
the present formulation, gaming is intended to use for two 
decisions only, and it is proposed to have a greater involvement 
of human preferences. Ihe owner of a house may 3aave 
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preferences between a shell roof and a flat roof, but he will 
generally be indifferent to the arrangement of beams, the 
thickness of slabs etc. Hence, the personal preferences of 
the client or even that of the espeidis for designs of other 
components may not be generally carried over to the stage of 
detailed structural design. Hence the use of simulation model 
is proposed to be limited for the group decision activity, An 
operational gaming model is proposed for this decision, and 
is discussed in Section 3.5. 

(ii) Ohoice of Structural Concept ; Ihe decision r^resents 
the transition stage from the decision of overall system to 
the more detailed decision of the structure and its elements. 

The structural designer is considered to be the solo _ • - 
decision maker. He makes use of the information that he has 
gathered from the group decision activity, and his own 
judgement for the selection of the type of structure^ The 
personal preferences of the client and others, the functional 
needs, structural effectiveness and economy are the bases 
of decision. The choice is made from a set of alternatives which 

may include existing types, modifications to the existing 
types and even new innovations. Experience and creativity are 
needed to find out new concepts (both structurally and concep- 
tually) for which no methodology can be proposed. However, 
when the alternatives are listed out, a choice can be made 
from them in a systematic way. The data available at this 
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stage are more encouraging than thouein the previous stage. 

The design noeds are still subjective. Subjective decision 
models based on preferences are suitable, if data for choice 
are not adequate, A checklist method and certain other models 
of decision are proposed in Section 3.6, 

(iii) IXisign of Stiructural Elements ; The detailed design 
of the structure chosen is carried out at this stage. 
Traditionally, structural design referred to this particular 
stage of decision and considerable attention has been given 
to this decision. Therefore, today we are in a better 
position to deal with the design in a systematic manner. 

As mentioned before the decision is a behaviour- 
oriented decision. Structural effectiveness and economy are 
more important than functional aspects, although functional 
constrainiy cannot be nc^octed. Two decisions are involved, 

(i) Arrangement of the members and the connections 

(ii) Selection of the material and geometry of members 

From economy point of view, the two decisions must be 
considered together. For any arrangement of members, the 
cross sections can be designed for safety and economy. Any 
change in the arrangement of members or connections affect 
the geometry of members. Also any change in material may 
affect the t 3 ?pe of connections. The data available may be 
certain, random with known probabilities or uncertain. The 
needs may be stated quantitatively even though certain amount 
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of inaccuracy may be involved in their estimation. The 
decision process as suggested below. may be suitable for this 
stage. 

The structure is assigned with the role of a 
decision maker, wlio decides its own course of behaviour 
under the action of o:ctcrnal loads* Since uncertainties of 
different origin exist in the design, the decision is 
considered as a d ecision under uncertainty and appropriate 
models are chosen. Structure is assumed to be playing a 
game against nature,. The behaviour of the structure is 
the strategy of structure, and the uncertainty in the loading 
process is that of the nature. Structure has to decide two 
types of decisions. 

(i) The optimal arrangement of members and types of 
connections 

(ii) The material and geometry of the sections of members. 

Both the choices jointly minimize a cost-effective- 
ness criterion. The minimization is done as follows: 

(i) One arrangement of the members together with the 
connections is chosen, Bor bhis strategy chosen a game is 
played by which the optjmal choice of material and geometry 
is made. (This decision problem is dealt with in the 
subsequent chapters) 

(ii) G-ames are played for several such arrangements. 

This may, in some cases, be possible by changing certain 
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p aramel: ers defining the arraiigeiiient of membersj for example 
angle of inclination of a truss member* In several oasesi 
no such variable may he available and design has to be done 
individually for each alternati/e* That alternative giving 
the optimum cost-effectiveness criterion is chosen as the 
optimally arranged one. Pig, 3,2 shows the scheme of decision, 

5»4«5 Inter-ifelationship of Decisions and Plow of 
Information ; 

In the preceding section, decisions involved in 
the three groups are described, however, a decision pro cears 
having independence of one from another is not possible, as 
the decision at any stage requires infomnatioji from all other 
stages and vice versa. This inter-relationship of decisions 
make a stage by stage decision of any order not considering 
the flow of information uneconomical, A method is proposed 
below to carry out the design in a sequence, 

(i) Proceed with the five decisions in the order in 
which they are presented, 

(ii) At any stage, a decision made in a prior stage 
is not allowed to be violated. In other words, they are 
taken as constraints. The information required from a 
decision not yet made is taken empirically. If details of 
them are available from existing designs, they can be made 
use of. Otherwise they are chosen arbitrarily. 
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(iii) At the end of each decision, the empirical data used 
in prior stages aro checked mth the data obtained through 
the decision at the current stage. If the empirical data 
used is unsatisfactory, a procedure to go hack to that step 
and repeat the decision is lollawed, 

(iv) Proceed upto the last decision as described above, 
completing one sequence of decision forming one operation 
in an iterative process. 

3,4e6 Search for Optimality Through Iiearning Cycles ; 

The design so obtained by a single sequence may not 

be an optimal one, as empirical data is made use of. This 

is more so when the design is performed for a new surrounding 

about which very little data are known. However, inprovements 

can be made by repeated trials of design. Design process is 

considered for this purpose as a learning mechanism, TOien 

one sequence of decisions is completed, enough data is ‘learnt*. 

The information gathered is checked with the empirical data 

used and the accuracy of design is evaluated. If data 

obtained through past escperience is used, the deviation from 

optimality may not be much. The design may be repeated with 
* 

the data ■ gathered. The repeated trials in the framework 
of a heuristic algorithm may lead to an optimum design. The 
process requires considerable research vrork to make it a full- 
fledged optimization process. 
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3.4.7 oEP.VIS. ®. • 

Several 'trials iDecome necessary to arrive at a 
theoretical optiniuiJi by this vvay. Farther, mere repetition 
of trials may not gaorrntee an op timuui at all. Therefore, 
the process of uefinoment must be stopped at some level of 
suboptimal design oxi a,ccount of the enormous cost of design 
or laclc of time available. A stopping rule may be proposed 
to find out at what trial it is economical to stop the design. 


Let Cq be the cost of a sin^e sequence of 
design decision. Let C^j ^ 2 ^ be the costs of the 

structures obtained in a sequence of trials made. Let 

G^, Og, be -the values in n trials. The designer 

may stop at the nth trial or may proceed to the (iw*l)th 
trial. If he stops at nth trial, he is supposed to spend 
an amount 


V =sf"iiin C.Vf- n C 
n j IV o 

KiCn 


(3.1) 


If he proceeds to the (n v l)th trial, the designer is 
supposed to spend 


= ““ 


i 


(3.2) 


If G . LS less ths-njniiii Cl the trial is advantageous 

for the designer. Hovi/ever, in a heuristic procedure as 
proposed here, there is a risk invrolved in this process. 
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and may nob always le less bhan Min C^. Hence the 

1 <1 <11 
PM PM 

designer has to decide whebher ib is worth proceeding to 
bhe(n+l)tli trial. Considering the sequence of trials as a 
stochastic phenomenon; shopping rule may he derived hy 
a mebhod similar to bhe mebhod of optimal persistence policies 
of MacQueen and BihLler (102). 


V 


5. -1.8 ^■bpra_.',e of Ijifpimatipn for Eubure les iftns ; 

The irformabion gabhered through an optimal design 
is bhe eiqjerience gained, by bhe designer, 'fhe ideas that are 
learnt may be stored for bhe benefit of future designers* 


The information pained from the design of all sorts of civil 
engineering structures may be collecbed by a central a.gency 
and made available lor designers in bhe form of chart s> 
graphs etc. This p..ior enperienco and data will h^p to reduce 
the volume of coiaputalions in bhe design of structures. In 


civil engineering construcbion, mass production of any 
particular design as done in mechanical design or aerostimctures 
is rare. The cost involved in bhe refinement of a design is 
justifiable ‘in bhe latber cases on account of the mass 
production as it will lead to considerable saving. On the 
obher hand, the cosb of such extensive trials may not be 
justifiable for a design leading to the construction of 
only a single structure. The data from prior designs would 
be very uiuch useful in such cases to reduce the cost of design 
by cutting down bhe number of design cycles. This would be 
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also helpful in Gvol\rri 3 codes of practice. 

3.4.9 Sumarj;j 

Now the vacious decisions, seq^uence of decisions, 
evaluation of the desijn, storage of eaperience etc. 
discussed may be presented schematically as shown in Ta^ble 3.1 
and 3.1 and 3.2. 

3 . 5 dMl NG SBiUIiiil'IO N 

Gamihii simulabion is extensively used in management 
and war decisions, urban planning (103), planning education 
(104) and architecburol. design (105). lb is, in general, 
very useful for prediction of behaviour and training 
individuals. Oonceptually gaming is different from theory 
of games, though both processes talce into account the conflict 
in the interests of players. In the latte] theory, a formal 
mathematical sti’ucture is developed making assumptions in 
the beha\riour of players. It is asoumed that the players 
are rational, always striving to better their gains. In 
gaming, no such assumption is made, nor a formal mathematical 
structure exists. 

The proposed decisions of the site and functional 
configuration are brought -iTithin a gaming model, Itesign is 
assumed to be a gome with a number of players. In general 
the list of players consists of the client who receives the 
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benefit, the client who ig financier (treated as two pla,yers 
because of the conflict of interests) , the society, architect, 
sbrucbural engineer, consbruction engineer, and any other 
individuols or groups interested or involved in the decisions. 
The players may ha/e interesbs which are conflicting or 
complementary. The prefoi-ences and opinions of the players 
and the various proposals made by bhem are pub forward in the 
form of questions and answers. The final decisions may be 
obtarned by arri\ring at a compromise in the needs and proposals. 
This process of rating bhe proposals can be carried out with 
the help of a computer. 

Two separate games are played; one for the selecbion 
of site and the other for the choice of functional 
configuration. Ifo abbOitipt is made in this thesis to stui3y 
bhe problem at length. 

3.6 CHOICE OF STRUGTUJiAI. COHOEPT 

The choice of sbructural concept as explained 
earlier has to be made considering several factors ranging 
from structural efficienoy to human preferences. If the 
objectives with regard bo each factor can be mathematically 
stated, a multifactor optimization procedure may be adopted. 
Krokoshy (70, 72) has used this ci^proach for designing 
materials for wall sysberas and for a sandwich panel for 
structural, thermal, acoustic and other design requirements* 
However, in many pro bleiiis, such a mathematical statement is 
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difficult due to the oubj octivity of needs and nresence of 
quudlitative infonnation re'-,ardin^ different structural forms. 
Hence, two methods based on pCTsonal p'’'eferences are prooosed 
here, which consider the subioctivity involved* 

A choice ic to be made out of am , available 
alternatives considerinc: all factors giving due weightage 
for each of them, Shepard (106) after conducting a number 
of experiments, reports that the ability of hi .Jman being "bo 
arrive at an overall evaluation by weii^hing and combining or 
tradine-off all of the separate attributes (factors) at the 
same time is difficult as compared to evaluation of one 
factor at a time. Hence, it is always convenient to have 
judgement on smaller aspects and a method for finding the 
relati'e merits for the /lobal factors from these partial 
judgements. This apojX)ach helps in the systematic selection 
of structural concepts out oC available alternativ’'es* It aids 
the experienced desi‘'ncr for tadd-ing new design situations »r 
as a check to his intuiti'ro solution for known situation* 
However, it is very helpful to systematize previous knowledge 
and also to train engin-ers in making intelligent decisions. 

The basic concept i.i'/olved in all subjective decisions is 
that, given two alternati/cs, a decision maker is able to 
express his preferences or indifference between the two* 

This may be consistent at a smaller level of decision than 
at a global level. A numerical characterization of preferences 
is made by assigning utilities to each of the alternatives 
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which represant the c references in te’rms of numbers , 


3.6,1 jS. el ecti gn p_f_ ,a St ructu ral 

Ohecklisb me b hod or decision tables is a formal 
framework for guidin' bhe designers* thoughts, Ihey are not 
substitubes for crer'li\;c bhinlan;^,, nor cor give optimal 
decisions aubomabicallv. i'he mebhod is eorbensively discussed 
by £der (13)» Matousek (107) and ilger and Hays (108 )■» The 
essentials of a checlcLisb mebhod are the following; 

(i) The various alternatives to be considered are 
listed out. All eligible structures existingj or new must be 
considered, 

(ii) A list of influencing factors that are relevant 
to the problem must be set up. Care should be taken not to 
leave any factor' by oversight, A general list consisting of 
all the factors that are associated with the choice of 
structural concept must be made available, Matousek (107) 
presents a large nunber of such lists for mechanical engineering 
design. The relevant factors may be selected by the designer 
from such a general list, 

(iii) Each factor j is given a weight age w. such that 

J 

w . > 0 

D •“ 

Z W . « 1 

3 


(3.3) 



(iv) For ith albernative and jth factor a utility u. . 
is assigned, fhe nmnericcl characterization may be factual 
if enough data exists or based on qualitative preferences 
which are transferred to nuaibcrs, 'i'hus, if ith alternative 
is preferred to 3th one, a greater utility is assigned to ith 
alternative than tha.t of jth one, and vice versa* 

(v) The rating of the ith alternative is 

h = ^ W. (5.4) 

J 

(vi) The alternative having optimum rating TJ^ is chosen 
as the best alternative, Ho\/eV'jr, those alternatives in the 
vicinity of optimum must not be lef-b not considered* 

Table 3.2 sliov/s the decision table for the choice 
of the optimum action. 'I'ho decision table approach is illus- 
trabed below by means of an example of a roof system. 

IjLlus^tratixe Ikampl^^^ Go '■ si dor the choice of a roof for a 

dining hall 60’ x 60’ size. The li/e load on the roof is 
taken as 40 Ibs/sq.ft, The decision set consists of all types 
of roofs that can be thought of. Two constraints are imposed 
on the choice as follows; 

(i) The roof should be Hat, and 

(ii) The area is to be column -free. 

The two constraints together restrict the choice 
to a permissible set of flat roofs, which is a subset of all 
roofs, HI such roofs that the designer can think of must be 
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listed out. let tliaii be listed as follows. 

a. One way slab 

b. Two way slab 

c. Beam and girder system 
'i—beam floor (one way beams) 

e. G-rid floor (recb angular) 

f. Grid floor (diagonal) 

G» Cellular plate construction 

b. Precast concrete floor system, 

let the attributes or factors based on which, the 
choice is to be made be the following; 

1. Structural efficiency 

2. Cost 

3. Aesthetics 

4. Function 

5. Eose of construction 

6. Fire resistance 

7 . Feat insulation 

8. Acoustics 

9 . light ing 


The weight of each attribute is chosen as follows* let 
the weight of item 1 be 20. The wei-,htage of other factors 
can be put in numbers relativre to that of 20, let them be 
20, 20, 10, 10; 5, 4, 3, 2, 1 respectively , for the factors 
in the order given abo/e, lTo\i? they can be reduced to fractions 
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saob. tliat ■the sum is eauel to liOi T^us the weight for 
20 

item 1 is ^5 0%267i 'ibe weights of the Irarious factors 

are shown in Table 3*3» utilities are assigned to each 

combination of alternati\re paid attribute for the particular 
conditions under consiaerationi The utilities are assipined 
based on the preferences 0 ” the designert A grea'iier number 
is assigned to the one most preferred. Tbr consistency, 
numbers between 1 and 10 are assigned. Utilities are gi\ren 
in Table 3*3 for the conditions of constructing the 3aali ih 
Kanpur, The numbers given in Table 3»5 are for illustration 
only. The rating U is computed and entered in the last column 
of the Table. From the rating it can be seen that the choice 
goes to the grid floor of the rectangular type as it has a 
higher rating, 

3,6,2 Oho ice of Multiple Conuonent Systems; 

The checklist method given above helps to select a 
particular element out of all alternative elements for many 
attributes. Very often a structural designer has to select a 
harmonious combination of various elements of a sin^e 
structure. For example, the selection of the structural 
concept of a bridge involves the selection of the deok, the 
type of supports for the deck, the piers and foundations. The 
selection is optimum only when the combination is optimum 
rather than each component is individually optimum, 

(s-) Decision Tree Approach; In general, there is strong 
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interdependence amon^, conrponents and a choice is bo oe made 
for a comhination. A decision tree approach discussed by 
Eder (13) is one method for this decision. According to this 
method a tree ox alternative combinabions of bhe components 
is p '‘epared, Eoi' example, ih ths hridge pr^blni, let there 
be 4 t,ypes of bridge doclcs, 4 bypes of supports for the deck, 

3 types of piers and 5 types of foundations. Each alternative 
sbrucbuj.e may be obbained by combining components selecting 
suitably from each group, fhus, in the particular case 144 
alternative combinations can. bo thought of. Of bhese, some 
combinations may be dole bod, as they are either impossible 
or not worth considering. Considering each branch of the 
remaining tree as an alternative, checklist method may be 
applied as described before. An ^proach similar to this was 
developed by Murthy (34) in t;he secbion on design for cosi— 
effectiveness. The problem backled is tbe synthesis of 
available strucbural form and available material (3 in each 
case) for designing a beam for a minimum weight, cost and 
reliability. For the 9 combinrtions of 3 materirls. ■'./ith 3-struc- 
turol fcrm, utility factors are given based on previous 
experience or sub^eebive factors for each of the p criteria. 

I'hen subjective probabilibies are associated for each choice 
(combination) giving the desired outcome in terms of weight, 
cost, relrability. fhe global utility of a design combination 
is found by taking bhe sum of bhe products of probability 
and ubility associated with each choice or decision, and 



/ 

then the alternative halving the maxioiuni global utility is 
chosen. 

( e_d^ on Pref er enQes.._CSu bn e ctive ) 

P r o gr afiim ing ) ; The decision tree approach very often 
become rmpracticable and inconsistent due to the large 
number of alternatives to be considered and due to the excercise 
of judgement on a relatively global level rather than at 
component level. Hence, certain siu^lified procedures may 
become, fecvsible, ii an assumption is made as follows. If 
the components have utilities based on preferences, the utility 
of any combination of these components itf the sum of the 
utilities of the components. This assumption called additivity 
assumption leads to the application of subjective programming 
given by Aumann (84) ajid other methods of rislcLess choice 
developed by Adams and fjigot (109). 

Subjective prograamlng problems deal with decisions 
without any objectively measurable utilities. The decisions 
are therefore made based on subjective preferences. The 
preferences are transferred to numerical utilities. This 
judgement is done for each component with regard to each 
attribute or factor. The method is similar to the axiomn,tic 
utility theory of Yoxi Neumann and Morgenstern (85) for sibuaions 
involving risk, a version of which is used in Chapter 7, 

The decision methods givo a formal procedure to synthesize 
the decisions at a smaller level to a global decision. The 
method of subjective programming is illustrated below with 
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respect to a structu3:al desi£ii problem* 

Let the stracoure consists of three con^onent 
systems A, B and C. Leb A^, A 2 , ..** A^, B^, Bg, B^> 
and 0^; C^j ... 0^ be bde alternelives available that are 
admissible. 

Let each conrponent is to be selected considering, 
say k factors ox" attribubes as described in checklist method* 
Let a 2^5 ... facbors under consideration. 

The alternative A^ can be considered as a point in a k 
dimensional spac ) with co-ordinates a^). Each 

alternative defines a point in the space. The utility among 
the alternatives ce^i be considered a,s the weighted sum of 
utilities of su'ch' point ibkk space.- Thus 

'U(Aj_) = 4- Wg uCag^ + u(ajj.^) (5.5) 

If A^ and Aj are two comparable elements in the set A 

iinylies U(A^) >. UCa^) 

Preferential order erists among each class of elements. 

Between two classes oL elements say roofs and walls, such 
preferential order exists. Hence 

Ai^, "^i "^i ^ ^3 

(5.6) 

Por consistency requirements, the following assumptions must 
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hold good, 

(i) Tra^nsitijrifcj; A. >- .i. and A. >- implies A. A-i^ 

(9,7) 

In beims of an oxomple, i;C 

grid floor ^cellular plate, and 
cellular pln.be >f-beam floor, then 
grid floor ^ 'I'~'b08;a floor, 

(ii) Reflexivity; A. A. (3»8) 

(iii) Gom pl, e t ene s s . i If ever/ class of elements are 
comparable, the decision sot is complete. In the problem 
it is assumed that each class of el ments have preference 
ordering. In subjocti.o programming this assumption is not 
a necessity, 

(iv) Additivity; .,‘he addlbi\rity assumption says that 
the ubilicy of a combinabion of el;iiaents is the sum of the 
utilities of their componenbo. Thus 

h ■*' \ 

and 

U(A^ ^ \) = U(Aj_) + U(Bj^) > U(A.) -t + B^) 

( 3 . 10 ) 

Case 1. ^^d^j^iyity Assumption is V^id; Ibis assujJ 5 )tion 
is valid if the decision maJeer excercises the preferences 
based on the ubilibios of indi\ridual components and is 
indifferent bo any manner of combining them. If this 
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comnon in the addition o:C components in structural systems. 
This interdependence may bo taken care oT by modifying the 
utilities of the components hj suitable judgement or weightage 
factors obtained by judging- the relati^re perfomance of the 
components in the ovrerall system, and adding them. 

Thus 

U(A. + B ) = a U(A. ) + P TJ(B ) (5.11) 

where a and P :re two weightage factors that modify 
the utilities of the coaiponcnts. The factors may be visuali- 
zed a.s numbers that modify the worth of a component in the 
midst of a set of other components, for consistency, a and 
may be chosen such that their sum is 1,0. A similar 
procedure can be adopted if there are more than two 
componontc. The utilities of all admissible combinations 
must be obtained i]i this v/oy, and the one combination with 
highest utility is to be chosen as the best alternative. 
However, the altomitivos having utilities in the vicinimy 
of the maximum ma,y also be considered in further decisions* 

In order to be consistent in the judgement of 
the factors for various alternatives, a procedure as 
described below may be followed for getting weightage factors. 

firstly, ba,sic ^rahatio^ facJ;oj^^ are to be chosen 
to represent the relative woightage that one gives to the 
utilities of various components of the system in terms 
of required system attiibutoo, for example, a parapet wall 
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may not be given as much, v^eighbage as for a roof or foundation 
in terms of cost etc* 'fhis gradation is with reject to 
basic importance of con^jonents and is the same for al 1 
alternatives . Suppose, for a three component system, 
g^s ggj gQ he the woighbage for components A, B and G* Ihey 
are evaluated by a babulabion method as shown in lable 5»5» 

Secoiidly, the inber actio n fa ctors that modify 
the ubililies of components (as derived in fables 5»4 and 5*5) 
for the interaction v/ith adjacent components are chosen, fhe 
v/ei^hbago factor is the product of gradation factors and 
inberaction factors. I'he inberaction factors differ for 
different combination oC components, fhe method of choice 
is illusbrated in fable 3.6, At the time of excercising 
the preferences, bhe decision maker proposes how he will 
modify the ubilibi^o by means of a multiplication factor, 
if the component inberacb \abh an adjacent element. If there 
is no change;, ho enbors 1,0 in Table 3,6, If the utiliby is 
increased, a number gieafor than 1 is bo be chosen. In 
e3cpressing these factors, bhe interaction of the same 
component with other alternatives of the interacting component 
must be k(^t in view so bho;b the picference is consistent. 
After assigning such numbers, the product of all the numbers 
that belong to each component is found out as shown in 
Table 3.6, finally, bho numbers are reduced to fraebiors such 
that fractions of bho components in a system add to 1.0. 
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Alt ernatlvely . a given combination may be chosen 
as the datum and rated o>» the basis of weight age given to 
system attributes as shown in Table 3.5* This procedure is 
repeated for all combinations of components comprising the 
system, and factors are given for each of system attributes 
relative to those given for the above » datum*. Weightage 
factors are to be obtained for each component, s^arately 
for each combination similar to Table 3..5. This procedure, 
aZt hough more rational, is lengthy. 

finally, the weighted sum of utilities for each 
alternative is found out. 

Illustrative Example ; Consider the design of the dining hall 
taken up in Section 3.6,1. let, in addition to the roof, 
vertical load bearing members and the foundations are also 
to be chosen. Suppose the decisions are to be made with 
respect to the nine factors discussed in the exampl© considered 
in Section 3.6.1. In tho case of foundation, the unwanted 
factors like aesthetics, lighting etc, can be eliminated by 
choosing the weightage as zero for all of them.' The alterna- 
tives in each group can be listed as follows! 

1, Types of roofs (only a selected list is given here). 

Grid floor (rectangular) 

B2 Beam and girder system 
Grid floor (diagonal) 

B^ Cellular plate 
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2. Yertical load bearing members. 

Wall system (load bearing brick wall) 

G 2 Column system (with partition walls brick or 
precast concrete) 

Oj Eigid frame (witb partition walls brick or 
precast concrete) 

0^ Truss supports (with partition panels of asbestos 
or G,I sheets )• 

3* Ttoundations 

Dj, Spread footing 
Pile foundation 

Dj Raft foundation 

The utilities tJ(B) may be taken as those in Table 3.3 
and the utilities Tr(G) and U(D) are shown in Table 3.4. ’Sho 
gradation factor and factor for component interaction arG 
calculated in Tables 3.5 and 3.6 respectively. The final 
weighted addition is done in Table 3.7. As the table is self” 
explanatory it is not attempted here to describe the computa- 
tions involved. The choice goes to the combination of grid 
floor + column + spread footing (l^ C 2 though by 
additive composition without considering interaction the 
preference is for grid floor + wall + spread footings.' 

3.6.3 Xd-scussion ; 

The methods mentioned above for choice of structural 
concept are not exhaustive. Other available decision theory 
, methods may be developed for the decision. The methods 
f«lTen abOT0 are only to Illustrate the aivislon of Juagement 
' to a level of smaller factors and tlie syntliesie of these 
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judgements to a glotal d.ocision« 

Subjective progranming and checlcList method are 
identical methods. The fomner considers the geXedtion of a 
iilliXtl^le component sj^stem under a restricted condition of 
additivity. (Che additivity assumption is to bd Used with care 
in structural design problems. The decision tree ^prdach 
does not have this drawback as the utility fcr each alternative 
combination is obtained. Ibr the example of dining hall design 
discussed oarlior, if 9 attributes are there for each combi- 
nation, 432 utilities arc to be assigned in the form Cf a 
48 X 9 matrix. In the method using the weighted utility 
factorsj the decisions involved are the selection of 99 
utilities for the 5 sets of coii5)onents and 144 weightage 
factors* Thus in certain problems, the latter ^proaoh may 
have some saving in the number of decisions to be made#' 

Another feature of the latter method is that it involves 
decisions at a smaller level than that in a decision tree 
approach. The utilities arc decided for each component 
separately with respect to each of the components, 

5.7 STMilABYi 

A design methodology consistent with the modern 
concepts of engineering design , and theory of decision 
making is suggested. It is not intended to study all the 
aspects of the problem, as it is too wide and is beyond the 
scope of a sin^e thesis,' Methods are proposed for the 
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decisions at each step and for comhining the operations 
in the framework of a learning mechanism. Of these decisions, 
checklist and other methods for selection of structural 
concept are explained through exaiDples. 

In the subsoquont chapters, the last stage of decision 
namely the selection of material and geometry of cross 
sections, is treated as a decision problem under uncertainty 
and is studied in detail. 
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UliTOERlAlIjraY^ gAILURE M03DES AND COSI-EI'PECTIVEI.ESS 

4*1 HTTROrUCTIOK 

Tlie choicG of the material and member cross 
sections for a given layout of members is considered in the 
present chapter and the following six chapters. Of these, 
the present ch^ter and the next two chapters are devoted 
to the development of necessary background information and 
design methods for the more-detailed formulation presS^^tei:- 
in Chapters 7-10, As the design is considered as decision 
under uncertainty, a detailed study of the different types 
of uncertainties is very helpful. With this intention, 
the uncertainties in the design information are classified 
in Section 4«2, In the inelastic design, several modes of 
failure including unserviceability and different degrees of 
damages are to be considered. When a random loading is 
present, all these fedlure modes are probable. Different 
failure modes under static and quasi static conditions 
of loading are discussed in Section 4 . 3 . A cost-effectiveno&s 
model that trades off cost of the structure to the effective 
ness measured in terms of expected cost of failure is 

1 

discussed in Section 4 *. 4 * Cost -effectiveness is the specific 
objective criteriiufor structural optimization. 
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4, 2 UlTCEKDAINTIES 

It is emphasized in Chapter tiro, that the decision imAkeY 
is operating under conditions of uncertainty in making 
structural design decisions. Ihe uncertainties were classi- 
fied broadly into three types and are further divided as 
shown in Pig. 4.1. Iho word uncertainty refers to only the 
unceirtainties in the infonnation of the phenomena. Another 
type of uncertainty arising from random phenomena (called 
ohjectiv® uncertainties) is considered as a risk situation, 
because the decisions under random states can be made with 
risk. 

4.2,1 Uncertainty Associated With Loads a nd loading 

Process ; 

A correct assessment of loads and their effect 
on structure is very much essential in ensuring a safe and 
economic design. The effect of a load is to cause a 
structural disturbance leading to the development of 
internal stresses, strains, deflections, cracks etc. The 
loads acting on the structure may be of varied nature 
ranging from instantaneous impact loads to sustained loads 
acting throughout the life of structure. In general, , 
loads are dynamic in character 3-n the sense that, they change 
from time to time, both in magnitude and the manr .er of ■ 
application. In spite of the d 3 mamic nature, depending 
upon the manner of application, loads may have three 
different effects. 
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1» Static effect 

2, Patigae effect 

3. Xiynamic effect 

The so called, static and quasistatic loads of 
very few number of repetitions cause only static effect, 
and hence in structural analysis they are treated as static 
loads only. Ihe loads that may cause fatigue effect without 
any appreciable dynamic oscillations are the following. 

1. Repeated cycles of quasistatic loads. 

2. I^ynamic excitation of loads in which the 
resonance amplification is not important or can be eliminated. 
The elimination occurs as follows(llO) : (a) tien the 
structure is of large mass and is under applied transient 
load patterns of discrete excitation frequency^ (b) By 
malcing the structure to have natural frequency different 

from excitation frequency.^ (c) By reducing the intensity of 
excitation by providing vibration insulators. Failure occurs 
within the small defoimation range and is generally by the 
propagation of cracks. The type of fatigue failure include 
dynamic fatigue due to load, creep fatigue and thermal 
fatigue. Failure of structure under dynamic, loads occurs 
generally with large deformations. It may occur before? 
sufficient number of cycles to cause a fatigue failure J 

As a first attempt, the uncertainties associated 
with the first t.ype of loads nam^y the loads having oi^.v 
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static effect are considered here . 

Uncertainties associated with the quasistatic 
loads are of tvro types; Uncertainties of statistical nature, 
and uncertainties of strategic or non-random nature, 

(a) Uncertainties of Statistical Nature i The maximuin 
magnitude of the load that acts on the structure may he a 
random quantity, for v/hich a probability density function 
may be thought of. The probabilistic appiroach to design 
presupposes the knowledge of such a function. If the density 
functions of loads are known, it amounts to knowing the 
probability of the state of nature as discussed in Chapter Two, 
and the problem of uncertainty does not exist. Instead the 
decision reduces to a decision under risk, Hcwever, very 
often, one may not be able to get the true density function 
that represents the randomness of the variable. In such 
cases, the states of loading are of unknown probabilities. 

One may be able to reduce the uncertainty by minimizing the 
measurement errors in the experiment and also by increasing 
the number of observations. Economic considerations may 
however rule out the efforts to reduce uncertainty by resortj-ng 
to larger number of more refined experiments. Also, a Qontrol 
on the randomness of loads by controlling the magnitude is 
difficult especially for wind loads, and other types ot 
abnormal loads. By conducting studies on loads acting on 
structures, it may be possible to ^ecify two bounds to the 
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actual density function. The exact distribution may be 
unknown within these bounds. This unknown state of 
probabilities of loads is one kind of uncertainty and 
called uncertainty of the statistical type, 

Ilncertaint xe s o f Strategic or IfonrF).ndoni type ; The 
statistical description of a load helps to assess the 
probability of any magnitude of the load. But it does not 
say in what manner the load is applied on the structure. 

The strategic concept concerns this problem. 

In many problems of structural design, the designer, 
even if he knows the probability of extreme values of the 
individual load conponents, may not have a priori knowledge 
of the manner in which these loads combine or follow each 
other. For a bridgo, for instance, the individual dynamic 
loads, wind loads, snow loads etc, may have well-' specified 
extreme values or well- specified distribution functions, 
while the order of the application and their precise values 
at a given instant are not known, Prager and Symonds(lll) 
discuss such imcertain states, for elasto-plastic structural 
analysis , 

If the structure is linearly elastic, the uncertainty 
regarding the timing and sequence of the loads does not 
create difficulty. Tho effects of the various types of 
loads may be studied separately and the most unfavourable 
combination of loads may then be obtained for each element 
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of the structure by superposition. In such cases the path 
of loading has no influence. But, for inelastic materials 
and for materials in which cracks develop as a function of 
force level, the sequence of loading affectsthe behaviour 
especially the deformations,' Horne (112) points out that 
*when stress-strain or load— displac cam ent relations are non- 
conservative, the final state after deformation may only 
be derived from initial state if account is taken of the 
sequence of loads, displacements, stresses and strains through- 
out the structure*, Ihe inelastic and time -dependent defor- 
mations are infact non— conservative. 

These variations are called strategic in this 
investigation .as they involve the tactical skill rather than 
a chance mechanism. The statistical nature of any path of 
loading is not considered. In other words, all paths of 
2nf9ding are assumed to be equally likely. The strategic 
uncertainties can bo listed as follows. 

Position ; The point of the ^plication of the load 
may be uncertain. This sort of uncertainty is common in 
bridges and other structures on which moving loads are acting, 

2, Pirection ; The direction in vyhich the force is acting 
may be unknown. Ex, Wind load, 

3. Timing : The time at which a particular load is applied 
is considered uncertain. 
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4* Sequence ; The sequence in which the loads are acting 
may be unknown. 

Many other uncertainties associated with the repeated 
application of loads, dynamic effect, impact etc. are not 
considered in this first attempt to formulate inelastic 
structural design problem under uncertainty. 

The designer is engaged in the design activity with 
these uncertainties in the information of the loads and loading 
process. From the point of view of structure, it may be 
said that the structure resists a load, the moves of which load 
are thoroughly unknown to structure. This concept is made 
use of in formulating the structural action game. 



Consider that m loads w 



are acting on the structure. 



(a) Statistical Uncertainties ; The probability density 
functions of loads are assumed to be unknown, het us assume 
as a first approximation that the distribution belongs to a 
class of given functions say normal distribution. iUso let 
tho mean of the distributions of the m loads are known, and 
the standard deviations are unknown. Thus 


and 


6 = / 6j_,e2, 


• * . • are the means which are known, 
9^1 are the deviations 'v^hich are 



unknown. However, it is aBsvuned t;|iat th? range vd-thin which, 
they lie are known. Thus 
I TJ 

®i < ©i < ®i , i = 1, 2, m C4A) 

The bounds are to be obtained through experiments, and codified^ 
As more and more infomation is obtained through experiments, 
the bounds can be brought closer and closer, 

(t) Strategic Uncertainties ? 

Case 1. Only Sequence of Loading is Important t This 
case arises in inelastic materials. Let us consider that all 
the loads vary with recoct to a common arbitrary variable -*3’. 
Then the loading process can be considered as an unknown 
function of the variable *s», called the stage variable, 

s) f i = 1, ,,,,,m 

Any sequence of loading can be obtained by suitable combination 
of such functions,' Also an instantaneous jspplication as well 
as a sustained load can be expressed as the two special 
cases; a dirac delta function and a constant function as in 
pis, 4*2,b, 

Case 2; Both Sequence and Timing are Important ? When 
the material of the structure has time -dependent behaviour 
like creep, timing of the load also becomes important. This 
can be easily taken by considering time t as the stage 
variable in Eq^n, 4, 2, Thus 
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\ » i - 1, (4*3) 

Case 3. Gtiango in Direction is Important : TMs 
phenomenon occurs in the case of cyclic loads* Change in 
direction can also be accomodated in the Eq^s. 4*2 and 4»3-» 

Case 4* Change in Position is Important ;y..^^^his is a 
very common phenomenon occuajLng when movable loads are present* 
In fact, the effect is equivalent to that of a multiple load 
condition, That is the same load acting at two positions can 
be considered as two separate load conditions which can not 
occur simultaneously. A moving load can also be simulated 
by this way considering the loading as a multinle load 
condition with finitely many load positions Eig. 4^2*0, 

4.2,3 Uncertainty Associated With Structural and Material 

Behaviour : 

The second type of uncertainty (Eig, 441) arises 
from tho structural and material behaviour, Eor puiposes of 
design, the cross sections of the structure cooperate in 
resisting the external loads. The behaviour of the cross 
sections enters in tho design con^jutations through the force- 
deformation relations, while the * cooperation' of the cross'- 
sections in resisting the loads gppears through equilibrium 
(which shows how loads can be shared by cross sections), and 
compatibility conditions. The uncertainties can also be 
classified into two categories on this basis. 
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(i) Uncertainty in the behaviour of cross sections* It: 

m 

consists of all uncertainties associated with the force- 
deformation relations of cross sections* 

(ii) Uncertainty in the assessment of equilibrium and 
comp at i -bil it y co ndit io ns , 

( i ) i Up£e£t aj^nt in .the , Beha viour of Pros s-S ections ; A 
single cross section may have as many as six force-deformation 
relations, when ib acts as a part of the structure in the 
most general case; three moment-curvature relations and 
three force-di^lacement relations* Bet us refer all of 
them as force-deformation relations (P-x). JBach force- 
deformation relation may be a function of one or more 
deformations* An uncertainty arises from the idealizations 
of these relations in eliminating some of the unimportant 
variables* Ihe interaction of the constitutive equations 
affects the behaviour and failure modes of the cross section, 
which are generally esq^ressed as failure theories. An 
uncertainty may also exist in the definition of the failure 
theories. 

The most important and infLuencial, uncertainty is that 

1 

arising from the randomness of bhe force-defomation relations* 
The classical probabilistic design considers the probability 
distribution of strength of the material, stiffness, cross 
sectional dimensions ebc* s^arately* This is convenient in 
an elastic design* If the material behaviour is non-linearly 
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inelastic or elastic, proba-Mlitjr distributions of strengths 
and stiffnesses at various levels of stresses are needed. 

This aspect has not attracted much attention in the past, 

5'err3’‘ Borges (113) has described an approximate method for 
nonlinear materials, which will be discussed in Chapter 10, 

This problem is pursued fuither as the investigation in this 
thesis is related to nonlinear materials. The random relation 
may be considered as a stochastic phenomenon in which the 
section changes from one state of force to another under 
the influence of external loads. The transition from one 
state to another may be considered as a statistical phenomenon, 

1 O 

let T* , .,,, be the N states of forces that 

may be occupied by the cross section. Let p . . (y) be the 

1 d 

transitional probability at any deformation level y with 
which the force at *chc cross section changes from to F^. 


( i, j = 1, ..... If). This process is said to constitute a 
Markov chain if the probability of transition to future 
states depends only on cho state presently occupied by the 
system and not on the history of the system prior to entering 
that state (92). 


f'’ .... F^) = p(F^^ 1 F^), ]!f=l,2, .. ('1.4) 
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Sp^^ = l5 i = l> ^*1’ (4.6) 

D ^ 

Th.e matrix, which, has bhc properties given above, is called 
a stochastic matrix. Ihe s tochastic matrix is generallz 
unknown in wliich cas_e the problem, is _to be treated a3._a 
deci sion under uncertainty; . By repeated eseperiments and 
statistical studies it may be possible to obtain, the stochastic 
matrix. The randomness of structural behaviour and the 
associated uncertainties (unknown probabilities) are dealt 
with in Chapter 10, 

( ii ) Uncertaint y i n Equilibrium and Compatibility Equations 
The equilibrium equations and compatibility 
conditions arc obtained by making idealizations and assunptions 
in the behaviour of members, connections etc. Uncertainty 
exists in these idealizations and assumptions. If the croBrs 
sections of the structure are taken as the basic elements 
for measurement of forces and defoimations, the equilibrium 
equations or compatibility conditions represent the combined 
g_(j-(;ion or cooperation of t'vw) or more sections, 

4.2.4 Uncertainty Ar ising frpm„..Impe,r l.ect Knowled^, , 
Informa t inn. Ina ccuracies in CpiMta tiong^e;^ * 

The third type of uncertainty arises from the over- 
all imperfect kno'vd.edgo, information and inaccuracies in 
design, errors in construction and operation etc. These 
uncertainties are more of subjective nature and a scientific 
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schematically in J’lg. 4 ^ 4 * it is not an exhaustive list of 
failure modes. Only those modes that are relevajit to the 
thesis are presented and discussed, Three major modes of 
structural failure occur in a practical design,. 

1 . Pailuro associated with quasistatic loads of 
abnormal intensity, 

2. Failure rcsulbinQ from fatigue. 

5. Failure due bo dynamic effect* 

In this work, only the first t 37 po of failure is considered. 

Failure is classified into functional failure 
(unservice ability) and structural failure, the former is 
generally followed by the latter in the first type of 
failure given above. In a fatigue type of failure, structural 
failure due to fatigue can occur even before the functional 
failure (excessive deflections, cracking etc.) occurs ( 110 ). 

4.3,1 Funct ional • 

From serviceability point of view, conservation 
of stable structural form is the primary requirement of 
design. The failure bo fulfill this need arises from one or 
more of the following, 

1, Unwanted do flee bio ns 

2, Excessive oscillations under load 

3, Excessive permanent deformations, cracking erbe, 

TKo ma^iiioucLcs of tho loa.ds Within which the structure must 
bo serviceable can bo called as limit value or in the 
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terminology of Oomito Earopoen du Beton (CEB) (26) as 
characteristic value of the loa.d. Yflien the loads are within 
the limits, the structure is said to bo in a norma l load 
condition , 

G-enerally, a functional failure need not be 
considered as the loss of safety. But in certain cases the 
loss of serviceability is to be considered as the end of 
life of structure, in which case the two types of failure 
are assumed to coincide. 


The loss occurring due to unserviceability d(^end.s 
upon the type of struebure and the use to which it is put in. 
Eor example, when unserviceability governs the complete 
failure of the system 


where 



G 


E 


0 


sc 


C 


$ 


loss due to unserviceability 

Total investment in the general system 
+ consequences of unserviceability 
if any. 


In buildings, an excessive deflection, minor crachs 
etc, may have some psychological influence on the individuals 
occupying the building) and the feel of security may bo lost. 
This may bring down the rental value of the building, and the 
monetary return consequently reduces. If the building is 
used by the owner himself, the loss of happiness caused by the 
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unservicealDility camot "bo measured in terms of money. In 

certain cases the cost of repair by putting additional supports, 

or through additional constructions can be considered as the 

loss due to the unserviceability, She prescription of 

realistic limits on deflection etc, at the service load or 

working load is important especially in long span bridges* 

In U.S.A., total deflection is restricted to 1 of ^an 

250 

while the same in Europe is about 1 __ span. This sort of 

400 

specification also affects economy significantly. 


4.3.2 Structural failure ; 

The structural failure may be of different types 
leading to different extent of financial loss, a classifica- 
tion of which is shorn in Eig. 4.3. They include 

1 , airabl o damag os, 

2, Partial collapse in which a part of the structure 
has failed with or without warning. 

3, Total collspso with warning. 

4, Total collapse without warning* 

1. Repairabl e dem agos ; This is a case in v/hich one 
or more members of a structure fails structurally; not 
necessarily leading to the immediate collspse of the 
structure. If the part of the structure affected can bo 
unloaded and the failed member replaced, structure can be 
restored to its full use,, The cost of damage 0 ^ is the su m 
of the cost of repair incurred and the loss of income during 



repair time , lltio foasibility of repair depends on the 
importance of the member in the overall systems the statical 
redundancy and the repairability of the members. The failure 
of a member may bo due toj 

a. failure of its connection with other members, 

b. brittle failure of its cross sections leading to 
fracture, or 

c. ductile failure oj? yielding. 

A maaiber is said to have brittle failure, if one or more 

critical forco-deformation relations of the section is not 

available to take up the additional forces caused by the 

increase of external load at any stage. A member is said to 

< 

have ductile failure, if one or more cross sections of the 
member have force-deformation relations that ceases to bear 
additional force, yet continue to deform (i.e, a plastic 
hinge is formed). 

Partial Oo llapse; Sometimes, a part of the stmeture 
may fail, which can bo reconstructed in order to restore the 
full use of the system, failure may occur insbantaneously 
without enough warning or may be gradual. The loss incurred 
in such a failure 0^ is the cost of recons bruct ion and the 
loss of life or property if any, 

3 * Total Oollapse .Without Warning s The term colls^se 
represents the complete failure of the system or a part of the 
system. It differs from damage. However, damage and collapse 
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coincidet in tlis follov/ing cases, 

a. In statically determinate systems, failure of any 
memter loads to complcto collapse, 

b. In statically indeterminate system, failure of 
certain members can load to complete collapse, 

c. In a statically indeterminate system of redundancy 

r, the simultaneous failure of rfl force-defoimation relations 
of the members causes complete collapse of the structure as 
no time is available for unloading and r^airs. 

d. If all members are brittle or unstable the failure 

of one member may sometimes accelerate the process of collapse. 

No prior warning is available in all the four types of failure*- 

Such a design is termed as weakest .link design, Ihe loss of 

failure 0 is the total investment in the system at the 
G 

time of collapse plus the cost 0^^ duo to loss of life and 
properties if any minus the cost Gj^ salvaged, Thus 

Oo = “llT + <1, 

The cost of failure 0^ is shown as a function of time. 

It is a function of tine of failure. I'or example, the loss 
may be more if a structure fails nmodiately after construction 
than if it fails after fifty years, as some of the investment 
have already been recovered during this period. At any time, 
cost will bo the cost invested minus the return so 

far obtained. If the system is insured, the money recoverable 



125 


thiough insurance in case oi failure may be deducted and the 
premium upto the time t added, 

4. Tot al P oll ap so Vit h Warning ; A collapse with warning 
can at least save the loss of life and property. This concept 
of design is termed as * failsafe^ design. Warning before 
failure can be achieved by means of the following precautionary 
measures., 

a. Adequate degree of redundancy 

b. Avoiding too many critical sections 

c. Providing enough ductility 

The cost of failure 

0„(t) = C4.8) 

4 . 4 COST-ilPPEGTI VSUESS 

In Ghaptor 2, it is suggested that the decision criterion 
for structural design must be the system-effectiveness or cost- 
effectiveness measured in terms of functional conformity, 
structural efficiency and long term economy. Under such a 
criterion, structural design becomes a utilitarian process 
and the arbitrariness of safety level is not a problem. In 
the conventional nonutilibarian design as well as in the 
* reliability constro.inod* optimum design, safety level is 
arbitrarily specified by a preassigned safety factor or 
probability of failure. In Section 2.8.5, the inevitable draw 
back of this definition of safety, and the superiority of a 
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^"tility-basGd safoby doflintion liavG 10811 disc’g.ssod in detail. 
Foresell (45), in 1921, postulated the need of a cost-based 
design. In 1940, Kjollnan (114) suggested a generalized 
cost criterion. Ihc generalized cost O^j, is defined as 

Oj = ^ ? ^f *^f C4t9) 

whore C = is the initial cost of construction plus 

o 

the capital required t'o cover the maintenance 
loss the value of construction when no more 
in use, 

P^ = probability of one type of failure, 

0^ = cost due to this type of failure. 

Sawyer (77) has proposed a similar criterion for nonlinear 
design of reinforced concrete structures, Haider (67) 
discusses in detail an expected worth function similar to 
that given in Eq, 4,9. This model lias been reviewed in 
Section 1,4, Under certain restricted conditions, this 
model is related to the weight of the system. ELake (68) 
has suggested a cost-effeebiYoness mddel by ydiich cost» 
reliability and weight may bo traded-off optimally. The 
common practice of using the some factor^' of safety for many 
different structural parts of a system, regardless of weight, 
cost, reliability, and function is inconsistent and dispensed 
with. Instead, a consistency in the trade off between 
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eff ectivGneRs anfl. rclinbili'ty is proposed, Tho effectiveness 
of a system for a reliability R = 1 is taken as TJ^. lh.e 
effectivenss for R = 0 is taken o.s Uq, The effectivenss 
U for any R is given as a linear equation 

U = R (U^ - Uq) 

If S is the size or strength of the system, the ideal 
S for maximum effectivenss is givon by 


or 





B l5oi 

dS ‘ dS 


R 


(MO) 


1 dR „ 1 - Uq) 

R dS “ tbi" - dS 


(4ai) 


The left hand side of above equation gives a trade off 
between size and reliability and that on the right side 
between effectiveness of the whole system and size. The 
significance of a trade-off between cost -effectivenss and 
weight is also illustrated through an example of shield 
structure for protecting a spacecraft from mateoroids, A 
cost-effectiveness criterion that takesinto account many 
possible failure modes and their probabilities of occurrence 
is presented in this section. This is derived from an 
analogy with a mochanicol system. 


4.4.1 Utility ; 

Utility is a concept derived from the traditional 
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value bhoory. Utility moa-ns usefulness, the satisfying of 
0 , need. A decision or an outcome lias liigh. utility when it 
satisfies the need o/j efiiciently, as it can with the 
available resources. Hor a given problem all oubcomes 
must be measured on one scale of utility so that they can be 
compared. The value of an outcome or the measure of its 
utility IS bhe res^'ilb of a subjective evaluation by tho 
decision molcer. In gonorol, utility can be divided into two 
cat ego ties (115). 

Utility W ibhout U olural Measure : There are cases 
where utility carnrit be measured quantitatively* Innovation, 
manager performance and development, worker performance and 
attitude, public responsibility arc some of the examples in 
manegement science. State of health, pleasure, or pain etc. 
of individuals are also not measurable in terms of utility. 

ii. Utility havin', a natural measure. 

The conventional concept of utility was basod on 
tho assumption that individuals are rational. That is, all 
men being rational wo'uld behave in tho some way under 
similar circumstances. The modern empirical concept assumos^ 
that utilities being subjective can differ despite an identical 
set of external circumstances, Tho modern viewpoint is due 
to tho ojciomatic approach to utility suggested by Von ITeumann 

afti Morgonstern (85), 

4,4.2 Go sj>:;Mf ^c t^^^ and Utilit y : 

Tho cost-effectiveness analysis is essentially 





an Gconomic analysis in which the rosouroeg and honefits 
arc traded off such bhat the human needs arc satisfied 
with limited resources. When resources exceed the needs, 
an economic analysis is not needed, Ib is a principle 
of scarcity which is the central concept in oconamics. 

When resources are limited, they may bo allocated in the 
best way to achieve naxlaum benefits. Utility is the basis 
of compo-rison of cost and effectiveness of the system, and 
therefore it plays a central role in any cost-offectivenss 
analysis, 

Gost-effeebivenoss model is not without any draw 
backs. Kazanowski (11 has listed about two dozen fallacies 
and misconceptions regarding cost-effectiveness, 

4 , 4 . , 3 Posts a nd Bone fi ts : 

Costs that are predictions of the future, can only 
be estimates. Estimates of future values are done on the basis 
of past ejsporienco. However, a certain element of 
al vmys exi sts regarding the accuracy of cost estimation, IMs 
uncertainty is more and the estimation is less reliabl--, 
when the time that a cost is incurred is more remote. In 
economics, this is illustrated with the concept of a planning 
horizon (78), similar to the physical one. In planning 
horizon, it is the time ixi the future to which ones visibility 
is limited. Generally, 5 bo 10 years is put as a limit to 
the future visibility. 



Benefit is noro of subjoctivo nature and it can not 
be measured always in toiras of currency. Hence in many 
natural systems, ttio benefit derived may bave a utility 
without natural, measure. 


4 • i- . 4 A G ost-E ffeebivono ss Mod e l for Structu res : 

A principle of a cost-effectiveness model for 
structural systems can be established by an analogy with a 
pov^er generating system. It is shown in this section that 
the generalized cost model given by Eo. 4.9 is a good cost- 
effectiveness criterion for structural design, Consider 
a power generating plant, a,s in Big. 4*5. a, in which work 
is the irput and energy the ouiput. A part of the work is 
dissipated in the system. I’he amount of dissipation of vrark 
measures thw efficiency of the system. When efficiency is 
100^, dissipation is zero and output is equal to irput, I'o 
increase the efficiency, the cost of the plant is to be 
increased. Hence in on optimal system, cost of the plant and 
efficiency are to be traded off. 

An analogous argument can be made on an economic 
system, shov/n in Big* 4»5.b in which money is the irput, 
and output may be money or commodities. However, there is 
a difference in this case that the economic system may 
dissipate or generate money. 

How, consider bl;^ structural system on which the 
safety of the overall system depends. Let the cost of 


structure be C (t). iLc cjiy tine t the cost 0 (t) is 
i= s 

the initial cost of bho sbrncturu and bhe cost of maint cnaiicG 
(2iL. up bo bho tiab 1:. 

Consider bho goncrol sysbon, oi which the struebure 
is a part, as an oconomic system, as shown in Eig, 4.5. c. 

The iiput cost oil liho overall system of which 

struebure is a sub"systom is the bob'll invesbnent in berms 
of mono 7 at bho tine b. Ib is differont from the cost of 
structure and it includos bho cost of both structural eleoiGnts 
and nonstructural elejncnts. The outpub may bo measurable 
in boms of money or it may be a benefit in the form of 
comfort, safety etc. 

The sysbem is dealt onl 7 with respect bo the 
structural behaviour. Tho struebure as a coi'::^onent of the 
system can not creabc woaJl. bh as an economic system. But if 
it fails, ib causes <a loss bobh in berms of tho cost and 
benefit (consequencos of fa.iluro of the function for v/hich 
the 0 rerall systai intended). Depending upon the type 
of failure the irpub cosb may be fully or pairbiaJuly lost. 

There may be a loss in Lhe benefit in terms of consequences 
of failure. The cost of n, particular failure is therefore 
the total ‘dissipation* of cost in borms of the loss in the 
input cost and loss in tho output benefit. With regard to 
structure, when there is no structural failure it is 
considered that there is no dissipation of cost and the 
system is 100 percent efficient (effective). Tha cost of 



failure is ob.us a measure of the effeebivonoss of structuroJL 
system oust as dissipation of energy is a measure of the 
officiency of the power generating plant. Since different 
failure modes may occur with their own probahiliby of occurrencf^ 

GO s,b_^ pX f.glluie is taken as a.^ m easu r e o.f 
^he effeej^iyuajess, P.f. the _.structur&l. sy st em . 

Mathemabicolly, if 0 is the cosb of collapse, 

c 

C = loss in input + loss in benefit, 

= “ Cj^C’fc) + Gj^(t) in which - 

system cost, ~ scl/age value and Oj^(b) is human 

and economic consouuoncos of failure of a particular mode. 

If p is the prooabilifcy of occurrence of this failure 

p X C is the expected loss. If Ic such failure modes c-m 
s 

occur with pro babili bios p. and cost of failure C.(t), 

jl 3- 

expected cost of failure C.fj,(t) is 

k 

G-n(t) = S p . 0. (t) (4-«12) 

^ i:=l ^ ^ 

The significance of cosb of failure con be visualized 
through an example, Oonsider bhe design of a water tank for 
industries which depend on water ior its production processes. 
The cost of failure of bho water tank not only involves the 
cosb of replacement of the seme, but also the economic 
losses which come out as a result of the failure. The present 
approach of specifying a so.fety level arbitrarily does not 
directly take this consec^uences of failure into account. 
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If the effectiveness is bo be high, the expected 

cosb of failure is to be minimum. Hence expected cost 

of failure is a negative of the effectiveness. To have a 

higher effectiveness or lov/er expected cost of failure, a 

higher safety le/el is loquired and bhe cost 0 (t) of 

s 

structural system also increases* Hence, cost of s trucbure 
aj^^tlie^ pp^s^t^ ppf failure jis t^ be trad ed off .in 

an optimal strucbural system* In obher words, bhe total cost 
Og;|(t) given by 

G^jCt) = Cg(b) + C^(t) (-1.13) 


should be minimum. Subsbibuting Eq_. A. 12 in Eq, 4*13, one gets 


k 


C.Jt) = C (t) + s p G (t) 
^ ® i=l ^ ^ 


(4.14) 


Eor an optimuifl sysbem C,^(t) is a minimum. Since it 
re pres ent s^ ,b^e,. p f^ and^ t he . ef f ec ti_y ene a s, _ 
o_f t]ie.,pj;sX^. XA°A'\-i 4 . 9 PiSL\j:pd. P^ currency) , ib is 

call ed a co st-effectivene ss cri berion. The model developed 
here is bhe same as bhai proposed by Kjellmann ( 114 ) end 
Sawyer (77). Haider (G7) has derived an expected worth 
model in which an expected worth function is to be maximized 
instead of the minimisabion of the expected cost of failure, 
lor a single mode of failure it represents fors ell's Law. 

The derivation presented herein gives a physical explanation 
to the expected cost criterion and clarifies the various 
terms involved. Further, bhe criterion is derived as a 
function of time so that the effect of time of failure can 



olso be taken into account, JUrther, it agrees wibh. general 
concepb of cost*-Gffecbi\reness analysis of systems (7'^*)* 

An analogous represenbabion is that of an expected worth, 
model which is m->ri 2 iizod. fhe vrorth of the sysbem is 
represenbed as bene fib iuir'ius the costs as functions of time, 

• '1- • 5 A Simulifi. d Ver sion of the Oos^ Ef f e ct i vene s s M o del ; 

Ihe cosb-effeebi/eness model presented above is too 

complex bo ^ply in a practical problem because of the 

following reasons. The cost of sbructure 0 , and the costs 

s 

of failure are to be estimated accurately to find an 

acceptable optimum. As discussed before, some uncertainty 
exists in the estimation of these quantities as they are the 
costs isQ incur in a future date. The uncertainty increases 
with the increase of the gap between the time of estimation 
and the time for which it is estimated, i^art from this, 
a true estimation of the cost of structure is possible only 
when the design is coiAplebed. 

If the design is very sensitive to the slight 
variations in the estimated initial cost and cost of failure, 
obviously the solution will not be optimum. The cost of 
structure may he usuall7 very small oompared to the overall 
cost of failure since cost of failure includes cost of 
non-structural components also, which may be very high. 

Hence, Turkstra (53) assuiies that the level of safet y is 
not very sensitive ,bo _ b h e vari a t io ns in t he in itial cost 
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of structure. GoAsidering this aspect the Bq« 4«14 can be 
rewritten as follows; 

C,jCt) = + ? Pi ^■’•^5) 

where 

o.(t) 

’'i = -ctro- 

i'he factors reprosenb the cosb of it h mode of failure 

as a fraction of bhe cosb of strucbure, A reasonably 
accurate estimate of biiese facbors may be made initially 
for purpose of design, 'fbis is justified due to the low 
sensitivity of saxety level to the slight variation in the 
initial cost. Such estimabion of K^, is more reasonable than 
arbitrarily specifying bhe level of safety, further, it 
always gives a vray of checlcing bhe es bimat ion on the complex 
tion of design substi bating bach the actual costs involved, 

Another advantage of Bq. a. 15 is that it gives a 
convenient way of .splibbing the optimizabion a,B follows into 
stages: 

Step I Minimize: 1 + I. p^ Kj_(t) for assumed parameters Kj_(t). 

i 

Step II Minimize; Gg(b) [1 S Pi Kgtg keeping p^ constant. 

In Ghapter 10, ib is shown, that for a suboptimial 
design, these two sbeps of design arc quite enough, flbwever, 
if a greater precision is needed an iteration procedure may 
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bs adopt;©! as xollows* AHer on© seq^uence 03 ? design, 
with, assumed values oi accuracy of the data is 

checked. If ib is nob accurate, bhe new values of K. are 

JL 

substituted and the design is repeated. Such a cycle would 
lead to an optimum design, 

' ,5 SUMMARY 

The uncertainties arising in the structural design 
decisions are clcissifiod and some of them are mathematiccuLly 
stated. The var-ious failure modes are discussed. Unlike in 
the classical design, where only one or two modes of failure 
are considered, many possible modes of failure d^ ending upon 
the true state of the random load are taken into consideration, 

A cost effectiveness criterion of the form 

C^jCt) = 0^(t) + p. G.(t) 

is developed from an analogy with a mechanical system, A 
simplified version of the equation is also proposed for 
suboptimal designs by stepwise minimization. 

The uncertainties discussed in this chapter arc 
considered in the design formulation proposed in Chapters 
7-10, Failure modes and cost-effectiveness model are made 
use of in the methods proposed in Chapters 6 and 9, 
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IMASglG STRUGIUBjO:. DESIGIJ UNDER OERIAIMIY ' 

AS OPiauX QOITTHOI. PBOBDM 

5*1 INIRDnJOTION 

In this chapter, it is intended to develop a direct 
method of inelastic design of structures hy vshich the iiQn -> 
linear force-^de format ion relations of the croi^s sections 
can be obtained as the output « This design is do-ne for given 
paths of loading . the magnitudes of the loads not ' estcee'ding 
the serviceaMlity limit state values.. Such a design would 
not only satisfy the laws of motion, but also the design 
constraints like strength against failure, serviceability etc. 
for the given path of loading. Knowing the force-defomation 
relations that the structure needs, various cross-seotioi^ 
involving different materials can be chosen such that they 
possess the same set of relations. This process of design 
differs ftpm the conventional approach in vihich force- 
defotmation relations like moment -curvature relations are 
taken a priori as the link between forces and defoimations 
to analyze the system. The design problem is fOimulated as 
an optimal control problem.' Brief reviews of the literature 
on optimal control theory are given by Oldenburger (117) 
Paiewonslsy (118) and Athans (119)* Ibis foimulation is 
analogous to the classical variational mechanics problems 

( 120 ). 




Ilie iDasic assixu^J'tioiis and conc^'ts axs pxessuted in 
Section 5*2, while in Section 5*3 the problem is formulated. 

The subseauent three paragraphs are devoted for the solution 
a^ects, the illustrative examples for time-independent and 
time- dependent behaviour respectively* A general case in which 
loads have instantaneous jumps in between smooth variations 
with time is presented in Section 5. ,7. The discussion in 
Section 5*8 contains cei?tain mathematical derivations to show 
the validity of the formulation and a fecial discussion on 
the method and some merits of the method, Fo uncertainty. as 
discussed in Chapter 4. is considered in this fo-pmulation * 

Also random nature of loads and material be'hav;7.our are not 
considered. In fact, the methods presented In this and the 
following chapter are intended to be used when uncertainty is 
absent, and to pave wav for the more detailed formulation in 
the subsequent chapters in which uncertainties are considered . 
Since the design is done for a given path of loading, it is 
called a design under certainty, or a deterministic condition, 
ihrther, the method is essentially for serviceability controls. 
and no economic considerations are made in this process. This 
aspect of the problem is taken up in Chapter 6, 

Nonlinear analysis of structures is a field of study 
that has picked up momentum in recent period. Theory of 
plasticity and variational mechanics are also being studied. 

The present formulation derives conc^ts from all these 
branches of structural mechanics and attempts to have a 
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direct foimat of design* Optimal control theory offers the 
basic framework for this formulation. Optimal control formu- 
lation of structural design has been attempted earlier by 
Hau^jbmd Kirmser (69), She method is formulated to design a 
beam of homogeneous isotropic elastic material for minimum 
weight, The length along the beam is taken as the stage 
variable and deflection as state variable;. The dimensions 
of the beam cross sections are the control variables. The 
weight of the beam is the performance index. The problem 
finally turns out to be an optimal control problem with 
inequality constraints on state variables. It is then solved 
by a calculus of variations approach. The present formulation 
is for inelastic materials and minimizes an energy index, as 
it is intended to cover only serviceability requirements by 
this method. This formulation can be used to select inelastic 
materials and their cross sections for a serviceability 
controlled design for a given loading pmcess. The most 
serious loading process can be found by a game formulation 
as shown in Chapter 8* 

5.2 MBIO ASSTMPTIONS AM CONCEPTS OF THE METHOD 
' 5.2,1 Assumptions : 

The following assumptions are made in the formulation: 

1, The arrangement o^f members and types of connections 
between the members of the Bt3mcture are assumed to be known 
and remain unaltered. :Ey design, it is meant the selection 



of the sh^e, dimensions and material of the members, i.e* 
the design of their cross sections*. 

2, The connections between members of the structure are 
so strong that no failure of them occurs before the member 
cross sections fail., 

5. Loads are quasi st at ic^^j They may vary in magnitude in 
any manner, but the variation is so slow and non—r^etitive 
that fatigue and dynamic effects are negligible, but at the 
same time not instantaneous causing any impact effects* 

4* The upper and lower bounds within which the magnitudes 
of the loads may vary are deterministically defined a priori* 
The lower bound may even be negative causing a change in 
direction. But in no case, the bounds are violated for the 
formulation presented in this ch^ter, 

5. Displacements are assumed to be small, so that the 
effect of any change in geometry can be ignored. This would 
allow the superposition of deformations. 

6. The total deformation of any cross-section of the 
structure is considered as the sum of both the time-d^endent 
and time-independent deformations. 

7. Material is assumed to be homogeneous. 

8. No temperature effects are included. Deformation is 
isothermal* 

9. Poisson* s effect is neglected. 
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5.2«2 Basic Goncepts of the EDmulation : 

It is mentioned earlier that the purpose of the 
present de'sign procedure is to select the member cross sections. 
The behaviour of the cross sections, when they participate 
in the total structural action may be r^ resented by the force- 
deformation relations. Blending upon the type of structure, 
nature of loads etc.,, as many as six force-deformation 
relations may become necessary in 3- dimensional system to 
fully represent the response of each cross section. They include 
three moment -curvature, two shear-defLection and one axial 
force-axial strain relations. It is supposed that the know- 
ledge of the relations that are needed for safety, is sufficient 
to design the cross sections, and at least one emss section 
of a suitable material possessing these characteristic 
relations can be chosen,. Hence, the design of cross section 
is considered here as equivalent to the design of force- 
deformation relations required at all sections to resist the 
external load such that certain design requirements are ful - 
filled. The force-deformation relations obtained by the 
solution of the prohLcm are called task curves , or structural 
action curves, as they represent the task to which the section 
is put in, when it acts as a part of the structure. 

This method of design differs from the conventional 
approach in which such relations are utilized for analysis 
rather than obtained as outputs of the design. The method 
is primarily intended for inelastic design of structures, 





140 


■bhougli elastic case can also be obtained as a degenerate case. 
One of the differences between an elastic and an in^astic 
structural action is the non-nniqueness of deformation for 
loading and partial or complete unloading. In the case of 
elastic design, there is one-to-one correspondence between 
forces and defomaations. Super position of forces is valid 
for linear elastic materials. Stresses and strains due to 
individual loads can be obtained separately, and the critical 
conditions obtained by adding them properly. In an inelastic 
design, this advantage is lost, Ihe deformation at any state 
of the loading depends on the entire history of loading,. ^ 
inelastic design therefore holds good only for a giv en loa.d 
path . The load path is assumed to be known a priori. In 
practice, such an assumption is not valid. The more general 
case of uncertain loading process is considered in Otm^ter 8 
where a method is developed extending the concepts involved 
in this chapter, 

5,3 lOEMUIiATION OP THE PROEDM 
5.3.1 A Brief Outline : 

The design problem is considered as an optimal 
control problem in #iich the structure is assumed to be a 
controlled or programmed system. A controlled system has its 
transformation from one state to another governed by a set of 
controls through predefined equations of state (121). Under 
a gi^en external loading, the defomed state of the structure 
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is Goirbrollsd by the force— defounation relations tyx .its cross 
sections. The controls namely force— deformation relations are 
to be obtained such that 

(i) a set of constraints pertaining to equilibrium and 
compatibility conditions and serviceability requirements is 

j 

satisfied, 

(ii) a perfomaiice index which is a measure of the energy 
potential of the system is a minimum* (Physical significance of 
the performance index is given in Section 5.8*2*) 

5*2*2 Stage Variables ; 

Optimal control problem is a multistage deoisioji 
process (121, 122), A stage variable, usually time, is taken 
to denote the sequence of the process. In structural design 
problem, a stage variable *s’' is chosen which may_ be time t 
itself when timing of the structural action is important on 
account of the time-degpondent nature of material or may be 
arbitrary when time is unimportant, When the material of the 
structure is free from an^’" time-hased deformation the effect 
of gpplying the load in an interval of one year or one second 
is the same. As the principle of super-position is not valid, 
all the loads may be assumed to be acting together* A practic^ 
way of analyzing the problem is to increment the loads in 
small steps. This incremental process of loading can be 
eapressed as the fanction of an arbitrary variable s , which 
starts from s = 0 and continues to s = S , The variable 
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s renders a basis by wbicb. the sequence of loading can be 
r^resented. 

5*3.3 State Variables ; 

Consider that a structure is subjected to loads, 
fixed in position, but the magnitudes of which vary with the 
stage variable s * The variation of load with s is 
illustrated in Chapter 4* The structure, under the loads, 
deformsj the deformed state also changes with s* Pig* S^ln 
illustrates the change in the defomned state of a two bar 
truss with s = 0, 1, 2, 3, *. * At any stage s , the 
deformed state of the system is fully known, if the deformations 
of 1 its cross sections are known. The deformations at any 
s may be measured with reference to the undeformed Qoordi*" 
nates at s = 0 (also called the material coordinates or 
Lagrangian Coordinates)., If the state of the system can be 
defined by finite number of variables, the system is called 
a discrete system . On the other hand, if the definition of 
the system state requires infinite number of variables, the 
system is called a distributed parameter systog.’ Ttor example 
the deformed state of trusses made of uniform bars and homo- 
geneous material, can be defined in terms of the axial strains 
of the bars, and hence the axial strains constitute the 
state variables. 

In the present formulation, it is assumed that the 
deformed state of both distributed and discrete systems can 



be represented by finite number of state variables. In 
distributed systems, (for example a beam or plate) tbe defor- 
mations of cross sections chosen at regular intervals as in 
a finite difference grid will foim the finite number of state 
variables. The defomations of other points may be obtained 
by interpolation. In the example of two bar truss shown in 
Pig. 5.1, the axial strain of the members AC and BG may be 
taken as the state variables. 


iet x= Xj^^ denote the n state 

variables belonging to N cross sections which are chosen to 
define the deformed state at any s. Any change in the 
deformed state causes a change in the state vector x. The 
change that occurs in x can be considered as the motion 
of a point in an n-d±mensional Euclidean ^ace E^. The path 
x(s) =^Xj_(s) ... traced by this point in the ^sp ace 

with s is called the path of state vector ., x is always 
a real -valued vector with possible negative components. The 
n- dimensional space is called deformation space 


At s = 0, 

x(0) = (x)^ - ^2^’ *•*’ ^n*^'} (5»1) 


The vector (x)^ represents any residual deformations of manu- 
facturing origin. IShen such deformations are not causing any 
internal stresses, they can be neglected. 

Hence^ = ^0, •*.• 0^ 


(5.1a) 
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At s = S, 

S(S) = = ^ (5,. 2) 

Any any s = s, lot 

5 

X = y + _z = l^y^ + 2^> ** *-* **" (5*.5) 

■becaase of the assumption 6 in Para 5»,2.1^ 'An element of the 
above vector can he v/ritten as follows: 

~ yjl^ + f i^lj««*jn ^ 5 * 4 ^ 

where y^ = time -independent con^jonent of ith deformation 
generally caused hy load alone, 

~ time -dependent component of ith deformation 
(creep) when the material has no time-dependent behaviour 
is zero, and therefore x can be replaced by y. 

In many problems, time may enter as an additional 
variable in order to define the time of failure etc, (cost- 
effectiveness criterion is a function of time). In such cases, 
the vector x may be augmented by taking t as an additional 
state variable, which may lie between zero and the proposed 
service life T of the structure. The value of T ranges 
from years in buildings and bridges to fractions of a mimte 
in the case of rockets. Then, Z = ^x, t^e represents 

the new state vector. 
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5 •5*4 Loads and Loading lUnctiions ; 

Let the structure be acted upon by m loads with 
magnitudes w = •••» * Lot these loads be chosen 

at any s from 

w(s) = |v^(s), w^(s)^ (5,^) 

given a priori . Fig. 5 *2. a and b illustrate the variation of 
load with s or t, The m dimensional space to which w 
belongs ia called Load space W, The Functions 5*5 controls 
the process of loading on the structure and may be called 
the state path w(s) of the controller. Let the load w^^ 
vary- , as follows: 

i = i, m (5.6) 

The upper bound of the ith load may be the limit value 

within which the structure is to be serviceable . This may be 
similar to the characteristic values of loads defined by 

T 

CEB (26). The lower bound may be even negative indicating 

a change in the direction, in which case it is the limit 

within which the structure is to be serviceable under the 

li 

reversed loading. If no reversal of load occurs, W- 
may be taken as zero, thus making 

0 < w. < i = 1» ..•> m (5.6a) 

In the present chapter, it is assumed that Eq.s. 5.5 and 5,6 
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are given. 

A problem arises when loads are esqpressed as 
functions of time t* loads, in practice, may not always be 
continuous functions of time. They may also be implied inter- 
mittently on the sfcjaActure. The duration of such loading may 
be so small that the loads can be considered as instantaneous 
(yet in^jact effects arc negligible). This would give a loading 
function as in fig. 5»2.'C. The effect of such instantaneous 
loads is to cause a change in 2 . ^"thDut causing a change in 
z . This type of discontinuous change in state variables is 
referred to as nump motion of x in optimal control theory. In 
between such jumps, x will be a continuous function of t. 

In Para 5 *3, loads which are continuous functions of t are 
considered. The complex case arising due to juicps in state 
variables is considered in Para 5«7» 

5 . 3.5 Control Yariables and Control laws ; 

The variables that control the change of state 
variables are called control variables . The loads are one such 
set of controls. The variation of the control with s or t 
is colled a control law .' In other words, the control variables 
at any s , are chosen from the control laws. The controls are 
said to be admissible, if they are bounded. 

In addition to the control by loads, the deformation 


of a structure is controlled by its force-defoimation relations 
Hence the variables that define these relations are taken as 
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— * **** another set of controls, They are 

chosen from the lav/s 

a(s) = fa 3 _(s) %‘S)} C5.9) 

a(s) are called the tangent modulus at any i;(s), or the slope 
of F(y) with respect to ^ , 

Knov^ing the two sets of controls v(s) and ^((s), 
the force- deformat ion relations can be obtained as giyen in 
Section 5.11. 

5 •3. 6 Gonstraints on Control Yariables . 

i 

(a) Equilibrium Equations ; The admissibility of controls 

y is goyerned by the equilibrium equations. At any state x, 

the internal force E in the stinicturG must be in equilibrium 

gfflm- pg themselyes and with the externally applied loads w, or 

dw 

y must be in equilibrium with ijf”* finite number of cross 
sections haye been chosen to define the structure, the 
necessary equilibrium equations can be obtained by considering 
the equilibrium of finite elements cut out of the body. Let, 
in all, p such equations of the form 

R^(x, E, i) - 0, i = 1, ...» P (5.10a) 

can be obtained. The equations, in large deformation theory 
when written with reference to the undeformed coordinates will 
be function of the deformations x, Ifcweyer, under the assum— 
, 'Option of small deformations, 

I 
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1^) = Oj 1=1, P (5.10b) 

In matrix notation, tiio above equations can be vvritten as 

ti=l ? • * . , n 

fill m * D’i£]w= ° (5.10O) 

when v(s) form tiio control variables t?. and Wv may be 

J ic 

replaced by and ■~k respectively. Writing in terms 

of y and , Eq. 5,10b becomes 

, d^^ ~ 1 = 1, •••, P (5.10) 

in matrix form 

hi\ H M = ° 


In statically determinate systems, tbe number of linearly 
independent equations p will be equal to the number of un- 
knowns E, and hence E can be uniquely solved in terms of 
w. Hence for a given loading function, F is also known and 
hence E need not be considered as unknown functions of s. 
In statically indeterminate systems, on the other liand, the 
number of equations may not be sufficient to solve all the n 
unknowns. The difference n-p will be equal to the statical 
redundancy of the system. 

According to structural mechanics, any set of 
forces, that satisfy equilibrium equations among themselves 
and with external loads, are said to be statically complete 
(125). 



(b) Admissibility of ^(s): a(s) may be a piecewise 
continuous yariablo with, disconti^mity occurring wheneyer a 
change in the sign of y occurs;. As a(s) represents the 
slope of force-deformation relations, it has great influence 
on the sh^e of the optimal force-deformation relations 
finally obtained. Therefore, constraints may be in^josed on a 
so that the final result agrees with the shape of practically 
available force-deformation r^ations. The desired behaviour 
idealization can be partly achieved by this way., 

Pig. 5.3 shows the usual pattern of force-defomation 
relations of inelastic materials. To have such sh^e and to 
satisfy irreversibility conditions of plastic defomation, a 
constraint on a(s) for the continuous portion is iQ 5 )osed. as 
follows;- 


•^ < 0 , i = i, n , C5‘.ll) 

ds — ' ‘ 

It states that the curvature of the force-deformaticin relation 
is zero or negative. The equality sign refers to the linear 
elastic condition. Further, any required minimum nonlinearity 
in force-deformation relation may be introduced by restating 
the above condition as 

v(s)l (5.11e) 

where is to be ^ecified depending upon the nonlinearity 
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required. In addition to the above condition, upper and lower 
bounds are also given to a as follows 

0 < «! < a^(0) , i = 1, n (5.12) 

The initial slope is also a variable to be governed 

by Bq. 5.25 given later. The lower limit is to eliminate 
ine].astic instability conditions due to yielding. In the case 
of nonlinear elastic materials, the values of a are retraced 
when any section is unloaded instead of taking a new set of 
values. Hence the constraint Bq, 5.11 may be modified as 
follows. 


da. 

^ = -|P(®)i#-(s)|for F^s) > 0 (5.13) 

O' 0 

If unloaded at 1 . = P. and s = s , putting s‘ « s, 

0 < s < s^ and s**« a, s .a(s*)=tt(s”),when 1 (^)is5FCs’*’) 

The admissible region of control oc(s) is shown in Pig.' 5.4* 
The bound stated above is too complex to be taken in practical 
problems. A constraint of the type given by Sq. 5.11 is 
difficult to incorporate in solution by usual methodss in 
cont 3 ?ol theory. Henco certain simpler approaches are suggested 
in Section 5.4 to overcome tMs difficulty,' 

5,3.7 State Bauations or Differential Gonatraint s. ; 

The equations that govern the change or motion 
of state variables are called state equations . In structural 



132 


behaviour, they gavem the change in force and deformation 
with So They are of the foim 

dx. 

\ “ li" = ^1 I;(h), v(s) 2(s)), 1 = 1,.. .,11 

( 5 . 14 ) 

The first order equations can bo solved only when the form of 
the function f^ and the variables F(s), v(s), and a(s) are 
known. The initial values x-CO) of x. (i = 1, n) 

J- «L 

are given by Eq. 5*lo f3ie functions f depend upon the type 
of behaviour idealizatio n chosen for the material of the 
structurec The various idealizations and the corresponding 
functions are given below, 

(a) Time-independent behaviour. 

In this case the component z vanishes. 


hence, 


dx. 

1, _ 

dyi _ 

Y. 

ds 


CC. 

1 


i — 1, •••» ^ C5»15) 


The equation given above assumes that lateral effect of 
deformation is ne^igible (Po.isson ratio is zero)* 

When material is linearly elastic, oc^ in Eq. 5«l3 i^iay be 
replaced by Tims 


dx. 

1 

ds 


■Vl 

ds^ 


_ \ 


i = 1, 


(b) Inelastic behaviour, time-d(^endent. 

In this case s = t. Erom Eq. 5.4-, 


# ♦ • y 


n (5*16) 
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W~ ~ W’ i = 1» •••» ^ (5.17) 

The component may be e3?prGssed by Eq, 5,15 or 5,16 

depending upon whether the nonlinear or linear idealization 
is made. 


dz. 

g^(x, t, I), 1 = 1, .,,, n (5.18) 

T 

= a^lEj_jsgn for steady state creep (5.19) 

where a^^, andY are constants depending on the material to be 
used. Substitution of Eq, 5,14 and 5.18 in Eq, 5.17 results in 
the following: 

, v- (s) 

^i a (s7 ^i^Sj "t, I) j i ~ 1, ..., n (5.20) 

The phenomenon of creep recovery is not considered in this 
equation. It is assijmed that the entire creep defoimation is 
irrecoverable. The a3Sim:q)tion agrees with the strain-hardening 
law of creep. The form of state equation is chosen through 
the idecO-ization one maEes, Even then, the Eqn, 5.14 cannot 
be solved without knowing the values of v(s) and a(s). 

Another set of state equations related to the force- 
state variahLes may be written as 



^i 


T 


i = 1 


9 ** *9 


n 


( 5 . 21 ) 



154 


5* 3*8 Constraints on State Variables ; 

(a) S ervi c oalil it y Go nst r aint s : 

Serviceability requirements offer some constraints 
on the state variables as follows; 

(i) Deflection Control ; The structure is to be serviceable 
at tho normal load condition that is under consideration. One 
way of stating the serviceability requirement is that the 
deflections anywhere in the structure should not exceed pre- 
assigned allowable limits throughout the service life of the 
structure. In Pig. 5.1b, the condition, that the deflection of 
point (5 should not be more than 1 inch, horizontally and 
1 inch vertically, is shown. The deflection at any point on 
the structure may be expressed in terms of the unknown state 
variables. If the deflection is equated to the limit value, 
the resulting equation would define a hypersurface in the space 
iai such surfaces defining deflections of all critical 
sections define a manifold in tho space dividing it to an 

acceptable region A and an unacceptable region. The boundary 

B may be defined by 

^(x) = 0 (5.22) 

The surface so obtained for a two bar truss is shown in 
Pig, 5.1.0. If the state variable is within the boundary B, 
the corresponding solution is generally acceptable from 
servicea-blllty point of view.. The statement in this fono aoes 
not clearly represent the requirements. A structure with 
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highly rigid members obtained at a higlier cost may not be as 
acceptable as those designs that ha,ye a lesser cost and at 
the same time deflections reach the boundary. Acc^ting this^ 
the serviceability constraints may be stated as followsi 


Q(x) < 0 (5.* 23) 

Ihe path of state variable x(s) touches the boundary S at 
least once during the interval 0-S . Ihis requirement vd.ll be 
discussed fuither under transversality condition in this 
section. Thus if x* , x* * etc* are points in the path of 
deformation that belong to the boundary 2 > then 

Q(x* ) = Q(5* * ) = 0 (3 •23a) 


(ii) Oontrol of Permanent Deformations and Orach Widtlga t It 
is very often required to control the crack vfidth in reinforced 
concrete members, and the permanent deformations in inslastic 
structural members* The permanent deformation undergone by any 
inelastic member is the difference of the total deformation 
and the elastic component, Eor member with only one active 
force-deformation relation, the permanent deformation is given 


by 



i = 1, ..., n 


(5.24) 


where a^(o) = the initial slope or stiffness. The constraint 
on permanent deformation may be stated as follows! 



Bguations 5 •26 define a manifold 0 in the playing space 
and restrict that the state variatiLes must always move along 
this manifold. In statically determinate problems, such a 
constraint may not he necessary to solve the problem. 

If such a manifold exist, x lies only on that 
part of C , passing through origin and intersected by The 
deformations that arc compatible among themselves and with 
boundary are said to be kinematically complete (125), 

(c) Returnability and Iransversallty Conditions : The condi- 
tion of returnability states that the state yariable, if it 
reaches the boundary B , can be bi*ought back to the admissible 
state space. 

In structural design problems, the state variable 
is returnable whenever the contiral y can take negative values. 
If V is positive, the state variable may or may not be 
returnable, 

Transversality conditions are constraint equations 

to be satisfied by the co state variables in the process of 

solution. The conditions give the necessary initial values to 

in 

the first order differential equations ^co state variables. In 
general, structural design problems are of the free right end 
type which states that no constraints are imposed on the state 

f 

variables x . Under this condition, the costate variables 
will have zero final values at s=S. If B is a surface to 
which the state variable x belongs, the transversality 
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condition states that the co state vector must he orthogonal 

f 

to the surface at x , 

If the returnahility conditions -are not satisfied, 
the boundary surface B may he considered as the surface 
offering transversality conditions, assuming that the state 
variable terminates at the boundary B at s = S* 

According to the serviceability requirements, the 
state variable must touch the boundary % at least once* If, 
the state variable is returnable after the contact with the 
boundary, the end point x of state variable may be in 
the interior* Under such conditions, the problem may be 
treated as a right end free problem, provided the equality 
constraints given by Eq. 5*26 are absent. 

5.5.9 Performance Index : 

So far the variables have been defined and the 
constraints have been specified, A performance index is to 
be assigned based on which various controls can be rated, 
and the optimal control can be chosen. Ihe quantity may be 
either minimized or maximized depending upon whether it is 
a measure of loss or gain. In this formulation, performance 
index is to be minimized.' The performance index is of the 
integral form 

s, E, V, tt) — / JlCs)> v(s), £Cs), w(s))d 

(5.27) 
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where P = performance index for the period OS of loading, and 
&o = The change in index in an interval ds, due to 
the change in Jl(s), w(s) and x(s)* In the present formulation, 
P is considered to hh the energy potential of the system, 
when it changes from the state at s = 0 to state at s = S.. 

At any s, it consists of the energy potential for the load 
on that instant and the energy lost in the interval 0 to s* 

This is further explained in Section 5*8. Hence , Gq represents 
the change in energy potential in an interval ds for the 
entire volume of the structure . 

Let G-q = ( 5. .28) 

where ®01 = the change in the internal energy for the 

entire volume of structure isfe ds. 

Go 2 “ change in external work and 

complementary work done by all the loads w in an interval ds. 

The significance and measurement o f Soi and ^02 are 
illustrated in Pig. 5.6 for a two bar truss. 

(1) Qaloulation of Q~Qp . Consider a structure with linear 
elements only (trusses, beams, frames etc*). Consider an 
interval s to s + ds in which all the forces, loads, 
stiffness and deformations undergo changes. Let u^^ be 
the change in energy of the ith force-deformation relation 
(belonging to 3th section) 
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, , \i^) 

ind^endeirt 

"b eliaviour (5.29) 

V. (t) 

^ • 0^) 

1 *" ly ...y 3 “ ly.t.ylT 

for time-dependent "beliavioTjr where K = the total number 
of force-deformation relations at any section j. 5br the jth ' 
cross section, the change in energy is given by \ 

K 

“ S Un . , (5 .30 ) 

J lc=l 


The siunmation is done over E , the total number of force— 
defomation relatione at jth section. Then for truss 



N 

S 

3=1 


®;i^3 


C5-..51) 


and for other linear systems like beams, 




3=10 


3» 3-1 



where AI». is the length between two sections 3 and 3-I, 
3 


^^1) Pale'll ^02 i The change in external work + 
complementary work done by the ith load is 

dA.(s) dw. (s) 

_L ^ \ ' ^ 

i 


°i " — > 1 = Ij •••» m,(5*'32) 


where A-(s) is the deflection or rotation in the direction 

of w.(s) • A^Cs) is a function of x(s). Now, 

m > 

I e. C5.33) 

i=l ^ 


^02 •" 
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In the case of distribated loads, the energy for an infinitesimal 
length of loading can be calculated, and it is then integrated 
over the length of loading to get the total value of Gq 2* 

5 • 3.10 Optimal Path and Dntmal Control s i 

^ 0 

The paths x (s) of the state variables from (x) 

at s “ 0 to some final value (x) at s = S that, when 
adhered to, minimizes the performance index P subject to 
the constraints is called the optimal path . Similarly PCs) 
is the optimal path of P, The control laws v(s) and ^ (s) 
associated with the minimum value of the performance index P 

and the optimal path x (s) are called the optimal^laws. P is 

# 

single valued. However, it does not mean that x (s) is sin^e- 
valued for a given path of loading. There may be many paths 
X (s) that have the same P or there may not be any. Correspond-- 
ing to each x (a) there may be one set of v (s) and „« ( s) . 

5. "1 3. 11 Poroe-deformation Relations from Optimal Control 
Laws : 

The optimal path y^ (s) can be obtained as follows: 

„ n s V. (s) , . 

yji_ (s) = (y^) + / oTJ^) ^ ~ (5._34-) 

y^*Cs) can also be obtained by eliminating Zj_ (s) from 
x^\s). PLiminating s from P^ (s) and (s), Pj^ is 

■t 

obtained as a function of 
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i 1 ^ 

These are the task curves defined earlier. That is, these 
curves are the force -deformation relations needed to satisfy 
the serviceability requirements and laws of motion . If the 
structure is designed such that its cross sections have force- 
defoimation relations identical to these task curves , the 
structure is safe and serviceable for the given load history 
or path . Gross sections may be chosen such that they possess 
the same relations under normal conditions. The method of 
s^ection of cross sections is described in Chapter 10.' 

5.5.12 Statement of the Pir)blem ; 

Now, the optimal control formulation of the 
structural design problem can be formally stated as follows s 

G-iven 

s = stage variable, 
p = Pj^}, (Porces), and 

X = Xg, ..»‘9 , state variables (deformations), 

w(s}= (W]_(s), .c, w^(s)}, given functions of s(loaa), 

Y = ^Y^, .,,, Vjj} (rate of change of force), and 
a = as control variables (stiffnesses), 


det ermine 
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ik 

= Vj_*(s) 

J i. — ly 3^1p 


«i 

= a^^Cs) 

^ Xlj 


^ * 
^i 

= \\s) 

j 33*5 8tllX 


^i 

= x.*(s) 



so that 




P (v 

^ * s 

, a ) = min f G-Cx, P, v, oc, w)ds 

V, ao — ~ — — — 

(5.27) 

subject to 

the constraining conditions, 


(i) 

dP. 

Is^ " \ 


(5.21) 

Cii) 

dx. 

' ~ i — 1, •••, n 

(5.13) 

(iii) 

If) 


(5.10) 

(iv) 

K^(x) = 

0 j i — 1 j f 

(5.26) 

(v) 

QiCs) i 

0 

(5.23) 

(vi) 

QiCs*) = 

Q^CS* » ) = 0 

(5.23a) 

(vii) 

1 > 

d^, for :^s) v^s) > 0 

(5.'25) 


< 

(L*j for P.Cs) v,(s) < 0 

^ XX 




i ” 1, •••, and 


(viii) 

dot. 

° 

or--ji5CB')vCs)ti i - 1> •••» ^ 

(5.13) 


and ttie initial conditions 
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VO) 


o 

r 

(5.7) 

V®) 


/ ^o 

(5.1) 

Some of the 

some others 

constraints may be satisfied automatically 

may be absent depending upon the nature of 

CD 


problem, 

5.4 SOIUTIOIT 01* THE PRO EDM 
5.4.1 M ethods of Solution ; 

The structural design problem as formulated above 
is analogous to an optimal control problem of the fixed time, 
right end free type with state variable constraints.' The 
interval 0-S is fixed, and the final value (x) of x at s = S 
are neither fixed, nor constrained by equations except in 
certain ^ecific cases discussed earlier. The problem may be 
solved vdth the help of well- develop e d analytical or computational 
techniques in optimal control theory. The analytical method, 
essentially makes use of the necessary conditions for the 
existence of solution. The most popular analytical techniques 
are 

(i) Pontrya^in*s Maximum Principle (121) 

(ii) Bellman* s Prynanic Programming (124) 

(iii) Yariational ^proach (122, 125-127, 128) 

(iv) Punctional Analysis (129). 

Pontryagin*s principle is well— suited for problems 
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with hounded control, e^ecially when the admissihilxuy 
condition of controls is free of state or stage vaniahles. 
Itynomic programming method is analogous to the Hamilton— 

Jacobi formulation in calculus of variation and makes use 
of a partial differential equation, Eozonoer (^3&?) has 
established the correspondence sla'Jfvtlic maximum principle and 
dynamic programming with 'ii’sssifo-al variational mechanics,' 
Tariational ^p roach gives necessary conditions for bounded 
control problems under certain assumptions of continuity and 
differentiability in which the control variables are constrained 
by algebraic equation containing state and stage variables. 

The computational techniques rely on numerical 
methods with or without the use of necessary conditions*' They 
include 

(i) gradient techniques (due to Bryson and Denham 
and also due to Kelly), 

(ii) conjugate gradient method Cl3l)> 

generalized Kewton—R^hson method (132), 

(iv) direct sensitivity method (133), and 

(v) second variation method (134). 

In addition, many other methods for special types of problems 
are also available for computation. The con^utational ^ 
methods are divided into direct methods in which a search 
for solution is directly made and indirect methods in which 
a two point boundary value problem resulting from the , 
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application of necessary conditions is solved, 

5»4»2 ITe pessary Conditions ; 

The necessary conditions for the existence of a 
solution dae to BerlcDvitz (122, 128) for various conditions 
are briefly presented here. The conditions are later ^plied 
to solve some problems. In this section time t is used as 
the stage variable in place of s to ke^ the generality of 
the problem, 

(a) Is sumptions: 

(i) 2. = are piecewise continuous and has 

piecewise continuous first and second derivatives, 

(ii) The path of x is in the interior of state space, it 
intersects with 1 only once, 

(ili) f •••» fn} are of class 0“ with respect to x, 

(iv) Gq = a function of class 0*'. 

(v) 0^(t, X, «; > 0, D = 1, •••» r is a constraint on 

control variables, 0^(t, x, a) is of class G’ti 

(b) Hecessary Conditions 'of Probl ems Without gbate 
Variable Constraints : 

Consider Hamiltonian H in the form 
H(t, a, X, 

(5.36) 
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where ® ^ (1;) are costate variables (also known, as 

adjoint state variables), ^(t) is an n- dimensional vector. 

Let (t) <0 be an r-dmensional vector continuous on the 
interval 0-T, If x*(t) is an optimal path, a*(t) is optimal 
control, then the necessary condition states that along x* 
never vanishes, and the following conditions are 

satisfied* 

S(0) = (o, 0,,,,0) (5.*37) 

(ii) “{^Bx^-^lx}' ’ with ^(1) is to be defined 

by transversality condition at s = S* (5»38) 

if ^ if = ® C5.39) 

(iv) = 0, i = 1, r. (5 *,40) 


(v) lor every (t, x* a*, X) of x* and every 

a such that a = a(t) for some a that is admissible, 

H(t, X*, a, X) > HCt, X*, a*, A). (5.41) 


(vi) at the end point transversality condition holds 


HI - X x^ = 0 


(5.42) 


(vii) At each point of xtt)let 6 denote the yector formed 
from 0. by taking those components of 9. that vanish 
at that point. Let 

e = (e^, e^) be a non-zero solution of the linear 


system 



e 


0 
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at a point of x (s). Then 
m- Q [H 

e-^ — . G >0 at this po,int (5.43) 

“ " ““ 

Finally, H is a continaous function along x , 


Special Gases : 

(i) B (tj x) jC A (t, x) , i — 1, •«., nij ^ and axe 


of class 0* * in state ^aco. 

When at each point of x (t) 


r> 0 


Qa^ 



[<0 


* i 
, if = B 

, if B^ < < A 

i 

, if = A , 


(5.44) 


The constraints can he vnritten as 
A^(t, x) ~ “i > 0 

(5.45) 

^ > 0 

(ii) “i i S); 

= 0 , if < A^ 

90-1 (5.46) 

^ <0 , if oc^ = A^ 

aa^ 

Sitailax statement holds good for 1 

(iii) A.^ and B^ nre constants : In this particular case, the 
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results are equivalent to that of maximum principle. 

Choice of Ai An optimal curve x*(t) is said to he normal 
if no sets of multipliers with^= 0 occurs. 

If the minimizing curve is noimal, then the 
m\Tltipliers can he chosen so that ^^5= 1, and with this choice 
of , the multipliers are unique. 

If \= 0, no optimal path exists in the vicinity 
of that curve. 


( c ) Necessary Conditions for Prohlems With Equality 
State Yariahle Constraints ; 


Let 


Let K(x, t) = 0 he the equality constraint. 




3K(x, t ) 



aK(x, t) 

dx 


f 


(5.47) 


K(x, t) is a piecevn.se smooth boundary each piece of 
which is defined hy a relation 2^(t, x) > 0, Let x (t) he 
lying on the surface C • Along x (t), 



(5.48) 


Let 

H(t, X, ‘ ^ (5.49) 

The necessary condition states that along x there exishs 
(i) a constant ^^5 0 



(ii) a continuous n-dimensional vector (t) such that 
^ ^ ^0> where ^is arbitrary* 

(iii) r-dimensional vector ^(t) <0 continuous except 

perhaps at values of t corre^onding to corners of 

* 

X . 


(iv) a function 2? with same cbntinuity properties as /-o ^ 


Along X the following holds good* 

- s ■ s 

>• Si- 


(5*50) 


(5*51) 


3. H(t, X, a) > HCt, X, a ) 




ag ■ 0 
ScT- 0 


5. ^ 


6, e 


u _0 *— 0 f D. * Ij •••) r* 

gj 8^(H e * <^> e > 0 

' 


(5.52) 

(5.53) 

(5.54) 

(5.55) 


(d) Problem With Inequality Oonstraints i In addition to 
equality constraints, inequality constraints may be present 
in the problem* In structural design problem inequality 
constrsjints are introduced by the serviceability requirements* 
In such oases, part of the trajectory may lie on the boundary 
and part in the open region. 

The trajectory that is in the open region obeys the 
necessary conditions given in part (b) of this section* Tbe 



trajectory that lies on the boundary obeys the conditions 
stated in part (c) of this section. Thus surface "S given by 

< 0 

represents the constraint, TIilhen inequality sign is ^pllcable 
the path is in the open region and when equality sign is 
applicable, the path is on the surface 

(e) Corner Conditions ; Every pair of adjoining sections of 
an optimal trajectory ' ’.may intersect at a point where it 
is not smooth. Such a point is called a corner or junction, 

Ihe conditions to be satisfied at this point are called junction 
conditions, corner conditions or jung) conditions* At such 
points, co-state variables may take a jump, ibur types of 
junctions may be identified. They areJ 

(i) A jump from open region on to the surface and return 
to the region again by cost ate variables* 

(ii) A jump from open region on to the surface and there- 
after the point moves along the boundary* 

(iii) A point that moves on the boundary surface jumps in 
to the region, 

(iv) A costate point moves from one portion of smooth 
surface to another,! 

The four types are schematically shown in Eig.^*7. 
The conditions to be satisfied at such a corner are the 



following, let t he the time of jump. Ihe trajectory 
before t is denoted by B and that after t is denoted 
by A. The values just before t axe denoted by a inimis sign 
and that after t by a plus sign. Two mutually exclusive 
conditions are stated for A • Tins 


(^) ^3 

= 

" • Ii" 

(5#56) 

(ii) A" 

* 

H = 0 



The condition for ^^is 



(5-^57) 


Hamiltonian H takes a jump 

H” « h'*‘ + \ .1 If (5.58) 

when q(x) is ^ dependent on t last tenu of right hand 
side nhahjis. Hence 

H- = H++ (if ‘if ♦If) (5.59) 

Eq[. 5*58 can be expanded using Bq,. 5.56 and Eq.., 5 #57 as 
follows; 

• - %*'> + ^* (£’ - = ° 

° (5..50) 

^0 (oo" - V) + 2r (f- - /) = (If £* If) 

(f) BLscontinuities in f and £ 

' ■ Dtscontinuities in 



the functions &q, f and ^ give certain junip properties* 

This case may arise in the structural design problem in the 
equations f, and 6 ^ duo to a change in the sign of 

control variable v. If the trajectory of x at the dis- 
continuity occurring at X 2 ^(t) is not tangent to any 

dividing plane, then the condition can be stated as follows; 

(H*" - H“)dt2 - -a“)ax2 « 0 (5*61) 

^and^at such points need not be continuous* 

Cg) P ontr, Vagin* s Maximum Principle ; Of the several analytical 
methods, maximum principle due to Pontryagin is one popular 
technique. The maximum principle finds explication not only 
in optimal control theory, but also in inventory theory, 
production theory, capital theory and growth theory* One 
difference of Pontryagin* s principle from that presented 
earlier is that it is applicable when the control a belongs 
to a control region which is constant and independent 

of x,P, or t, 

Por a fixed time free right end problem the maximum 
principle may be stated as follows* 

Problem ; 

Pind an optimal control 2.Ct) a set of admissible 

controls such that 

T 

P*(qc*) =r Min / Gq(^ a, t)dt 


(5*64) 



f T 


sulaject to the oonstraint 


dx. 

-1 


cit “ £> "t) > i “ 1> 


• • •» 


n 


(5fj65) 


with x^(0) = 0 

Statement of the Principle : Assumfe a Hamiltonian 


H = A ^ . G, 


€ 


a ' ^0 ■** 


(5.66) 


uokeye. Ao("^) Aj_(t) are called cost ate variahles or 

(Lcf^an tut state variables . 


por a fixed time free right end problem 


A„{i) = -1 


and 


\(T) 


0 


JL ^ X ^ • • #'9 


(5.67) 


( 5 .' 68 ) 


Therefore Et;. 5*66 can be vsritten as 

H = - G^ + S A' (5*69) 

0 ^ 

The •principle states that a control tt 

optimal if for every t j 0 ^ ^ ^ 

H*(a*) = max f- .%•»• S fA (5.70) 

The optimal control maximizes the Hamiltonian, This is^a 
condition for nonlinear system. 


necessary 
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The optimal paths of state variable 

are given by 


'fi - iH* 

dt 


* 


l“lj * • r. 


with x^(0) = 0 


(5.71) 


The optimal paths of cost ate variable are given by 


dX* 

1 


dH* 

- 


< 5 , 72 ) 


with A^(T) = 0 


(^) -^alogy of Pontrvagin^s Principle with Yariational 

Mechanic s ; Rozoroer (130) has shown the analogy between 
Pontryagin*s Maximum principle and the classical variational 
mechanics* The function H is analogous to the Hamii tn -ni an. 

The costate variables ^(t) are analogous to the impulses. 
Pontryagin*s principle leads to two equations given by 
Eq_s* 5.71 and 5.72* These two equations are similar in form 
with the canonical equations of Hamilton in analytical mechanics. 


5*4»3. .Application to Structural Design Problem ; 

Due to the complexity of the nature of the 
problem, arising from state variable constraints and 
discontinuities in state equations, the methods using necessary 
Conditions, are not feasible for all types of problems. In 


J- / o 


the most general foim, the problem can be solved with the aid 
of computational techniques for which special algorithms may 
be developed. However, certain simple problems can be solved 
with the help of necessary conditions which may give an insight 
into the problem. The ^plication of necessary conditions to 
solve such problems is considered in Sections 5»5 and 5*6, 

The following points may be noted,' 

(i) The equations, fanctions etc, in structural design 
problem are simple in form. Hence the application of necessary 
conditions is straightforward,' However, discontinuities in 
the functions may occur wherever there is a change in sign of 
the control variable v , Jump conditions may be ^plied at 
such points. If there is no change in the sign of • v> the 
boundary B is intersected by the state path only at the 
final time t, and S may be considered for transversality 
condition* 

(ii) The constraints of the type given by Eqs, 5 . 11 » 

5,25, and 5,23a are not very common in usual control theory 

ijipose 

problems. The first two equalities^ social types of constraints 
on control variables, whilo the third condition insists that 
the path of state variable x must intersect certain surface 
B at intermediate values x*, x* ‘ . Special type of algorithm 
may be developed for problGms with such type of constraints* 
However, in certain practical problems, especially statically 
determinate system it may not be very difficult to eliminate 
the complexity. Some simplified ^proaches may be adopted 



as discussed later* 


(iii) The solution process requires the following manifolds 
and equations; 

(a) Manifold g dac to compatibility conditions* 

(b) Manifold due to ser-viceability constraints* 

(c) Equilibrium equations. 

Eor a given structure the manifolds may be obtained in terms 

of the state variables x and the equilibrium equations in 

dw 

terms of v and „ 

(iv) The behaviour idealization is to be considered 
in the following constraints; 

(a) State equations given by Eq* 5*14* 

(b) , Constraint on a given by Eqs. 5*11 - 5*i3. 

(c) Constraint given by Eq* 5*25* 

Depending upon the class of materials available for construction, 
the idealization may be made and the equations may accordingly 
be defined. 


5*4»4« Simplification of Constraints on Control Yaniables ; 

In statically deteiminate structures the initial 
slope a(o) and the final value y° are important in any 
force-deformation relation, and the sh^e of the curve of 
intermediate values of ^ very important. In such 

problems, Eqs, 5oll, 5*12 and 5*25 may be r^laced as 



follows 


1° 

i 1 i ^ 1 i iCs) vCs) > 0 

(5.73) 

1 ° 

^ 2 1 1> for f(s) y(s) <0 

_2; -d* - ^ - 

where 

Q 

^ = the mpjKiimui’' v’rlue of deformabion undergone by 

the force-defoimat ion relabioii which represents a point on 

the boundary surface d ♦ « the forces that corre^ondr 

to the value y , which coui be solved in terms of the load w* 

Hence, for any assumod value of y B B , the bounds to a 

become known const anbs. In this foxm, Pontryagin*s maximum 

principle may be used to solve the problem. By taking r^eated 

0 

trial values y , it may be possible to arrive at an optimum 
solution. In this particular method, the force-deformation 
relations will be linear \mth different loading and unloading 
paths. Any nonlinear curve on the conservative side with 

T 

a(0) < 1 “ — 1 may be chosen for design. 

5*4.5 '^p imila t ion of the Gp^nstrai nt^s. ; 

Met h p d 1 : Ihe differential inequality constraints given by 
Bq. 5.11 may be replaced by algebraic constraints as follows; 
During first loading, 

“i > -2’i 

and during subsequent unloading and reloading 






a 


i 





(5.74) 


where is the force ab which the current loading or 

unloading is started. Sign of is to be ^propriately 

entered in the equations given above* Using above algehraic 
form the constraints Eos. 5.11 and 5.12 may be r^laced as 
follows, Eor the firsb loading, 


a.(0) > <Xj_ 





(5.75a) 


and for the subsequent unloading and reloading 

t 

L "*" * t '**'1 

1 - \\ - IJ (5.75b) 


\7hen constraints are taJcen in the form 0(t, x, oc, E) >. 0 
as given above, necessary conditions derived by Bertovitz 
through variational approorh may be made use of for solution, 
The problem of tension bor is solved for nonlinear b^aviour 
using this condition* 

^e^pjd _2: The differential inequality constraints given by 
En, 5,11 may be replaxed by equality constraints as follows; 

~ , i = 1, n (5.76) 

with proper limits assigned for ^j_(^’j_). (i=^l 5 ,..,u) 

may be taken as a new set of control variables treating 
(i = 1, n) as state variables. However, a must 



remain as continuous function of s lor the interval under 
consideration. ISfhenever unloading occurs, £(s) become 
discontinuous functions of time. Also, transversality conditions 
are to be obtained aL the bsrminal time or initial time, 'this 
approach deserves further consideration, 

Metho_d^^: Some tjf the coistraints can automatically be 
satisfied if Ramberg-Osgoo d fiinctions as used by laldjian (136) 
for nonlinear material under loading and unloading, are used 
to represent the force-deform: tion relations, The Ramberg’- 
Osgood function is of the form 



where a, d , r and are paxameters defining the curve. 

Keeping cx as variable and adjusting d , and r so as to 
incorporate the conditions given by Eos. 5«11> 5.12 and 5.25, 
the problem can be simplified considerably, fhe three constraints 
can be dispensed with and the minimization reduces to the 
minimization with respect to n parameters a. In this method, 
a direct minimization of the performance index may be attempted 
instead of trying to use the necessary conditions in optimal 
control theory. 


5.5 APPLICATION TO THE LESION OP STRUOTURES WITH TIMB- 
INLEPENLENT BEHA'TTOUR 


The method formulated in Section 5.3 is applied to 



structures with time-ind^endent hetu-/iour. In this particular 
case, the following changes in the equations derived in 
Section 5.3 may be noted* 


(i) The state vario-ble x may be replaced by ^ as the bime 
dependent part z of x ic zero. 

(ii) The stage variable is s. If time is in^ortant in the 
formulation, it may be baken as a state variable with the 
state equation 


* 

ds 


(5.78) 


(iii) The component g(b, x, 1) in the state equation given 
by Eq, 5.21 is zero. Hence, 

dy V. 

^ ^ , i = 1, ..., n (5.79) 

i 

(iv) The performance index rate Gq is also free of energy 
due to time— dependent beha\/'iour* 

5,5.1 St atica lly _I)etoimln abe Sys bem ; 

Further simplification in the procedure may be obtained 
in statically determinate systems as follows; 

(i) The number of equilibrium equations given by Eqs, 5.10 
can uniquely solve the forces F in terns of the given load 
w. Hence the variable v ceases to be a control vector. Hence, 
only a set of n control variables tt need be found out. 
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(ii) The state variable constraints Eq* 5*26 are not to 
be considered in the solution of the problem, as statically 
determinate problems can be solved vathout compatibility 
equations. 

(iii) Performance index may be simplified by substituting 
Eci. 5*10. 


5 . 5 • 2 Ex ample of tensi on Bar ; 

The method of design using the optimal control 
formulation is illustra.ted in this section through the design 
of a tension bar. The same bar is solved for different loading 
and material conditions to illustrate the method of solution. 
The results are further analysed in Section 5.8. 

Consider a tension bar 100 inches long as shown in 
Pig. 5. 8. a or 5. 9, a. It is required to find out the cross 
section and material of the bar, or alternativ^y the force-- 
deformation relations (task curve) satisfying the following 
conditions: 

(i) Maximum allowable displacement of the free end is 
1 inch, 

(ii) Permanent plastic deformation allowable is 
d = 0,001 in/in. 



— w ^ 


Ga,se 1; 


— 2. Aj. iSPl ii'A .o n ..tb.e bjx .as. sho TCi in Fig. St S.'fa. 

lo. ad .is 4 tons . 


Aar .i s. _el astic; lids case is showi for 

illustrating the method. 


s — stags vari:..ble (arbitrarily chosen) 


F — axial force in the member in tons is the state 
variable in rCorco space* 


y = axial strain oi the bar is the state variable 
in deformation ^ace, 

V = control (hnovm in this case and hence v is not 
to be treated an a control variable) 

= control variable (the stiffness of the member). 


Oonstra ints ; 


(i) w = 


(ii) 

(iii) 


dw _ 
ds 

Eq. 5 


s is a IcnoTOi function 
1 

.10 ( equilibriivti equations) may be -written as 


F = w, 

Hence , 

F = s 


M = 

ds 


V = 1 


(iv) Because of elastic idealization, the state equation 
given by Eq, 5.14 becomes 



Ib4 

d-v V" 1 

di " a " a » “(0) = “ =* “(s) 

C''^) l3i^l = 0. Ho plasoic deformabion. 

(vi) Since defLecbion sbould not exceed one inch^ j is 
constrained by 

3 ^ < ^ = 0.01 

(vii) Performance index is 

4 

P(a) = Min (P, ~ x 100 - w x 100 x lOOy.^) ds 

Simplifying with, the aid of (iii) given above 

4 

P(a) = Min - f 100 y v ds 
a 0 

The boundary B is shovai in Pig. 5«8.c. Since there is no 
reversal of loading the state variable is not returnable once 
it enters on B. Hence it is -considered that ^ is 
intersected by the pabh of y at S = 4. The problem may be 
treated as a fixed time free right end type (The path is 
terminated at an infinitesimal distance before reaching 
Hamiltonian is chosen in bhis problem such that it is maximized. 

H = Aq (-100 y v) + ^2 

^0 * ^ 

H = 100 y V + + ^2 


V# 



dA. 


= - 100 V, wii:hA>^(A) = o (since free 

right end) 


A2 _ ^ _ n 

ds ■“ ^ 


, with ^(4) “ 0, 


Hence solving for ^2, 2 


= 400 V - 100 V s 


A 


0 


H = 100 V y -h 400 


a 


100 v s 
a 


= 100 y + - IPS-S 


Since a is constant over a, the state variable y is 
linearly varying with ‘s’, I'hough the problem can be solved 
by observation that oc corresponds to y(4) = 0,01 gives 
maximum value to the Hamiltonig«n it is attempted fco substitute 
various values of oc and find out the one that maximizes H. 
This is only to mainta.in the unifoimity in procedure with 
the methods adopted in subsequent problems. The iteration is 
shown in Table 5.1. 'from this table the optimal value of oc 
is obtained as 400 . In this particular case Hamiltonian is 
constant over s. The corresponding force-deformation diagram 

it 

is shown in fig. 5.0. d. The minimum value of P is shown 
by the shaded area in Pig. 3.8, d. 
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2 : LoaJ^ appl ied op t he .ba r as sho w n in Fig. 5,8>b , 
Ihe mazimum ma^nitud_e_ p the load. i s. 4 tons. Mater ial 
i-P Ahpl.ast ic : ihe equabions for bhis particular case 
can he written as folloAvs: 


(i) 


^ = 1 
ds a 


(ii) 


dP 

ds’ 


V 



(iii) y < 0.01 

(iv) ly^ 1 = ly - 1^-1 < 0.001 

(v) < - \ (P) vCs)l 

4 

P = - / 100 y V ds, 

0 


Minimize P subject to the constraints given above, 


Soluti on : Since the retarna,bility condition is not satisfied, 
the state variable y may bo allowed to reach the boundary 
only at S = 4, at w = P = 4 tons. Substituting ^ ^ 

the constraint (iv), 


a(0) < 444. 


Using the reformulatioii proposed in Section 5«5, let us 
replace the constraint (v) by 


a(o) > a > a(0) 



The inequality fits in with the constraints chosen by 



XU { 


Berkovitz (described in Section 5*4) for control variatles* 
Ihe necessary condition cjr be fomulabed as follows; 
Taking A q = 1 

H = - 100 y V ^ + ^2 ^ 


Using 

= a - a(o) (1 - 1^) > 0, and 

02 = (“(0) - cc) > 0 , 

in £la. 5.40, 

[a - a(o) (1 - IqO] +^2 ° 

By Eo . 5 . 58 


W - ^ E>y 1 


^®i 

^V" 




de, 


== 100 V, 



0 . 


Solving the differenoial Gq[uation 


= (~ 400 v + 100 vs) 



» withA2(4) = 


0 


Cc) 


C<i) 


Jsing 5.39 



JLbb 




^02 


= 0 


•\ 72 "* 


^■^1 -/^ = 0 


a 


=A^ -A ■V’ 
^2 ' 1 1 


(e) 


Substituting in (b) and slQrp.i Ifying, 
50 A-, v( ot(o) - a) 


h = 

1 


- — ■ 

a a(0) ]? 


Substituting in ( d) 


vC a(o) - a) 


ds 


a S' 


withA^ /!-) 


= 0 . 


Now the problem can be stated as follows. 
Pind an a = oc (s) such that 
H(a*) = Min^H(a)j 

= Min-^- 100 y r +^3^ ^ 


(a*) 


such that 


y = 0.01 


Cb‘) 


ds 


Z 

a 


rdtli yCo) = 0 


(o') 


V = 1 


dXg 

ds’" 




2 

a ? 


(d ) 



1 


4-00 V + 100 V s , 


and 



a(0) < 444 

This is a bvvo point; boundary value problam that 
can be solved numerically as described below. The method 
followed here is not a standaxd procedure, and is only a trial 
and error procedure. The method cannot be generalized to all 
problems of this category. 

(i) Assume a function a = oc(g) such that a(o) < 444* 

(ii) Since v is known, (c ) may be integrated to find 

f 

the final value y . 

(iii) Several functions ® = ct(0) |^1 - are assumed and 

f 

the one that gives a final value y of y as 0,01 is taken 
as the lower limit. The upper and lower limits of a(s) are 
found out in Table 5.2, 

(iv) YiTithin the bounds assume any a(s) such that 

a(o)‘ > a > a(o) jl ~ 

(v) Substitute a, r, a(0), andPin(d) and 

integrate . The voluos of for any assumed a(s) is 

ds / * \ • 

entered in Table 5- 5. Substituting the values in (a ), H is 

calculated, 

(vi) Pind the a* at s = 0, 1, 2, 3, and 4 that minimizes 
H at these points. The force-defoimation relation corre^onding 
to the optimum H is shovwn in ELg. 5.8, f. The miniinum value of 



-1-^ w 


porfoCTiancs index is enaeJ. co the shaded area in Fig. 5«8*f. 
This case illustrates hew the consbraints and bhe Wamiltonioai 
together give the forco-dolomation relations. 


IiQ ad _ w ^ is epplie.d on the^ bar as sh own in Fig. 5 ..9_«J3» 
Th e_ max imuiii magnibudG^ of _ the lo_.a_d. i s .4 t ons.. .Mat erial 
xs ._i nelastic; '"his case is intended to illustrate 
the loading and unloadinr phenomena and the incorporation of 
jump conditions in the process of solution. The essential 
eq^uations for this loading ore the following; 


(i) 


M = 1 

ds a 


"ts " ’ vri-th F(0) = 0. Since w(s) is a 

known function of s, F ca.n be solved directly in 
terms of w. Hence F(s) = w(s). 

(lii) 1/1 = ly “ oTC^yl < 0.004, for vCs) > 0 

> 0.002, for v(s) <0 

(iv) y < 0.01 

(v) ^ i - I loading 

_< “ ^ ["vl, for unloading. 

(vi) 0 < a < a(o) 

8 

P = - / 100 y sT ds. 

0 
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!Ph.e allowable permanent deformation of 0,004 is arbitrary 
and is taken to show greater dissipation of energy t I'he 
boundary B is gi\ren by 

y = 0.01 

In this case of load, sinco v can take negative values, 
the returnabilf/y’- condition is satisfied. Hence, y(8) need not 
be on the boundary B , ITurbher, Eq, (i) shows that y 
mono tonically increases until y('') and then mo no tonic ally 
decreases. Hence, y(4) may be considered as the point that 
belongs to B. Also, y(') is a point of discontinuity or 
corner point. Corner conditions are to be applied at yC 1 ) » 

The limit or boundary of E is given by E = 4. Referring 

to Eig. 5.9. c, it m<ay be noted that the state variables CE,y) 
has to reach the point B in the two dimensional ^ace E x y. 
The differential inequality constraint (v) and the constraint 
(vi) may be replaced a,s follows; 

“(0) > “ i “(0) I 1 - loading 

a(0) ^ oc 1 o^Co) [l “ m for unloading. 

The equations of necessary conditions may be written as follows; 
EoY. . s_ =._Q.,.tp_. j4 • 

H = - 100 y V a ■*'^2 


y(4) = 0.01 
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ly - < 0.004 

(a _ c((o) [l - - a) = 0 


d\ 

■^ = 100 V , wil5]a'\^C.O =‘^(4) 



ds 


V (a(0) 


a p 



with ^2(4) “ ^2^^^ 


|| = J , with 7(0) = 0. 


Por _s = 4 to 8 

H =? - 100 7 V -J- ^ ^ '*’^2 ^ 

“ < 0 ) (1 - lr5‘^|S}+/^{a(0) - a}r= 0 

iy - af^'l ^ 0,002 

= ~ — — y — sg3ili‘--4l» ^/^th.^ is) =s 0 

a |l'«4| 

^ is plotted in Pig, 5.9 *d, 

Gornej^ _ 0o ndit io n; Let bho variables just ahead of s = 4 
be indicated b7 a negative sign and that after s « 4 b7 a 
positive sign. Poliowing Berlcovitz’ s (128) corner conditioxis 
given b7 Eq^s. 5*56 to 5*60, 
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is chosen such. bhr;b i?.,. > 0 and A + ^ ^ 0 

AL “ I A1 ox ' 

let us choose ~ so bharfc — 0» Similarly, the 

multiplier A^ is positive and hence to have 0 , 



0 . 


The soluLion is carried out as in Case 2 inserting 
the corner conditions at s = 4* The computations are shown 
in Tables 5«4 and 5*5* The finally obtained foroe-*deformation 
relation is shown in Fig, 5*9.e, The shaded area in this 
figure represents the minimum performance index P subject to 
the constraints. The value of P is positive and represents 
energy dissipat ed. 

Oa s^ 4? G enera l . _cv clic loa,ds: In Oa.se 3, the effect of 
loading and unloadi.ng has been studied. In a similar manner, 
the effect of re-yejsed lo.-'ding- and reloading can be studied. 
Fig, 5,10 shows the type of loading and the corresponding 
force-deformation relations. The shaded areas indicate the 
minimum value P in each co,se of loading. 


5 . 5 3 Exam ple of Truss ; 

The example o.C bsnsion bar does not fully 
illustrate the use of Haailtonian in the solution of the 
problem. This is because the state variable is fully defined 



at two points one at s = 0 and one on the boundary. When the 
state variable can intersect the boundary at more than one 
point, the choice o£ the optimum pabb ■will be complex. In 
such a case optimization oX Hamiltonian helps to pick out 
the optimal path or pabhs. i'his is illustrated by means of 
the example of a two bar bruss subject bo two loads w^^ and 
as shown in Pig, 5.11. a, I'he loading functions w^(s) and 
W 2 (s) are shown in Pig, 5.11, b. Serviceability requirements 
are; 

(i) Joint 0 shoul-d nob deflect more than 1 inch either 
vertically or horizontally* 

(ii) The parmanent defonaation in any member should be 
less than 0,001 in/in, 

V?.riabl es; • 

^1’ ^2 “ nxiel s brains in manbers AO and BC are 

sbate variables in X space. 

^1’ ^2 ” axial forces in members AO and BO 

respecbively are state variables ih*^ 
space, 

°*’l’ *^2 ~ stiffnesses of morbers are control 
variables, 

w^(s), w^Cs)* given loading functions* 


Prom equilibrium equabions 



are shown in Fig. 


Vs) = 


W^(s) + WgCs) 



TA^(s) - W2(s) 


The paths F^Cs), F 2 CS) oF F 

= 6.363 tons (tensile) 

^2max ~ 3.535 tons (tensile) 

= 2,828 tons (compressive) 


The houndary within which the point 0 can move is shown 
in Fig. said. From st rain- di placement relations 



100 ( 


Y2 


) 


A 


h 


100 ( 


iLlh) 

f2 


where ^ and ^ are the vertical and horizontal deflections 
of joint 0. By assurrption 

A <!*• . A, < i» 

V - » h 

The houndary B can he obtained corre^onding to the 
equality sign. Thus 

^1 ^2 ~ ” 0*01414 

71-72 = 


+ 0.01414. 
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These lines define an enclosed area in the Y ^ace as 
shown in Fig. 5«ll.e. It shows that the vector £ = (y^^, 72 ) 
can mo^e only within the boundary abed. Since y^ takes 
only positive strain, only the portion abc is accessible by 




12 - 

P = / 100 

0 *- 


1 


P-, ~ + 100 P. 


I 2 d_ /. 
“2 " ds \ 








substituting equilibrium equations and simplifying 

12 

P = - ^/ Cy^^ V]_ + yg V 2 ) 100 ds. 


Constraints 


<iyj_ 
■ds" ■" 

a. 

1 

» i ~ 

1, 2 

dP^ 
ds’" "" 

^i 

5 i 

1, 2 

= 

171 

1 

-OT)I 

< 0.001, for loading 


= 0 , i = 1,2 5 for unloa(3ing, 
i 1 t ■" loading 


= o^^CO) , for unloading 


boundary B is given by y^ + yg =+ 0.01414 and 

y^ •“ 72 “ - 0.01414. 


ds. 



Solution 


H = - 100 - 100 yj Vg ^ 


^3 ’"l + ^4 '"2 


^ = 100 , with A-^ (12) =» 0 , i 5= 1, 2 

and '^2 calculatod and plotted against g in 

Pig. 5.11. f. incorporating ^propriate conditions at corner 
points. 




1 , 2 . 

3^4 


0_j^(y» “) = “i “* ®^iC0) ^ 1st loading 


°^i “ » i = 1, 2 unloading. 


The total range of stage Yariable is divided into three parts 
0-4, 4-^ and 8-12, since 4s and 8 are stages at which corner 
conditions are to he satisfied. Proceeding as in Case 3 in 
the example of tension bar, the force-deformation relations 
satisfying the conditions and minimizing P can be obtained. 
In this problem, ^ can intersect with the boundary B 
at several points. Hence, the point corresponding to the 
minimum Hamiltonian may be chosen as the acc^table point. 

The computations are shown in Tables 5.6 and 5*7.. The optimum 
force-deformation r^ations obtained are shown in Pigs. 5.11. g 





5.5.4 ipplication to St ai:ical lv In determinate Strug-tures : 

The design method fonnulated in Section 5.5 is 
applied in this section to statically indeterminate structures. 
The following features may he noted. 

(i) The equilibrium equations given by J5q, 5,10 are not 
sufficient to uniquely solve the forces in terms of the loads. 
Hence, for any load vector w , there can be many force 
vector P satisfying the Eq, 5.10, The choice of proper 
forces P (03? v) is also a decision problem, in addition to 
the choice of stiffness. 

(ii) The compatibility conditions given by Eq* 5.26 are 
also to be taken into consideration as a state variable 
inequality constraint. 

The method is illustrated for a parallel three bar 
system with a single load w and a three bar truss under 
two loads and ^ 2 * 

5.5.5 Three Bar Sjyst_^ . : 

Consider a three bar system as shown in Pig, 5,1 2,a, 

It is subjected to a load w that varies as shown in 
Pig. 5.12,b as a function of s. let the maximum deflection 
of the rigid block must not exceed 1»‘. 

Variables 


^ 1 ’ ^ 2 ’ ^5 


axial strains in bars 1, 2, 3 (state variables) 



F^ == axial forces in bars 1, 2, 5 (state variables) 
*^2’ ~ stiifnesses of bars 1, 2, 3 (control variables) 

^1’ '^2’ ~ loa^ rates in bars 1, 2, 3 (control variables) 

Dquilibrium equation is given by 


+ Fg + F^ - w 

Admissible region of state space is defined, by tiie planes 
yq = ^2 - y^ = ^ - 3^^ 


The admissible region is shomi in Fig. 5.12.C. Conrpatibility 
constraint is given by 


yq = y 2 = y 


- A 
3 " 1^ 




This is represented by a straight line in the I space as 
shown in Pig. 5.1 2, c. 


P = 



V, ^ 

loU 


A 

“ 100 dsJ 


Is 


Using equilibrium and compatibility conditions P can be 
simplified in this problaa as 


= - / (l00(y- 
0 


V. 


1 ''1 


V, + 


yg 


yj V3 


)) 


ds 


/ 
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Case 1, Material of bars is elastic : 

a^(s) = oc^ 5 * *^2’ where 

a^, a 25 are stage-invariant parameters. The equations 

obtained by means of necessary conditions are the following: 

-v "'^2 "i ^3 

(i) H = - lOOCy^^ v^ + ^2 ^2 ^3 ”^3^ *^^2 ^ ^3 K 

* xh + A ^^2 +'^ ’’s 

ic^ 

(ii) y^(4) = 72 ( 4 ) = 75 ( 4 ) = 0.01 

dA. 

(iii) = + 100 V. 5 A. (4) = 0 , i =» 1, 2, 3 
ds 

c5^. - 

i = 4, 5, 6 




2, 3 . 


/ \ . W.VV ^ 

(vi) ”^1 + ^2 "^3 " ds " 

^1 "^2 l 3 A 

(vii) ^ = iM 


By a trial and error procedure, taking suitable 
combinations of and (i = 1, 2, 3), Hamiltonian H 

may be calculated. It can be seen that for any admissible 
strategy that satisfy Cii)» (^i) and (vii) the Hamiltonian 
is*? constant equal to "*10. Hence, a unique set of control 
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is not obtained. In other words, there are a 
of optimal control that give the same mi -mmnrr 
Hamiltonian, fhe alternati»res may include sir 
and three bar systems. Fig. 5.12,d gives the 
force-deformation redactions. The choice of ar 
1 2 third and also the con 

deformation relations. 

The problem shows that a statically i 
structure made of elastic material may not be 
solution under a single load condition when c 
requirements are taken into account. It is s 
that a further imposition of cost-effectivene 
makes the choice unique and also shown that g 
indeterminate systems are better than determ j 
when a warning before failure is required. 

Case 2, Material is. .n onli near : In this case 
are imposed as follow's; 

ctiCo) > > oc^(O) [l - ^ ll'lj 

jyi - ^)1 <0-001^ i = 1* 2, 

let - \i0) [l - >0, i 

From the necessary conditions described in S 
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following equations are obtained; 


(i) 

dAi _ 

■33 

100 V. 


(4) 

= 0, 

i - 1, 

2 , 3 


(ii) 

ill 

ds 

-^1 


(0) 








SCO) 






(iii) 

0 _ 
ds 


c 

500 






Civ) 

dAg 

- 







ds 

“500 






(v) 


- a^(0)(l - 1 

1^0 

l)j t^g(“2 

- sCo)^ 








’*^3 (“3 

- a3C0)(l 

-i^ih 


(vi) 4 “ ' i i =s 1, 2, 5 

^ a. 


'i 


(vii) 

“i - “j.C0)» i = 1» 2, 3. 



1 

1 

1 


( viii) 

y = 71 = S = ^3 ^ * S ' 

^3 




(ix) 

t^i " sc'gyl - 0 . 001 , 1 - 1 , 2 , 3 



. dw 


(x) 

+ S + ^5 - ^ S ■** ^2 ^3 “ "Ss 



Conditions (Till) mcl (x) are used to d.iminate varlataes ty 
substitution. Bie proTiaii is solved by a trial and error 
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procodure. Of these, three trials are shown in Tables 5*8 and 
5*9 • The trials are with one bar, two bar, and three bars. 

The choice of any three control variables will fix the values 
of all other variables. Hence, the control variables are to be 
chosen such tliat Hamiltonian is minrmum subject to the 
inequality corstralnts. It is seen in the case of nonlinear 
materials also that the solution of a statically indeterminate 
system may not be unique under sin^e load conditions. Several 
combinations can give same serviceability requirements* The 
choice will become unique only if further conditions are 
imposed. This procedure (t aiding serviceability constraints) 
considerably reduces the number of choices and by a resorting 
to a cost-effectiveness analysis a unique solution may be 
obtained. 


5.5*6 Example of a Three Bar Truss. ; 

The above examples illustrate the method of solution 
for a variety of cases. The solutions also illustrate many 
features of structural design, some of them are discussed 
in Section 5.8«5'' 

An example of a three bar truss is considered in this 
section. The necessary conditions for the existence of 
solution are applied and the equations are obtained. Equili- 
brium equations and compatibility conditions are not used as 
in the previous problem tu directly eliminate the variables. 
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Instead, they are introduced as constraints using appropriate 
multipliers. The problem is developed in this way to illustrate 
the general characteristics of the problem. The problem in 
this form can be solved only with the help of an efficient 
numerical method. 

The three bar truss, to be made of in-elastic material - 
IS shown in Pig. 5. 13. a. It is subjected to two loads 
and W 2 J the functions of vdiich are given in Pig. 5«13.b* The 
serviceability requirement is that the joint 0 should not 
deflect more than 1*’ horizontally and 1“ vertically. The 
three bars are of equal length (100*’ each). Also the penaanent 
deformation should not exceed 0.001 in/in. 


represent the axial strains in the 
members 1, 2, 3. 

represent the forces in the members 
which are taken as the state variables. 

the stiffnesses forming another set of 
controls. 

the controls governing state variable P. 

These are the 12 basic variables of the problem. (Even in a 
nonlinear analysis, it is required to consider all these 
variables. ) 


Variables ; 

I = ^1’ ^2* ^3 
1 = ^ 1 ’ ^ 2 ’ ^3 

V “ 3 ^ 2 * ^ ^ 
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The problem may be fomulated as explained in tlie 
earlier examples. Only tiie final equations obtained by 
applying the necessary conditions described in Section 5*4 
are given here. 


H = 


= 100 + Pj sf + 4 

100 W T V 3 d,^ 

- 12 — - 4' " ^ ■ fr ^^1 


73 ) 


A Zi . X + 9 V. 12 „ +1 y, 

ds^ 1 ^ 2 oc~ ^ “3 4 ^1 5 ^2 6 ^5 



— j 


2, 3 



i =- 1, 2, 3 




9 


v^ v^ d’v^ 

■»-2 + 75 + f 2 - c 5 '- 


0, 


Vi - V3 - Tfa -j— - 0. 

/* f(ij_ - cij^Co) (1 -l^l)}+t2 (“2 ■ “2^°^ ■I'si'V 

+ /*3(“3 - “ 3 ( 0 ) <1 ° for loading. 
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IT” - IT = 0 

dX 


ds 


2 = + 100 (Rl - A 

* 7?^ ^ - ° 



- 100 

^1 

.Ai 

OiCo) 


_ 

ds 

“1 


1 ^‘ 

sgn Fj. » 

dX. 

- 100 

^2 

Jtz. 

“p( 0 ) 


ds 

“2 


5^ ’ sgn Pg > 

dA 6 _ 

ds 

- 100 

^5 

“3 


“3(0) 

50 

sgn F^ , 


- 100, 

W2 

4 * 



100 — 

100 0^ 

W 

“1 

oT ^ ^ 

“1 

4 + Oj^ ^ 


100 ^ - 100 Wl h-'^ +>5 1 . 41 + = 

F_ 100 Wg X 3 ->* ^ ^2 5 } 

100 a?*fr!q = ° 


- 100 


®L ’'1 . ^°° ’'2 ■^l Ai \ lU. >, ’^l _ 


1 

^2 ^2 . . "^2 


— 100 100 w-j^ “~2 **^2 ”*”2 ^ 1*414 "*“2 * ^ 

<^2 '' 


a. 


a. 


X (R^ - 0 
TT^ I 3 ’ ^ 3 ^ 8 ; ~ 0 


ds 
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- 100 1 


100 w, 




Y2 «5^ ^<x/ 5 


oCjL ^ loading 

* <^j_Co) for unloading 

l^i “ a' -Xo ' ) ' ^ - 0*001 for loading 

> 0*001 for unloading 


72 < 0.01 

^1 ^3 — ~ 0*01414 
yi “ ^3 i t 0,01414 

The problem as stated above can be solved only with the help 
of an efficient algorithm# The solution of the three bar 
tiruss for elastic case is illustrated in Table 5*B5# One trial 
of the solution is shown. Several such trials are necessary 
to arrive at an optimal solution. The values of ^3 

are assumed in a trial. The variables v^, Vg* and v^ are 
solved using the constraints obtained from equilibrium and 
compatibility conditions. The Hamiltonian is calculated for 

a^. In successive trials 

and are to be changed. The one set of assumed values of 
• ^2 *^3 that gives the minimum H is to be chosen 

as the optimal solution.' 


the assumed values of 


o<^, dg 
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5.6 APPLIGAICION TO THE BOSIGN 01* STRUCTURES WITH TIME- 
UEPENDEMT BEHA\n:OUR 


5.6*1 General: 


The extension of the pirahlem formulated in Section 5.3 
to structures with creep effects represented by simple creep 
laws is straight forward. The serviceability requirements 
can be satisfied in this case taking the cre^ effects also. 

If the creep rate is a function of the applied force and 
time without involving any higher order differential co- 
efficient of forces or deformations with respect to time, the 
method can be applied without any change. However, the 
following assun^jtions are to be made: 


(i) The loading function is continuous with respect to 
time. 

(ii) Ifo creep recovery is considered. Creep deformations 
are considered irreversible. 

(iii) Whenever creep is considered, the materials of the 
structure is decided beforehand so that the creep 
constants • can appropriately be taken, 

(iv) Ho structural failure due to creep deformation occurs 
during the life time, Eq. 5.18 gives the pattern of 
creep equation as 







n. 


i - 1 


f • • • > 


(5.18) 
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In the case of steady state creep, the state equation may be 
written in the form 

dt~ "" oT ^ l^il 

It agrees with the strain-hardening law of creep. Other 
equations may also be used to represent the creep characteris- 
tics of materials. The following points may be noted; 

(i) t is the stage variable in place of s* 

(ii) X is to be taken as the state variable in place of y. 

(iii) P ma7 be calciiLated taking the additional energy 
change due to creep deformation, 

(iv) The material may be elastic or inelastic 

5.6.2 Example of a Simply Supported Beam with Creep 
Effects ; 

Consider a simply-supported beam of ^an 12 Pt .a-S 
shown in Pig. 5.144a subjected to two concentrated loads 
and W 2 . The loading functions w^(t), WgCt) are shown 
in Pig, 5.14. b. let the beam can be designed by designing 
three sectionsl, 2, and 3 marked in Pig* 5.14.a. The 
serviceability requirement is that the deflection at points 
1, 2, 3 on the beam should not exceed 1 inch. The variables 
can be defined as follows: 



ao 


= the bonding moments in in-tons at Sections 1 , 2 , 3 
respectively (force-state variables). 

= the curvature at Sections 1 , 2, 3 respectively 
(deformation state variables). 

Vi? ■V 25 = the rate of change of bending moment with s* 

slope of moment -curvature diagram (control 
variables). 

Equilibrium Equations . Ihe moments E 2 _, P 2 > ^3 solved 

in terms of external loads. They are 

E^ = 27 + 18 W 2 in tons positive 

E 2 = 18 w^ + 36 Wg in tons positive 

= 9 ^ + 18 W 2 in tons positive 

The bending moment and curvature diagrams are shown in 
Eigs. 5«14.c and d. The functions Ej_(t), E 2 (t) and E^(t) 

are plotted in Eig. 5.14«e, Maximum moments are given by 
max = 

^2 max “ ^3® 

^3 max = 39 

Boundary! . LetA,, Ag, A 3 l)e the defLeotions at Sections 


1, 2 and 3 re^ectively* The deflections can be expressed in 



211 


tonus of the curvature as follows (makll^ Use of the conjugate 

-r 

beam theory), 

755 I* 648 %2 ■*' 524 

648 Xj^ -5-1080 X2 + 648 Xj =5 ^2 

324 + 548 Xg + 756 x^ = /-i 

iDquating ^^3 equations to the boundary 

J can be obtained. It is the intersection of three surfaces 
in a three dimensional space. 

Differential Constraints ; 

^ ^ 1 ’ ^ ° 

X 10 

v^ , i = 1, 2, 3, 


ds 


dP- 

1 

*ds 


Performance Index; 


8 


8 


P = / Oq ds =* J (&Q 1 - G-Qg) ds. 


0 


Calculation of . Assuming that the forceq and defoiai^tions 

linearly vary from one section to another, 

I»j j p. X.* 1 T 






ii3i. 
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Using the above rela,tion for 3 = 1 , 2, 5 and 4 and simpli~ 
fying 

Gq 3 _ = 24 \ + 24 Pg ^2 + 24 ±5 + 6 ±2 

+ 6 ^2 \ + 6 1*3 i 2 + 6 1*2 5 :^ 

®02 = + "2 ^2 + + * 2*^2 

Using equilibrium equations Gq^^ " ^02 sijirplified. 

Hence, 

8 

P = - / ff7q(756 + 648 X 2 + 324 X 3 ) + 

0 

^ 2(^43 2 ^ + 1080 X 2 + 648 X 3 )] dt 

The xoroblem fomiulated above can be solved in a manner 
similar to that of tension bar. Three intervals 0--2, 2-4, 
and 4-8 are to bo considered using corner conditions at 
s = 2, 4 . The probleaai may be solved by a trial and error 
procedure. The Table 5 * 3 - shows the computations involved 
in the problem. The optimal force-deformation relations at 
Sections 1, 2, 3 arc shown in Pig. 5»14,lS» 
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5.7 IIME-DEPENDEIT D'EEOWLAUllQ'E WITH JUMPS IH STATE VARIABLES 

In the preceding paragraphs, loads were assumed 
as continuous functions of s or t . In many practical 
cases, it rarely happens that the loading is a continuous 
function of time. Some times the loads may he ^plied 
instantaneously not causing any impact or vihration. In 
other cases, the rate of application at some interval of 
loading, may he so fast compared to other intervals of time 
that the loads may very well he considered as instantaneous., ‘ 
Eor example, when the time t is taken in terms of years, the 
application of a concentrated load in a week'*s time may he 
as good as an instanta,neous application. In civil engineering 
structures, this type of loading is very common. The problem 
presented in Section 5.5 is reformulated in this paragraph to 
allow for such discontinuities in loading. 

5.7.1 Reformulation of the Prohlem ; 

The effect of instantaneous loading on the structure 
is to change instantaneously the state vector E as well as 
the X conponent of x leading to a jump motion of the 
state variables with respect to time. In between such o^ups, 
the state variables may raaain stationary if the loads remain 
stationary, axid the material of the structure has no time- 
dependent behaviour. In other cases, state variable moves 
with time. Piecewise continuity of state variable is not 
allowed in the formulation presented in Section 5.3. The 
problem formulated in Section 5.3 may therefore be modified 



a.4 

by a technique similar to that suggested by Yind (157), 

(i) Time is not a suitable parameter as stage variahle 
because of the jumps in state variables #ien expressed in 
terms of time. Hence time is elso taken as the (nri'l)th. state 
variable, let X t^ be the augmented state variable, 

(ii) The state vector x takes a jump, when at least one 
component of x jumps with respect to time. It is further 
assumed that r such jumps occur in the loading process with 
timing t^ = ^ ^ "^2 ^"^j ^ ~ 

(iii) Let j be the total number of jumps occuring before 
the time t. (including jump at t.), Jhi arbitrary stage 

0 J 

variable s is chosen as follows; 

a = t + 3, for <t 

s . = t + j-1, for t = t . 

J O 

st = t + j, for t = t . 

J J 

s^ = 0+0 

s^ = S = T + r 

(iv) The loading function w = w(t) when expressed in 

terms of s appears as shown in ilg, In general, 

the functions w(s) between any si and s* are nonlinear. 

"" J J 

However, for all practical purposes, the functions in the 
said range may be idealized as linear as shown by the firm 
line in Ii.g. 5*l]0’.b._ 



215 


(v) A nsviT variable = 0 or 1 is intro due ecL in order 
to indicate a aninp or smooth motion of state variable with 
respect to time. 


\'0, for sT < s < st 

I J j 

*0" 1 ^ 

a, for < 3 < 


(5.80) 


(vi) Hie state Eqs. 5.14 are to be modified as follows; 


ii'naen b . < t < t . , ^ 

0 D-s-lj 


cu; 


d\~ aJ^^tT 1 - Ij 




« « • 9 


n 


(5.81) 


Wlien t = t . 


3, 


dx. 


ds* 


V,(3) 


or'XsT” ^ ^ ^ (5.82) 


Combining Eqs, 5.31 and 5.82 and eap res sing in terms of *s» 
one gets 

K.(t) 


CLs' 


j^o\ortTr **■ 


y-h (1 - Wq) a^'C^ » 1 =* l,...,n 


(5.85) 


C w 


A1 so f • — V/r\ 
ds ^ 


(5.84) 


The inltirl e .editions are to be modified as 


CfCo) = x,(s^) = (x^) 


(5.85) 


t(E7> = 0, 



ill ilic performanoo indox as giiTon by 


( vx ') Itsii Gtq 
J5*27 bo 


^0 "" ^0 » sj < Q < 4 

- gQ^ 


'D 


(5i86) 


P ^rfolxnanoG index can bo modified as follows t 

S . 

^ + (1 “ (5*87) 

5*7.2 Statement of tho Reformulated Problem ^ 

Given s = sto^e variable. 


s = t + 3, *3 <^ < Vl 


sj = t + 3 
s j “ t + 3 



in =4 “fc , 



0 , 


S =: T + r 


X 






F 






a 



• • • > 


♦ • • > 


\} 

a X 

nj 


as state variables 

( dcfomiations) t 

as state variables (forces), 

as control variables (force 
rate), and 

as control variables 
(stiffnesses), and 





a? 


~ - o.*, as the loads to be chosen from. 

w(s) ~/w-j^(s), <■*«, which is given. 


find. 


Z%) 

±%) 


*/ ' 
I (s; 


2 (s) 


" o.., J'^(s)j, and 


such that a^, x*) = Min PCI, a, x), where 

P,a 


T> = 


— 

/[ "b.gQ + (1 - Wp). V(J da 


0 

Subject to the following constraints; 

dx. _, 

(1) 35r = + (1 - ^ 


1 j 0 0 m y 


(ii) 


(iii) 




ds 


dt 

ds 




ff) f i = 1, *.*> 


(v) QCx) < 0 


Q(4 - Q(x»') = 0 



(vi) K^(x) = 0, i = 1 , 

^ ^ ® “j^(s)'v(s^i = 1, ,,,, n 

(viii) |x^P| > , for P^(s) v^(a) > 0 

i^lj •««5 n 

< , for ]?(s) v^s) <0 

and the initial conditions 

Xj^(O) = (x^)^ , 

i =s 1, n 

\i0) = , 

t(0) = 0 

5. 7*3 Example of Iwo Bar grass ; 

A two har truss shovm in Pig. 5*16* a is loaded 
by a load w as shown in Pig, 5*16*b, Ihe serviceability 
requirement is that the maximum deflection of joint 0 should 
not exceed 1 inch. The following assun^jtions are made; 

(a) The material is linearly elastic with creep behaviour 

a(s) = a 

(b) The deformation is symmetric. 

The problem may be formulated as follows-: 

=s Xg = X = the axial strains in the members, 

= P 2 = = "tb-e axial forces in the members. 
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w = loading function (given) 

= V 2 “ control variables 

tti r 0^2 - a = the control variable (stiffness of members) 

Reformulation of the Problem : 

V 7 ^ - 0 for t = 0 

a 

Wq “ 1 for 0 < t < 4 

s = t-r;3 = t + 1 since number of ^ump is one, 

S = 5 

w ~ O^s^l 

= 4 f 9 ^s>l» 

She modified load function is plotted in fig* 5»16*c. 
Constraints !; 

(i) f = f-, = Pp = ~ = 0,707 w. 

^ 12^-2 

(ii) The boundary | is given as in fig. 5.1. c which is 
defined by 

X, + x.-j < 0,014l4f 02 : 

1 2 — 

Xg < 0,00707 

(iii) Since the state variable is non-returnable 

(x)^ = 0.00707. 
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(iv) State Equation ; 


<32: _ V „ . 

d^-a » 0<s<l 


ds; _ V 


g = ^ + Ixl 0 " 5 |p| 3 sg 3 ^ j, , 1 < s _< 5 . 


- Wq) ^ - 5 - Wq.(^ + lxl 0 “^lEl^sgii F) 


ds = 


Performance Index is given tiy 


225100. F, J - Y’S* W.IOO. f *100x/’2.fe y 


- - 200 vy 


= 0 


In the modified form 

P =: / j(l - Wq)(- 200 -^ ty ) + Wq( 0 ) j ds 


200 / (1 - Wf^) y V ds. 
0 ^ 


The problem may be solved using maximum principle. 


H = + 200 (1 - Wq) y V + (1 - Wq) J + 

Wq(J + 120.0’"^ jFl^sgn F) +^2* '*‘^3* 


3 - ^0 
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^ - If = - 200(1 - , A^(5) = 0 

^=“11= WQxaxlo"^x5lPl^ A^Cs) =» 0 

ds ” FT ’ A-^CS) =* 0 

llie variation of v, Wq, a-iid F with, reject to s 

is slQDwn in lig. 5*l€.d. The values of v, Wq, Ag and I 
are substituted in the e35)ression for Hamiltonian. Substitu- 
ting various values of oc in the expression for H, the 
one giving maximum may be chosen as the optimum. The congjuta- 
tion is shown in Table 5.10« 

The optimal force-deformation relation is shown in 
Pig, 5.16* e» 

5,8 hlSGUSSIOH 

The method of design formulated in the preceding 
paragraphs is further analysed in the light of structural 
mechanics to establish its validity. The special features of 
the proposed method and some interesting conclusiosis arrived 
at from the illustrative examples are also presented.' 

5,8.1 Validity of the Proposed Method ; 

The proposed design method, to represent the real 
structural behaviour, must coni3id«rto the principles of 



contimum mechanics. Ihe basic laws of motion and a constitu- 
tive theory are the two expositions that constitute the back- 
bone of contimum mechanics (138). In addition, the stress- 
strain lav/s (or constitutive equations) must fulfil a set 
of conditions or requirements in order to truely represent 
an elastic-plastic medixmi (139) which conditions are discussed 
elsewhere in this section. 

(a) EQuilibri\mi Equations and Borce Boundary Conditions ; 
Balance of momentum and balance of moment of momentum are 
two of the laws to be satisfied by any mechanical system. 

The Eq, 5.10 in the formulation r^resents the equilibriiim 
equations, and the satisfaction of the equations guarantee 
that the forces are statically couplets and obey the two 
laws of mechanics given above.' 

(b) Oonservation of Energy ; The internal dissipation of 
energy on account of inelastic and creep behaviour and also 
due to the propagation of cracks must be taken into account* 
This would lead to a set of non-conservative force-deformation 
relations (112), in which the deformations of cross sections 
are no longer single— valued functions of the forces developed 
at the sections and vice versa. The cdiicept of minimum 
potential energy is ^plicable only for conservative system. 
In non— conservative systems, energy is expended irreversibly 
depending on the course of loading. This fact is taken care 
of lufke proposed method in minimizing the perfo nuance 
index. At any stage s, the performance index consists of 
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energy dissipated in all the prior loading between 0-s 

« 

and the energy potential (in terms of complementary energy) 
due to loads acting at s« Hence minimization of P is 
equal to minimization of energy lost energy potential at s« 

(c) Oompatibility Conditions and lisp lac erne nt Boundary 
Conditions ; The deformations of the structure must be 

compatible among themselves and with the displacement boundary 
conditions-. Eq. 5*26 in the formulation represents these 
conditions, 

(d) Use of Minimum Principles ; The aim of the present 
formulation is to obtain the force-deformation relations oi 
the media to be used so that a specified set of serviceabiLiiy 
requirements are satisfied for a given path of loading. In 
other words, if the force-deformation relations so obtained 
are used in the usual structural analysis, the true beliaviour 
predicted by this analysis must be within acceptable limits. 
The displacement must be such that, the deflections and 
permanent deformation are within the permissible limits at 
any time t or stage s, so long as the limit value of load 
is not exceeded. These restrictions on the solution axe 
InqDOsed by the constraint Bqs.' 5*25 and 5.25. 

The solution of the prohLem yields the force- 
deformation relations subject to equilibrium condition, 
compatibility and boundary conditions, and the serviceability 
requirements. In order to hav e unioug solution, the solution 
must satisfy the minimum energy principles.. The three 




variational principles or minimujii principles in elasticity 
are the minimum potential energy, minimum complementary energy 
and Ii.eissner*s variational theorems (140)« Analogous principles 
are picposed both for the flow theory and defomation theory 
in plasticity (125)* Wahg and Prager (141) generalized the 
minimum principles in plasticity hy taking the temperature 
and creep of material into account, Ihe theorems required 
in the thesis are stated below. 

Consider a region R of the body, bounded by 
surfaces A-]_ and Ags is subjected to prescribed loads w on 
the surface and prescribed di^lacements on surface A 2 », 

Let the internal forces and deformations P, x are in 
equilibrium with w and con 5 )atible with boundary discplacement, 
respectively. Let P and x be the true forces and true 
deformations* Row the external loads w are increased by 
dw , keeping dl(::^lncoL''cnts‘.cm 'Ag- constant in an interv^^ 
ds or dt whichever is applicable depending upon whether time 
is not important or important, The internal forces P 
change by dP and the deformations by dx and the displace- 
ments in the direction of load jZ d A , Ro body force 

is considered, Por the incremental state of deformation of 
this type the minimum principles can be stated as follows s 

1, Reisseners Yariational Theorem : Among all states of 
stress and displacements which satisfy the boundary conditions 
of prescribed surface displacements, the actually occurring 
state of stress and displacement is one determined by the 



variational equation 


6 



dx dv - / dw. d ^ dA^ 


= 0 
C5*88) 


2. Minimum Princinle in the Rate or How Theory of 
Plasticity ; Among all rates of forces that are in 
equilibrium amorg themselyes and with external loads, and 
among all deformations that are compatible among thems^yes 
and with boundary, the true forces and deformations will 
minimize % given by (123), 


% = 



dj). dx dv - it dw. d A) dA 
„ — A ” 


(5.89) 


3, Minimum Principle for Inelastic Material with Creep. 
Effects ; In this case the above statement bolds good 
with the value of % given by (141). 

% = f (w dPC dy + dz))dv — /(dw. dA)dA (5.90) 
vol A 

lo Show That the Minimization of the Pe rformance Indie.x P_ 

is Equivalent to the Minimization of the Ene rgy Potentials jj 

■in Mi-niTniim Principle ; The performance index is given by 

Eq. 5.27 as folio w's; 

S 

p = / G ds. 

0 


P^- Min / G ds = P (S) 




Let 


(5.91) 



Consider an interval ds just ahead of the stage S 


s =! S - ds. 

S s 

How / & ds =5 / Gr ds + G(s)ds 

0 0 

P*(S) = P\s + ds) Min|^/ G ds 4* GCs)ds^ 

s ^ 

P*(S) = p*(s + ds) = Min / G ds = Minj/ G ds + G(s)d^ 

(5.92) 

P*(s + ds) = P*(s) 4.2 -11^ -3— + 

U-1 1 I 

+ hi^er order terms (5.9 5)| 

Using the principle of optimality in dynamic programming (124-), 

Eq. 5*92 can be written as 


p*(S) = Min [j2*Cs) + G-(s)dsJ 


(5.94) 


Substituting Eq. 5.93 in Eq.. 5.94, 


Min GCs) 


8t ds 


one gets 
0X£ ds 


0 


(5.95) 

\ 


This is the Hamilton-Jacobi equation in optimal control 
problem. It gives that the rate of change of the minimum 
value of "£* with respect to s is 990^ isinimum 

value of G in that interval ds. In the present formulation, 

G is given by; 





dxCs)\ 

* dT-i^^ 


/ fr (w. ^)ds. 

s 
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Expanding in finite foitm 


G 


= Al 

V 


*1 


dP dx 


dv 


- /[(h 


1 


dw dA 


+ 


1 dA d.w '\ 

2 ■gis 


d-c 

= / £ 3i 

V 





+ 


_-j_ dP dx dw dA 

* -ai {iH* ^ 


By principle of virtual work, 


/ E 

V 


ds 


dv 


/ w • 
A 


d^ 

Is 


dA. 


<3x 

Since P is in equilibrim with w, and may he considered 

" ^ dA 

as the virtual displacements compatible with Purther 

dw 

— • dii stationary quantity for the interval ds, which 

cannot be minimized. Therefore, 

A dw P n dP dx 

Min G = / ■g=)dA + Min 1^/ 2 - (^. ’^)dv - 

^ LJV* 

dw dA “1 

^ (5.96) 


Of 

Hence, minimizationj^P is done by means of Eq^, 5*95 which is 
equivalent to minimizing the right hand side of Eq. 5*9^*; 
It proves the equivalence of the perfounance index and the 
rate of potential n-. 
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The solution of optimal control problem is obtained 
by satisfying the equilibrium, con^atibility, and boundary 
conditions. It is shown that the minimization of P gives 
a minimum of tc at eac h interval ds from 0 to S. Thus the 
requirement of minimum principle is satisfied for all states 
of loading. Since all these conditions are satisfied, the 
solution corresponds to the actual forces and di^lacements 
when the constitutive equations of the type 

I = I (y) 

obtained from the optimal control solution are used in an 
actual analysis, 

5*8»2. Physical Significance of the Mini-mum PerfoTma'i^op* 
Index t 

Apart from assuring the minimum principle, the 
minimum value of the performance index P has a physical 
significance, P represents the total potential of the system 
at the end of the period,- It consists of the total elastic 
energy due to the loads acting at the instant s and the 
entire energy dissipated or that energy which become not 
recoverable due to residual stress, for the range 0-S, If 
the elastic energy part remain same, any change in the 

•it 

magnitude of P mav be considered as a measure of damage 
caused on the structure as the dissipated energy corresponds 
to the irrecoverable deformations # The purpose of the optimal 
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control may also be tliought of for minimization of tlie 
inelastic damage caused on the structure, hater, it is 
assumed that an imaginary opponent simultaneously tries to 
maximize this damage, leading to a game situation.' 

5*8.3. To Shovf Jhat the Oonditions of Plasticity are 
Satisfied by the solution ; 

hardening type of plasticity is considered, in 
the formul-ation. Prager (139) states that four conditions 
are to bo satisfied by any stress-strain law of the rate 
type in plasticity, Ihey are ; 

(i) Oondition of contimity 

(ii) Condition of irreversibility 

(iii) Condition of uniqueness 

(iv) Condition of consistency. 

(i) Condition of Continuity ; let the deformation be 

Xi = i=l, *.*, n (5*97) 

where = the elastic component of deformation 

= the plastic component of deformation. 

According to Prager (139) the continuity condition is 
fulfilled if 0, when dPj_ approaches 3Ihis 

condition is satisfied in the present formulation by defining 
the state Equation 5*14 as 
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ds 

dyj, 

which implies 0 when v^(s) -► 0* 

(ii) Oondition of Irreversihility : This condition is 
satisfied if Drucker’s postuilate which states that the 
dissipation of energy is positive in any cycle of loading and 
unloading; is fulfilled. Mathematically the posttHate is stated 
as follows: 

P. d/ > 0 , if 0. (5.98) 

i.e. 

vCs) iCs) 

i.e. 

a(s + ds) < ^(s) j for 2;(s) v(s) > 0 (i.e. loading) 
doc 

which is Eq_. 5.11. Hence the irreversibility condition is 
satisfied as the solution satisfies the Ec[. 5. 11* 

(iii) Oondition of Uninueness ; Prager (139) has shown 
that the condition of uniqueness is satisfied if the stress- 
strain law satisfies the condition 

dl = /[^6 d E - 6 d xj dv (5*99) 

is positive definite.' 



sequential decision proTalem vdth an integral payoff to the 
optimization of the Hamiltonian at any one stage s. If 
H am iltonian is maximum at any stage s it is maximum every- 
where, provided the strategy is admissihle, 

(ii) The importance of serviceability constraints in 
getting a solution is brought out by the examples,' The boundary 
surface ^ governs the maximum deformation y° required, 

Eqs, 5,11 and 5,12 govern the shape of the force-deformation 
relations, Eq, 5,25 gives the initial value of the stiffness 
a ss ot(o) and limits the permanent deformation to the required 
allowable value. But for these constraints, a solution would 
not have been obtained because Hamiltonian will be still 
ox)timum if a control outside the above- specified limit is taicen, 

(iii) Constraint Eq, 5,11 is introduced to satisfy the 
plasticity conditions. If no such restriction is imposed a 
constant linear path of a with a = a(o) may be obtained as 
the best control as it gives least value of H, This case 
corresponds to a linear elastic material, showing that a 
a linear elastic matorial is the best structural material 
from serviceability point of view , as it involves no loss of 
energy* Also from energy considerations a linear elastic 
material appears to be superior to nonlinear Mastic materials, 
as the energy required for structural action is less in the 
case of linear materials, 

(iv) Ideal Materia l; If the plasticity requirement given 
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by Eq^, 5.11 and the upper bound = a(o) in Eq,- 5,12 can be 

relaxed, the ideal structural material ■vsould be the one with 

doc 

a positive curvature ( > 0). The force deformation 

relations corresponding to this case is shown in Eig,- 5. 1?.. 
Such a material requires onlylS'ist energy to perform the 
structural action. In the limit a rigid material with force- 
deformation relations as shown by dotted lines in Eig. 5«1# 
is the best. In this case, if the material takes a path of 
unloading as shown by the dotted lines in Pig* 5,1<Z» it is 
a still better control. However, it represents that energy 
is to be stored in the material in a structural action 
instead of dissipation which may not be possible. - Hence, such 
force-deformation relations have to be necessarily elastic. 

The materials with such force- deformation relations are 
called ideal locking materials (143). The muscular cells in 
living organisms are said to have such stress-strain curves. 

Cv) The example of tlaree bar systaa shows that the 
force-deformation relations are not always unique in redun- 
dant systems especially single load condition. The same 
serviceability conditions can be obtained by many combinations 
of members. Hjwet-er, when the cost-effectiveness condition 
is imposed sua shown in next ch^ter, the choice becomes ; 
unique. 


5,8.6 Special Eeatures and Potentialities of the Method : 
In spite of the coim)lex mathematical structure of 
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the formulation, the method is distinct and has the following 
^ecial features that distinguishes the design method from 
conventional design processes. 


(i) It has a direct design concept in which the 
required structural behaviour (e3q>ressed in terms of force 
deformation r^ations) is obtained as an output of the design 
process as task curves, 

(ii) It gives a design by which the dofLections and 
permissible deformations are k^t within the allowable limits. 
An assurance of safety and serviceability for normal load 
conditions may give enough courage to the designer to 
attempt a trade off between safety under abnormal load 
conditions and cost of structure. 


(iii) The elimination of material considerations from 
design con5)utation offers greater flexibility to designed- to 
choose the members from a wider class of cross sections i 
with different geometry and material that have a behaviour 
similar to the idealization used in design. This will 
promote the concept of design of materials for ^ecific Use 
rather than the conventional method of designing for ^eoific 
materials, 

(iv) It gives a method of solution applicable to 
elastic and inelastic structures with or without creep 
effects. 


(v) 


The method is essentially intended to give a basis 
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for tlie furtliGr extensions into ttie cases of design under 
risk or uncertainty,. However, the method itself can serfe 
as an independent design process for deterministic conditions. 
When a final choice of cmss section is to be made, the 
required safety facto^ may be incorporated. The use of such 
a safety factor is dispensed with by the design process 
described in (Chapters 7-10. 

(vi) The force-deformation relations obtained for 
serviceability requirement offers a basis for the further 
design for cost-effectiveness. This aspect is studied in 
0 hs 4 >ter 6, 

5,8,7 Further Extensions of the Problem ; 

The method may be extended further to the 
following cases without much difficulty; 

(i) Design of structures with distributed parameter 
syst ems (beams, plates, shells etc,). Guidance may be taken 
for this case fiTom the optimal control theory of distributed 
parameter systems, 

(ii) Design of structures subjected to moving loads, 

A moving load may bo simulated as a collection of loads 
applied one after another,' This method is further described 
in Chapter 8, 

(iii) Design of structures subjected to alternate 
load conditions. Two alternate loads on the structure may 
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be simulated as two loads acting on tJie structure one ^plied 
after another. The force-deformation relation obtsiihed T/jrlll 
be for both the loads. 

(iv) Design of structures for environmental conditions 
like teonperature, aottlement etc. The functions of these 
phenomena with respect to time may also be taken along with 
the loading functions in the design.- 

(v) Dor repeated loading, cyclic loading and other 
complex forms of loading shown* , in lig. 5*18. 

(vi) Inertial elasticity, dan^)ed inertial elasticity, 
viscoelasticity etc. involving ordinary differential 
equations of higher order as the governing equations may 
also bo solved by this procedure by suitably reformulating 
the problem, with more state variables. Dor example, when 
equation in the inertial ( delayed) elasticity of the form Cl44) 

ju + G X * D (5.1-00) 

dt 

are involved, the problem may he refomnulated as follows: 

dxl _ 2 

dF “ ^ 

dx^ _ 1 ^ ^ , 

In place of a single variable x, two state variables 
x\ are defined and the problem can be reduced to an 
optimal control problem. Slmnar modification can also be 



made when the order of differential equation is more tlian two, 

(vii) Inco II) oration of a minimum weight criterion in 
the performance index that can simultaneously lead to a 
minimTim weight design along with serviceability control. 

(viii) Development of an efficient algorithm exclusively 
for structural optimal control problems . Advantage may be 
taken from the existing coniputational techniques in optimal 
control theory. 

(ix) The uniqueness of the solution may also be studied 
further. 

(x) The feasibility of stochastic control formulation 
for the application of prohLems involving random loading 
like earthquake may be studied. 

5.9 SDMMAhl 

The inelp.stic design method proposed in this chapter 
can be summarily stated as follows. It is required to find 
out the geometry and material of the cross sections of 
members of a structure with givon configuration and connections 
for a given loading condition with given load paths. The 
design problem is considered as an optimal control problem 
in which its structural deformation is assumed to be 
controlled by the external loads and internal force-deformation 
relations of the cross sections, ibr the given external 
control, namely load, the optimal force-deformation, relations 
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that can control the soryiceahHity requirement within the 
allowable limits is obtained as a solution of the problem* 
Knowing these relations called task curves, the cso'ss section 
can be chosen such that the section has identical force- 
deformation relation. 

Though the concepts and method are more rational 
and basically sound, the method in this form is not enough 
for practical designs, as the rarious unceitainties in the 
actual design situation are not considered in this proposal. 
Very often, the loading function may not be known. This 
method is intended to form a framework of design for service- 
ability that can be further extended to take care of the 
complexities of a practical situation. The subsequent chapters 
deal with the uncertainties in design. 



OHAPIER SIX 


IMASIia SIRUGIURAI. DSSI&H UITOER BISK 
K)R CO SI-EgREQTI VEHESS 


6.1 iiraiEonjGiioN 


The method foimilated in Gapter 5 considers the 
serviceability and safety under normal * deterministic* load 
conditions only. The magnitudes of the loads are not to 
exceed arbitrarily specified limit The loads are, in 
general, random and it is hardly possible in ma^ casesf to 
limit the magnitudes to such arbitrary levels* The conseqiLences 
of loads exceeding to abnormal magnitudes are to be inves"' i- 
gated in order to safeguard the structure from undue damages* 
Also, the economic involvement in the design and construction 


together with the costs associated with failure have to be 
considered. In the present ch^ter, loads are assumed to be 
of statistical nature with Toiown 'proba bilities, and a method 

of inelastic design is formulated. The design is a deoisioii 
•process under rish . A cost-effectiveness model developed in 
OhE^ter 4, is made use of as the criterion of design by which 
a trade-off between the cost of the structure and the safety 


and ductility requirements is achieved. The present method is 
supplementary to What has been proposed in Gha?)ter 5. The 
task curves obtained in that ch^ter, are extended in such ^ 
a way that the cost-effectiveness given by Eq... 4*14 is optiraom. 
The two methods together give the behavioural requirements of 
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a stiMicture that has to he safe, serviceable and ecoroinical* 
The ductility requirements are also fulfilled in this formu- 
lation* 


The statistical character of the material behaviour 
is not taiken into account, as the method is intended to find 
out what the task curves would be if the structure is 
rational in its behaviour* £Lso the uncertainties of the 
type discussed in Chapter 4 are not considered in this 
formulation* They are taken up in the subsequent chapters* 

The design probian is stated in Section 6*2 and a , 
brief outline of the procedure is given in Section 6. 5* HJhe 
decision process using cost-effectiveness criterion is 
first illustrated through an example of a three bar system in 
Section 6*4* The general concepts of the foimulation are 
eoqjlained in Section 6,5. A method of design ^plicable 
for statically deteminate systems is fomulated in Section 6*6 
and that for statically indeterminate systems is given in 
Section 6*7. Section 6,8 contains a brief discussion on 
the method* 

6.2 STATMENT OF THE PROBLM 

The following information is given: 

(i) The complete layout of the structural mombersy and 
the types of connections that are proposed to use* 


/ -• j \ 


mi,o oo+nnfl> rt-n cstniftiire and their 



probability density functions. The distributions 
are assumed to be normal.' 

(iii) The portion of force-deformation relations 
obtained for serviceability requirements under 
normal load condition (called task curves). 

(iv) Other relevant information to find the cost of 
failure and other design data. 

It is required to extend the task curves that are 
already given, to such levels that the cost-effectiveness 
criterion is optim'um. Knowing the task curves, the cross 
sections can be chosen by the methods described in Chapter 10'. 

6.3 OUTLINE OE THE METHOD 
6.3.1 Assumptions ; 

The follovdng assumptions are made in the formulation 
presented in this ch^ter. 

(i) Deformations arc small. 

(ii) Loading is quasistatic. No dynamic or fatigue 
effect is considered. 

(iii) Failure does not occur as a result of time- 
dep endent defo imations • 

(iv) Failure due to elastic instability does not occur. 

(v) Abnormal magnitudes of the loads are attained 
only once in the life time of the structure. 
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Repeated loads are not considered in this case* 

(vi) Loads CfbcternolHoads) are assumed to he statistically 
indep endent * 

(vii) No change in the position or direction of loads 
is considered. 

6.3.2 Outline of the Method ! 

In agre mient with the concept of design piresemfeed 
in Chapter 3, the structure is assigned the role of a 
decision maker. The structure is supposed to decide its 
course of action or behaviour optimally, when nature applies 
a set of loads with a random selection of their magnitudes.' 
Though the true state of loading on the structure is not known, 
the prohahility associated with the states of loading, is 
known, which information leads to a decision under risk. 

ending upon the loads chosen hy nature, each alternative 
choice of the structure would lead to any one of a set of 
failure modes with some prohahility of occurrence. Since the 
structural hehaviour is assumed deterministic, the prohahility 
of occurrence of the failure mode is the prohahility of the 
state of loading that causes this failure* The cost- 
effectiveness criterion in this formulation given in 0}^tex 4 
may he taken as the basis of design, Eq_* 4.14 r^resepts 
the mathematical statement of the criterion. The alternative 
that has the acc^tahle least value of Kj (subject to ‘{ih.e 
constraints) is chosen as the opti ma l decision absolute 


minimuni of isl.O which, corre^onds to a case of no 

failure* This model differs from the esspected worth model 
of Haider (6?) and the e35)ected loss criterion of Sawyer in 
two respects. 

(i) In the present work, the nonlinear force-deformation 
relations are the real design variables. The set of force— 
deformation relations corresponding to the optimum cost- 

effectiveness is the final decision, 

of 

(il) The probability^ state of loading is not the true 
probability of failure as used by Haider or Sawyer' as, in 
the present metho d, strength is deteiministio. 

6.4 DESiaH OE A THEIHB BAI? SVSTbM FOR OOST-MEOTIVEHESS 

A design for cost-effectiveness is illustrated 
through an example of a three bar system, A general method 
of design is presented in the subsequent sections. The 
exan^le is intended to bring out the special features of the 
cost-effectiveness approach and the advantage of direct 
design, 

Deaffl^n o-p Three Bar S.ystem ; 

Consider the design of the bars 1, 2 and 3 of the 
3-parallel bar system shown in KLg* 6.1. The axial force- 
axial strain relations of the bars are to be found out. 
Knowing the force-deformation relations, the material and 
exoss sGoi/ion can chosen# 





The following requirements are to be met withs 

(i) The systoQ is to be serviceable for iCf&d w between 
0 and 40 Tons (The d.esign is carried oUt in 
Chapter 5* The axial force-axial strain relations 
are shown in Eig. 5*lX.c.). 

(ii) The load w is random in magnitude. The probability 
distribution is considered discrete as shown in 
Tig. 6.1. b, 

(iii) The cost-effectivenss must be optimum. 


Assumptions; 

(i) Tbrce-defonaation relations are deterministic 

(ii) Material is assumed el asto -plastic 

(iii) The possible failure modes and the associated cost 
of failure are given below. 


Mode of failure 


Cost of failure 
Amount in Rs. 


1. Unserviceability ID/- , 

2. One number fails (by yielding) 

2 

3* Two members fail (by yielding) C 10 (Sq_ + 


4. Three members fail with warning 0 10CT'-,4 'T'wI*F^) 

^ max 

5. Three members fail without warning 

(one or two members have brittle **- 5000 ^ 

failure or all the three yield simul- 
taneously). 
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Cost of structure 



Pn+Pp+P,) 

^ max 


^1* ^2’ ^3 forces In the memlDers, The cost of the 

structure is assumed to he proportional to the maximum 
force developed in each har. This is only an ^proximate 
way of finding the cost of the system. The cost of failure 
without warning is taken as Hs.SOOO/-. This high value is 
purposefully taken to illustrate the importance of a warning 
before failure and to show how the cost-effectiveness mod^ 
takes this necessit3r of giving prior warning into account. 
Cost -effectiveness factor is given by 


Kjji - 1 + s p;. 

J 


( 6 . 1 ) 


vhere 

is the cost-effectiveness of ith alternative#^ 
structure r^resentod by a set of force-deformation relations 


p^ is the probability of occurrence of jth state 
J 


of nature (load). 


T, _ Cost of failure at 3th state of nature 

j I ■ ,., ^ ^* . ,■. 1 1 ..... 

Cost of ith alternative chosen 


Since serviceability design is done for w equal to 
or less than 40 tons, serviceability failure is assumed to 
occur when the load exceeds 40 tons, A member is said to 
have failed when it yields or fractures* If the yielding of 
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■blie three bars occur in a staggered manner the failure is 
assumed to occur with warning. HoweTsr, if only one or two 
bars are provided, the failure is assumed to be sudden. 

iHguilibrium Equation: 

Let, Fg’ ^3 ■tb.e forces in the bars 1, 2 , 3 

re^ectively, Equilibrium equation given by 

F^ + F 2 + F^ = tf (6.2) 

Compatibility condition is given by 

yi = 72 = 73 = C6.3} 

where y^, y^, y^ are the axial strains in bars 1, 2 and 3 
respectively and ^ is the total deflection. 

Method of Solution ; 

She method of solution is illustrated in 'fable 6,1, 
Al'together 12 trials are made, three of them with only a 
single bar, five of thou with 2 bars and four with 3 bars. 

The alteimative sets of force-deformation relations in each 
trial are shown in Fig. 6.1, c, Ihe entries b^onging to 
each alternative action are made along a row in lahle 6.I., 

Ihe statejf of loading ranges from 40 to 48 tons and are 
entered along the columns. 2he probability of each state 
of nature is entered in each column. Each action-state 
combination is analyzed, the possible modes of failure and 
the associated costs are determined* A sample calculation 
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can b6 shown as follows* Consider "tilie aHjemafive no* 6* If 
consists of two bars with, maxinnm forces 22 tons and 24 tons 
respectively. Both members are ductile* ’ 

Cost Cg of the system - (22 + 24)10 = Rs, 460/~ 

At load w = 40 tons, Cost of failure G(40) - Rs. 100/- 

K(40) = 0.217 

Si m i l arly at w = 44 tons, member one fails* Iherefore 

C( 44) - 220 

K(44) = = 0,478* 

At w = 46, both members fail, 

K(46) = A60 . ^ . ^^0Q0 ^ 

* . = 1 + Z p(w) K(w)*l+0. 217(0*055 ♦ 0*025 + 0.01^^ 0.010) 

+ 0*478(0.005 + 0.005) + 11.85(0.002 + 0,001 + 0.002) 

= 1.082 

*» 

The cost of failure K. . are entered in the table at ith 

iD 

action and jth state of nature. The cost effectiveness 
factor Kj, is entered in the last column. The corre^onding 
force-deformation relations are plotted in Jig^ 6, Id, 

Certain advantages of a design of this type are discussed 
in Section 6*8. 

6.5 A GENERAD mmSTkLTlO'S OB THE BED EDM 

The example given above illustrates the basic approach 
to the decision under risk. However, the method of design 



248 


presented is not feasible for all types of structures and 
loads# In most practical problems, several loads with, 
different probability density functions may act on tlie 
structure. Further a listing of the alternatives as given in 
the pix5blem is not possible on account of the numerous 
possibilities. Ihe con 5 )atibility equations and equilibrium 
equations are more involved, v\hich may bring added difficult joc 
A formulation of the p 2 X)blem in a general form is presented 
in this section, 

6,5*1 Alternative Actions or Strategy of Structure ; 

Let us assume that N cross sections of the 
structure are to be chosen for complete design of the system. 
Let there be a total of n active force-deformation relations 
at these sections under the action of external loads. The 
choice of N sections may therefore be considered as the 
choice of the force-defoimation relations vdiich are called 
the tash curves, as they represent the task to which the 
sections are put in,4 set of n force-deformation relations 
is called an alternative action or strategy of structure . 

It may also be called a policy . It represents the course of 
action or behaviour the structure puts in to carry the loads. 
Each alternative action represents an alternative structure. 

As a first attempt it is assumed that no interaction of 
force- deformation relations at a section occurs. For 
exaiiq)le, yielding of a section with reject to moment m^ 
not be affected by the shear force, twisting moment or 
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^axial forces » Thus, 

1= i;(y)={si(y3.) .... 


( 6 , 4 ) 


are n such force-deformation relations representing an 
alternative action. Tiie stiffness a at any y* is given 




) . 

dyi *yi = yi’ 


i - 1, •••-, n'.(6*5) 


Any change in the shape of force- deformation r^ation may he 
made hy suitably changing the slope oCj^(y) and the total 
deformation yj^^* assumed that infinitely many 

alternative actions ca.n be formulated by altering the sh^e 
of functions I = l(y). 


6.5.2 gorce-Snace and Deformation-ajace : 

A concept of a force-space and that of a deformatio 
space is introduced here. At any state of loading, the 
sections will have a set of forces and the structure will go 

to a deformed state, let £ = (Ei 

that represents the forces in the structure. It can be 

considered as a point in an n-dimensional Euclidean ^ace 

f called force-snace * As considered in Oh^ter 5, 

^ y \ is a deformation vector in the Eididean 

1 - > ^nj 

n ^ace % called deformation spa^. 

given bv Eo. 6^.._map a, y oinXJS 1 
onto a point in J, _sp^oei and v;^ce ye.r^« 
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' 6.5.3 Loading Space and State of Nature : 

Let m ind<^ondcntf’“7^"^ loads be acting on tlie 
structure. Because of the rajidoianess of the magnitude of 
loading, any combination of magnitudes may act on the 
^Ui^ucture, Let w = be the magnitudes of the m loads 

at a state of loading. It can be considered as a point in 
an m- dimensional Biclidean space W , called load space . Since 
no change in direction of the loads is considered, all loads, 
may be taicen as positive loads, and hence only the positive 
region of the W space need be considered. 

Each point in the W space r^resents a state of 
nature . The state that actually occurs is called the true state 
of nature which is unknown. 

6.5.4 Eailure Modes and Outcome Sets : 

Each action-state combination leads to any one of 
the failure states or to a state of no failure. I^ilure, if 
occurs, may happen in different modes causing different 
degrees of damage. Let us assume that the failure modes are 
the following. The cost of failure is indicated against each 
of them. The mathematical definition and interpretation will 
be given later* 

1. Unserviceability 0 

2, Repairable damage 0^ 

5. Partial collapse 0^ 

4, Total collapse with warning 0^ 

5 , Total collapse without warning 
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The details of the faa.lure modes are given in SectioiB 4?3#1 

and 4.3«2. The losses dac to failure are mfact functions 

of time. As a conservati\re (or pessimistic) approach, it is 

assumed that: the loads ceiusing a particular type of failure 

act at a ti'^ne the cost of failure is at its peak value. 

Thus C 0-5 0 5 0,„ and 0^ aro the maximum of the functions 
SC Cl p w c 

Og^Ct), C^(t), s^(t), and C^ct) respectively within the 

interval of C to T, 


If the ith action (structure) and the load w act 


together, the cost of failure is G^(w) which may he 0 or any 
one of 0^, 0^, and 0^, The factor K^Cw) is given 

1=7 





( 6 . 6 ) 


where 0 ■ is the cost of stmcture which is not yet knovm# 

It may vary from action to action. The relative values of 

a ’ among the aclrions may he estimated with reasonable degree 
sv 

of accuracy from the na'nire of fore e-doformation relations c 


6,5,5 Proha hT 1 ities of Various States of Nature; 

The loads are assumed to he of ranctom magnitude, 
the prohahility density functions of ^ich are known, The 
various states of nature w may have their own prohahUitie- 
of occurrence. The prohahility of occurrence of any particular 
state can he determined as follows; 

The -orohahility density functions of the loads may 



252 


be ijonnal, lognormal or any other distribution obtained* let 
all the loads are normally distributed mth distributions 
N(/^l, 0]_), eg) for Wgi •*•, 

respectively. represents the mean and 6 the standard 
deviation. The probability density function of the random 
variable is given by 

1 - 1 

f(w. ) = e "2 0. , i = l, m (6.7) 

The probability 

— . W* * + /\VJ. 

P Lwi‘ <Wj_ <w.‘ +Aw.J = /^ ^ f(w.) dw. (6.8) 

w. * J. 

1 

let P (w. •) be the cumulative distribution, given by 

P J. 

w. * 

= /^ f(w^) dWj_ (6.9) 


where f(w^) is a continuous function. Probability that Wj^ 
lies in a small interval at w^‘ is ^proximately given 

by fCw^* ) A 

Now, the multivariate distribution (145) for the m-dimensional 
random variable can be considered, let f(vs^, «••, v^) be 
the density function and •••» "th-e cumulative 

distribution function. 


]?p(25 = ^ [w < w'3 


w. 


Wr 




f(w) dw^ dWg..., 

(e.io) 




• # « 



5(w‘ < s S w‘+^w‘ ) = 


/ • « • f f C w) dw^, dw^ % 

V "i 

( 6 . 11 ) 

f (s' )A. w-| AW2 •••> 


probability of w lying in a region R is given by 

P fw e eQ * / ..* / fCw) dw^ dWgV#-*, dinjj^ (6*12) 

R 

iet w. = w. S w . define a plane S.in tho m-dimension- 

3 ~ 1 j • • • jBl 

3 ^ i 

al space* The marginal distribution is given by 

, w. * «» «» 

» ^ i 


w. < W. W. < «» = / / / f(w) dv^, dw., dw^ 

X X J .^co ^CJO 

3 = 

j ^ i i — I5 


(6.13) 


Now let us consider the assumption of statistical ind^endence 
of the loads. In this particular case, the equations, given 
above can be simplified considerably. Thus Eq. 6,10 reduces 

to 


E^(w») = Ep(w^') ••• 


(6,14) 


“P'- ' P 
Eq. 6.11 reduces to 

' ECw' 2* ■*‘Aw ) “ ^ 


C^’ < i w.j* +iAw.,\) 


n (W 2 "* < ^2 < ^2* + Aw2 ) 

• • » 

n (v^' i % < %' +A> 
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_< X 

P(v/2‘ < ^2 < W2» +Aw2 ) X 

• • « 

i < V ) 

»f(w^') fCwj') ... f(Wj^')Aw^AW2 .....A.»fc (6.15) 


■ 6*15 can be written as 




, w. * 

m 

00 

S. 3 ^ 

X 1 . ») ““ 

j-l, , ,m 
Dri 

II 

dw. TT 

/ f(w.) dw. 

_OQ V V 


d-1. 

..m 


== ( 6 . 16 ) 

Now consider the manifold M obtained by the intersection 

__ _ y/ua./" 

of the liyper planes , Ihe probability w lies in the 
region R enclosed by the coordinate planes and surface M 
is given by 

P(we R <M) = Pp(w.,‘) Pp(w2») Pp(V^ 

- ^(w*) (6,17) 

ilso 

P(w4 R < D = 1 “ P(w*) (6.18) 

Now consider that the Manifold H is shifted to M +46 M 
such that w » w* A w ‘ ^ Chen 
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P(w 6 a _< M +^M) = +Aw ) (6.19) 

The probability that w lies in the region enclosed by ® and 
M +A1[ is given by 

P(w e R, i < R < 1 +Ai) * 5p(w* + Ajv ) - Pp(w*) 

'( 6 . 20 ) 

Multivariate Kormal Ustribatign ; Let be the 

random variables. Let •••» mean and 

l^d^j standard deviation, The multivariate 

distribution of P = I P-j» •••» normal and is given by: 



- ^ (P'- n)^ ^ (P 


a) 


(6^21) 


where 

I * •••» 

is the oovariance matrix itoich is positive 

definite^ The covariance matrix is given by 

T 

a B f(P - m) (P - m) j 

where E(Orepresents the expected value of the event. A typical 
element dj_^ of the matrix A ^ is given by 

- B ((% - ot) (»3 - “jO 
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Linear Addition of Ifomal Ifi-stribation ; Let v^, Le 

a set of statistically indep ei^dent random variables with. 

normal di strihutio ns having as 

i and , . . . , 9^^^ as the variance respectiv^y. The 

prohahility distribution of h. w., where b. is a constant, 

J 3 j 

2 2 

is also normal with b^ p-- as mean and b. 0. as variance. 

u J 3 u 

Let be a set of random variables such that 



( 6 * 22 ) 


Let any component be 


h “Ihj *3 
J 

The probability density function of F. 

«Xii 

"j 


(6.23) 

is ttie distri tout ion 


1 


= '>11 




+ b. 


12 


hz* 


« • • 


b. . 

i3 ' n 


and C6.24) 


ii= /b. 


2. 2 


il ®1 


^i2 ®2 


+ b. o"*0o"*+ + t. 


mV (^*25) 


where m. is the mean and d. is the standard deviation. 

X 

In the formulation, w denote the peak value of load 
reached during the life time, and it is implied that a value 
w occurs only once during the life period . However, loading 
is a continuous process and the same combination w may repeat 
several times. This general phenomenon is not considered in 
this formulation. 
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6*5.6 ^ectod OosX ^JIallure and Go st-Effentiveness 
Orlterlon : 

The e3Epected cost of failure of each, alternative 
action can he calculated as follows* Let 2(w) is the 
prohahility of the state of load w and 0^(w) is the cost 

of failure of ith alternative at state w. The expected cost 
of failure is given hy 

EiCO^) s 2 „ P(w) C.(w), i = 1, k (6,26) 

w e w ^ 

Adding to Eq_, 6,8 j the cost of ith alternative structure^ 

^Ti ^si nr i ® *•*, Ic (6,27) 

w 8 W 

Li ’’iding with 0 . 

SI 

Km. = 1 + S _P(w) K.(2), i - 1, lc(6,28) 

w 6 W 

Instead of summing the product for each w, a regionwise 
summation is proposed in the later section, 

6* 5*7 Optimal Action : 

The optimal action for the structure is that 
alternative which has the acceptable least value The 

absolute minimum of is 1,0 corresponding to a case with 

no failure of any type, T/\hich is never sought for. The cost 
of structure 0_ for such a case is ■» 
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6.5*8 Qonstraints s 

The constraints that restrict the choice of the 
alternatives are the following; 

(i) Constraints on the Three- Deformation Relations to he 

Chosen ; 

As in Chapter 5j the behaviour of the sections may 
he idealized to elastic (linear or nonlinear), elasto-plastic, 
or strain hardening. The type of idealization is reflected 
on the shape of the curve.' 

Some of the constraints on the shape due to the assumed 
idealizations are given below; 


1, Elastic 

a^(y) = = constant, i » 1, *••, n (6,^) 

2. Elasto-plastic 


= a-i 7 <y- 


yield 


i = 1, ...» n (6.30) 


^yield - ^ 


3, Fonlinearly inelastic 

0 < i “(7 - (6.'3L) 

and a (y) = a I for E*^ < 0, i = l,..,n 

In order to have the serviceability requirements for 
normal load conditions, the force-deformation relations chosen 
must contain the task curves obtained in Obiter 5 as a part 
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of them. Thus 

\ (Ti*) for y, < 

i =s 1, n ( 6 , 32 ) 

= \ (y^) for y^ > y^°, 

Q 

where is the maximum value reached by the ith deformation 

in the serviceability design. 

This condition will give a basis for choosing 
the alternative actions, or ^se, a search in a vast oc^an 
of alternative actions would have been necessary, The 
decision carried out for serviceability requirements limit 
the choice from a vast set to a few alternatives, Purther the 
constraints on shs^je offers to restrict the alternatives, 

(ii) Equilibrium Equations s As given in Ch^ter 5» the 
equilibrim equations can be written as 

H^(E, w) =s 0, i - 1, •••, p (6,53) 

There will be p independent equations connecting n forces 

and m loads, 

Eor a statically determinate system, n is equal to 
p • Hence for any given w, a force vector P can be found 
out. Thus for any w in 1 apace, there is a unique P 
in 1 spacer’ Eor a region in W space, there is a corres- 
ponding region in ¥ space,* 

In the case of statically indeterminate system, n > p, 
Por any w in W there can be many P in 5 , 
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However compatibility constraints offer a surface ^ in I 
space corre^onding to wbicb. there will be a surface mapped 
in the ^ i^oace by force-defoimation relations, The _|J*s 
chosen in the ^ace must belong to the surface ^ . 

(iii) Oomnatibilitv Constraints : The compatibility 
equations and displacement boundary conditions together can 
be r^resenied by the equations 

= 0? i = 1 , q (6.54) 

These equations define a manifold of diiaeiisior># 
less than n in the Suclidean n-spaoe It restrtots 

that the deformation vector 2 ; must l^e pn the surf ape 

If one or more sections, yield or break, the form of 
the compatibility equations changes. Gorreapon(3iligly» the 
surface defined will also change. It is required to define 
the new surfaces created by such yielding or fracture of 
sections 9 


6.5o9 Significance of failure Modes : 

The significance of the various failure modes can be 
explained for our formulation as follows: 

^a.) Uns ervice abil it y ; As described in Chapter 5» "the 

serviceability requirements on deflections and rotations, 
define a manifold J 


Q(X) = 0 


(6,35) 
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in the Y space* If the point j tliat represents the 
deformed state at anv stage of loa-ding falls outside this 
manifold, serviceability failure is assumed to occar * When 
the manifold U due to compatihility constraints is also 
present, the intersection of ^ and B define a lioundary in 
^ beyond which serviceability failure is indicated, 

(b) Structural Itamage or failure ; The various failure 
modes of structure are presented in Section 4*3* 2he signi- 
ficance of these modes in the present formulation of the 
problem in the three ^aces can be explained as follows* 

The brittle fracture of a cross section at any force 
level indicates the termination of the force-deformation 
relations at that force level. With this the corre^onding 
forces and deformations cease to exist. 

If a cross section yields with respect to any force- 
deformation relation, the mapping of the deformation in the 
Y space corresponding to force is not unique# Ihe 

same P . may be mopped on to more than one yv !Ehe 

yx 6l u. 

fracture or yielding can t ' conveniently be represented by 
hyper planes in the force ^ace. Consider that the ith force- 
deformation relation indicates yielding or fracture of the 
section when the force roaches a value . In other words, 
it is the maximum edacity of the section with respect to 
that force-deformation relation. It shows that l^er plane, 
keeping defined in the force-^ace which 
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divides the space into two regions. The plane is normal to 
the axis. No force J lying on the side of the plane 

not containing origin (called outside) can occur on the 
structure. In statically determinate system if P is outside 
the h 3 ?per plane, failure is certain. This conc^t is made use 
of in Section 6.6.2 to define region of collapse in statically , 
determinate system. 

In statically indeteminate system, as soon as the 
force vector reaches the hyper plane, the force-deformation 
relation = Jj^Cy) ceases to exist when the section fractures. 
It denotes a reduction in the dimension of "both force and 
deformation ^aces by one and the problem is to be redefined 
in the lower dimension space. When the section yields, the 
force vector starts moving along the hyper plane in which 
case the surface is a barrier to the force-.vector P. 

In the deformation ^ace also corresponding changes 
occur. As in the force space, a fracture causes a reduction 
in the dimension of deformation space^ In the case of 
yielding the component y^j^ become undefined. The deformation 
vector moves parallel to the y^ axis. In statically 
determinate system, as the deformation becomes uncontrolled, 
the motion of y; denotes the collapse of the structure. 
Statically indeterminate structures re^ond to the yielding 
or fracture of a member in a different way. As in force space, 

whenever a section fails by brittle fracture, a reduction 
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in dimension of deformation space occurs* In the lower 
dimension ^ace the deformations may te constrained hy a new 
manifold G due to the compatihility condition. With 
yielding, there is no reduction in the dimension of apace. 

But, the deformation vector cftbises to move along 2* Instead 
a new manifold G of lower dimension is formulated and the 
force-vector is constrained to move along the surface 0 • 

Since the vector is still controlled on the surface, failure 
may not occur at this stage,' 

Now the collapse of statically indeterminate systems 
can he explained as follows. If the structures , fail by 
successive brittle fracture of members, the problom is to be 
redefined in lower dimension at every time a failure occurs. 

This reduction in dimension continues until the dimension 
becomes n-r when the structure is equivalent to a statically 
determinate S 3 rstem. Any further reduction indicates that failure 
is certain. Corresponding to the reduction in dimension, 
a reduction in the manifold G also occurs* 

In the case of yi^ding, the reduction in the 
dimension of manifold continues as the membera yl 61 d one by 
one until the dimension becomes zero, Hirther yielding of 
any section causes collapse. 

If the reduction in dimension of either the space or 
the manifold is not one after another and occurs simultaneously, 
failure is sudden without any wamaing. Also in certain in- 
determinate systems, failure of one or two members may result 
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in oompleie collapse*' li dGnoies ■thai "tlie yieldGd componen't 
cannot “ba controlled "by forcing the vector on io the 
manifold 0 of reducod dimonsion# Oonsoquenl/ly' "tiio voctor 
jumps out of the manifold ^ causing uncontrolled motion of 
resulting in a failure. i 

The above concepts may he made use of in formulating 
a cost-effectiveness model for statically indeteminate 
systems. 

The degree of warning or the duration of period between 
first yielding and complete collapse depends not or^y on the 
structural behaviour, but also on the duration and manner of 
loading. This latter aspect of the problem is not considered 
in this formulation. A structure is said to fail with warning 
if the members fail gradually one after another with visual 
signs of yiel ding ^cracking etc. / 

6.6 DESIGN OF STATICiiLlY DETERMINATE STRUOTUEBS 

Eor purpose of design, the problem can be divided into 
two types; 

(i) Problems in which no compatihility constraint is 
present (Problems related to statically determinate structures). 

(ii) Problems in which compatibility constraints are present 
(probLems related to statically indeterminate structijres).' 

In this section ^the solution of the first type of 
problem is dealt with. An iterative solution, herein called 
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Eplic.y iteration p rocedure , is formulated and j^plied to a 
two bar truss, Tbe fonmilation is general and ^plicable to 
any statically determinate systoii with, discrete variables, 

A seb of force— defo Donation r^ations belonging to tbe sslected 
cross sections form a policy of the system. The policy is optimal 
if the cost**»effectiveness criterion for that policy is accept- 
able optimum, 

6.6,1 Iteration Process ; 

The iteration process consists of the following 
steps. Consider that a set of force-deformation relations are 
initially chosen,. ■ relation* • must contain as apart of it, 

the force-deformation relations obtained by the serviceability 
design, 

(a) Policy Evaluation Operation s For any set of IbDix}©-* 
deformation relations, whether assumed initially or obtained 
sifter a policy improvement routine (as given below),’ the cost- 
effectiveness factor Ej evaluated. It gives the merit 

of the policy, 

(b) Pollc.y Ctomp arisen Operation ; The policies evaluated 
in two successive trials are con^jarod. The one with minimum 
value is retained, and fed into the policy impDK)vement 
routine for further improvement, 

(c) j pniiny Jinprovement Boutine t The policy is improved 
in this routine by suitably changing the sh^e of force- 
deformation relations ( This operation is done by adjusting 

a 

a(y) and z )• 
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The operations are schematically sboTOi in Pig. 6,2. 

The three operations are cyclically carried out, until an 
acceptab le mlnnmim train p nf xs obtained, 

6*6,2 Policy Evaluation Operation ; 

It is the most complex operation that is to be carried 
out. It consists of the assessment of failure modes, if the 
particular set of force-deformation relations are chosen for 
design, the assessment of the cost of failure associated with 
each mode of failure, the identification of the regions in 
the load, force or deformation ^ace which r^resent the 
yarious failure modes and the probability of load occurring 
in these regions. It consists of the following computations 
and operations, 

(i) Post Eyaluation s Ibr the policy or strategy under 
consideration, the spproximate initial cost 0_ is found out, 

M 

As in the example described in Section 6,4, the coat may he 
assumed proportional to the maximum forces in the members or so. 

(ii) Listing the failure modes ; The failure modes are listeC 
for the policy under consideration, Por a statically determi- 
nate structure, three regions or states of the structure may 
be identified, 

(a) Serviceable State ; It is the region denoted by the 
constraint 6,, 54,, 

(b) Unserviceable states If the constraint Eq_, 6,34 is 



violated, the structure is said to be in unserviceable state* 

Oollapse Region; It is the collection of that states 
of loads w for which at least one member will fail. A 
manifold in force ^ace that s^arates the region of coll^se 
from the region of survival (serviceable and unserviceable 
states) is derived in this section. 

Ihe three regions are mutually exclusive* Any sin^e 
load vector w cannot cause more than one state. Ihis mutual 
exclusiveness is true for only static and quasistatic loads* 

In the case of impact, r^eated or dynamic loads the three 
states may overlap. This case is not considered in this study* 

(iii) Evaluation of the Cost of Pailnrp- i ihe costs of 
failure may be evaluated by methods described in Chapter 4-* 

Let the costs be as follows: 

1. Serviceability = 0 

2. Unserviceability = C^^ 

3. Collapse without 0^ = C^ 
warning 

C „ and C^ are described in Sections 4«3 and 4*4 
sc c 

(iv) Evaluation of Probability of States : The probability 

of the three states of nature are evaluated* Let Pg, p^ 

be the probabilities of serviceable, unserviceable and coll^se 
states* To find the probabilities, the regions in the load 
space that cause each state of the structure may be identified. 
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Then P^, Pg and are the probahilities of load w 
occurring in regions that cause serviceability, unserviceability 
and collj^se respectively, 

(a) Probability of Serviceable State of Structure; 

The state of serviceability is assumed to be assured by the 
design. By game theory approach to design described in 
Chapter 7> it is possible to design a structure that is 
serviceable for any combination of load w so long as the 
load lies within the normal load condition defined by W 
as given in Bq, 5.6. Let 1 be the manifold defined by the 
upper limits to normal load condition 

1^’'= n I = W3_, 

“ 1 

p^ is the probability that w is in the region’ that contains 

— W 

the origin separated by Mg • Prom Bq, 6,17, 

P3_ = P(we R = Pp(¥) ‘ (6,57) 

(b) Probability p^ of Collspse State; The collapse 

•m 

state may be identified by defining a manifold ^ in force- 
space as follows. 

Consider the set of force-deformation relations 
= P(y) that is taken fbr evaluation of the cost-effectivenesa 


< «> 

3~1» •,*, m I (6,56) 
3 7^ i ^ 
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Probability density function of is the linear additive 

distribution of w obtained using Eq_, 6. 36* Since noimal 
distributions are assumed for load w, the distribution of J| 
will also be normal. The method of addition of distributions 
is given in Section 6.5.5. 


Since normal distribution is assumed for the random 
load vector w, the forces Pj^(i == 1, ...,n) calculated from 
them are also normally distributed. Bbwever, the components 
of the force vector P are not statistically independent and 
a componentwise integration as that for load w is not possible. 
Therefore the multivariate distribution of P is to be found 
out’ll let fCPn, be the multivariate density function 

of P. Since the components 5^(1 - l,...,n) are normally 
distributed the function f(P) is also normally distributed 
(146), The multivariate distribution of n variables P is 
given by Eq.. 6,21, The marginal distribution is 


h i h • ^3 ^ ” 

3=1 » • • » ^ 


P* W 00 

= / ^ /I./ f(i;) 

»«O0 ..CO 


dP. 




P f 1 e R < B n (s'i ^ \ < “* \ 

^ J i=l\ 3*1»'»**»^/ 

3^1 ^ 


(6.42) 

(6.43) 


pj == pjl ^ R < = 1 - pjl e R < igj (6.44) 

The evaluation of the probability p^ can be done, in general, 
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by means of numerical integration. 


(c) Probability of TJnserviceability; 


Pg = 1 - (p^ + Pj) 


(6.45) 


(v) Evaluation of Oost-Effectiveness; The cost-effectiveness 


factor Kj ia given by 

CL 0 

Kj =» 1 + Pi ^ + Pg ^ 

s s 


2 4 . „ 

■s- + Pj ^ 


s 


(6*46) 


= 1 + p^ iC|_ + Pg Kg + p^ Kj 


6,6*5 Policy Improvement Boutine t 

After con5>arison of tvio successive policies, the one 
with less* value of K^ is improved further by changing the 
shspe of force-defoimation relations. A systematic procedure 
would help to have quicker convergence. It is easier to 
consider a case in vrfiich the factor Kg, is maximum and then 
to improve successively the curves so that the factor' Kg, gets 
reduced. In statically determinate systems, it is immaterial 
whether the sectio’-' yields or fractures. Eurther the deforma- 
tions beyond normal load state are not of importance* The 
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force level in each relation is the in^ortant consideration 

for collapse. However, for consistency and to maintain the 

• ^ that 

similo^riby witih. *tli6 foircs-^dBfoxma'tioii rGla'tions Bisist in 

practice, the constraints given by Eqa. 6 , 29 -6 , 5L must be 

taicen into consideration. Further in the policy improvement 

the portion of curves obtained for the normal load 

conditions should not in any case be changed, as it would 

violate the serviceability requirement. 

6.6*4 Examnle of Tvr) Bar Iruss ; 

The two bar truss designed in Chapter 5 for service- 
ability is further designed in this section for cost -effective- 
ness by the policy iteration procedure discussed in the 
previous sections. In order to illustrate the in^iortanee of 
cost-effectiveness model in fixing the safety level, two 
separate cases are studied, In one case the cost of collapse 
is considered as the cost of structure only. In tEe second 
case a higher cost of collapse (Ra, 5,000/— in addition to the 
cost of structure) is taicen. 

The truss is as shown in Fig. 5*lL.a. It‘ is subjected 
to two loads and Wg as shown in the figure*, Ihe 
following data are given; 

(i) The truss is designed for serviceability requirements 
when the load is less than or equal to 5 tons and 4 'tons 

0 < w^ ^ 5 ^ 

0 < Wg < 4 I 
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Ihe force-deformation relations for the two members under 
this condition are obtained as in Hg. 5,ll„g and h. 

(ii) The loads and Wg are random. The probability 

density functions are given as follow; 

Por w^, the distribution is 1 T( 4 , OtTO') 

Tbr ^ 2 ) the distribution is 1T(3, 0.75) 

The limit values 5 tons and 4- tons corre^ond to 90-4 ?/o 
probability, 

(iii) Cost of unserviceability 

C =5 loss in the irput cost + loss in the benefit 
sc 

= 0 -f !Ets. 500 

= Rs. 500/- 

(iv) The cost of colle^se 

Two cases are considered 

Case 1 ;- 0^ = + ^ 2 ^^^ where and are the forces in 

the members. 

Case 2 ; 0^ = ^ Rs.5000 

Let and Rg forces. Rrom equilibrium equations 

= 0.7Q7 + 0.707 Wg 

Rg - 0*707 - 0.707 Wg 
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Oalculation of Probabilities i 

^ < 5 - 1 , Wg i «»)n (w^ S Wg < 4 I)}= Pp( 5 ) :PpC 4 ) 

= 0.81 

The probalDility distributions of and Fg “a-T obtained 
from that of and Wg as follows; 

Let N(m^, d^) and lif(m 2 » d 2 ) be the distributions of 
the and F 2 respectively. 

0.707 (4 + 3 ) = 4.949 

mg = 0.707 (4 - 3 ) = 0.707 

= dg = J\ X 0.78^ + I X 0.78^ « 0.78 


Ihe distributions of is N(4.949» 0.78) and that 

/ 

of Eg is KCO.707, 0.78). 

The bivariate distribution function can be given as follows 


(145); 

f(E^, Eg) 


2k d^ dg ■yi^' 


2 2(l-/»^) [ <ij_ 




(E-,-m. )(Ep-iiip) (^ 2 ^ 2 ^' 


where is the correlation coefficient between E^ and 'Eg 
given by 


3 P 




12 


^1 ^2 



■Byaluation of 


: 0 ^^ = - E(F3_) ECE2) 



Knowing p , the values related to the hi variate distribution 
oan he obtained from tables given in Ref, I46, In the problem 
under consideration y^ss 0 since and Eg 

statistically independent. The probabilities are taJcen from 
the tables of roraial distribution, Eig. 6,5 illustrates the 
planes s^arately the various regions of serviceability, 
course etc. 

p, is calculated for various trials and is entered 

•^5 J 

in Table 6,2, A sample calculation is shown below, 

= 0.0059059, P^L =* 0,800041, P2 = - 0.194055L 

Kj - Pg X Kg ♦ P5 X Kj = 2,11728 for Case 1, 

Erom Table 6.2, it is seen that a section with higher strength 
(8.0) than in Case 1 has to be resorted to in Case 2 in order 
to get the same difference of Kjj between two successive trials. 
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6.7 POSSIBLE EXTENSION TO THE DESIGN OF SIATIOiDIT 

INDETEEJMINATE STilUCTTJRES 

Certain steps regarding the possible extension of the 
procedure given in Section 6.6 to statically indeterminate 
structures are considertid in this section. No detailed 
analysis is carried out. The pirocedure of design in this 
case is more involved due to the presence of conrpatibility 
constraints. A simultaneous consideration of all the three 
spaces, (load space, force space and deformation ^ace) is 
necessary. Further, the identification of regions of failure 
are more difficult than in a statically determinate system. 

6.7.1 Iteration Process ; 

The iteration process is similar to that for 
statically determinate structures described in Section 6%6»1. 
However, the policy evaluation operation is more ooii®lioatea 
and greater care is needed in the policy Improvement routine. 

6*7,2 Policy Evaluati on Qperationi 

In this section, only those a^ects that deserve 
special considerations are discussed vhile other operations 
remain same as that for statically determinate structures,' 

(i) T?ailure Modes. Posts o f Failure and Probabilities t The 
failure modes and the associated probabilities and costs of 
failure axe given below. Tto separate cases are to be 
considered; 
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(a) a gradual collapse with, warning 
(h) a sudden collapse without warning. 


Case 1 ; 

Collapse T/ith Warnings 



No. 

State of Structure 

Cost of 
Pailure 

Probability 
of failure 

1 . 

Serviceable 

0^ = 0 

Pi 

2 . 

Un s er vi c eabl e 

O2 = “so 

P 2 

3 - 

Daimage of ith type 

o/= g/ 

i 

P3 

4 . 

Collapse 

“4= “w 

P4 

Case 2 : 

Collapse Without Warning; 



1 .. 

Serviceable 

0, = 0 

Pi 

2, 

Unserviceable 

“2 = “so 

P2 . 

3 . 

Collapse 

“3= “0 

1^3 

(ii) 

T3V«liiptton of Probabilities; The evaluation of 


probabilities is too rambersone, though not iipossihle. A 
systematic procedure may be developed using the concepts of 
the three spaces, the manifolds and the reduction of dimension 
of spaces and manifolds. The possibilities of such an ^iproaoh 
are worth studying. However, it is not attempted in this 
investigation to study the problem in detail. 

6 . 7,3 Policy Tmorovenient Ro utine; 

The process of iraproveoient of the policy is 



similar to that for statically determinate systems. However, 
two important a^ects must iDe taken note of. Piratly, the 
number of alternatives to be searched in this case is 
enormous and unless a well developed procedure is adopted to 
improve the policy, there are chances of missing some optimal 
policies. Secondly, the deformations outside the serviceable 
state are also important due to redundancy and by proper cbcoce 
of the stiffnesses a better economy may be obtained, 

6.8 DISCUSSION 

The directi .11 design method for cost-effectivenss, 
proposed in this chapter, has certain special features as 
discussed below, 

(i) The method is essentially a decision approach in 
which the structure is assumed to decide its courss of action 
(represented by force-deformation relations) under risk, Ide 
risk is due to the random nature of loading on the stnldt^re 
which is in excess of the ‘normal design* load, 

(ii) The design trades off the cost of structure to 
the expected cost of failure under abnormal loads which is a 
measure of the structural effectiveness as shown in Chapter 4» 
Instead of arbitrarily specifying a safety level, the required 
safety of the system is assessed considering the associated 
consequences of failure and the cost of the stxucturei However, 
the safety and serviceability under normal load conditions are 
not subjected to any trade off and the trade off xs effected 
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only for abnormal loads. 

(ill) Inelastic reserve strength, is partly made use of to 
resist the abnormal loads e^ecially when warning is required 
before failure, 

(iv) The example of the three bar system shows that 
ductility in terms of the deformation capacity of a section 
is also obtained as an ouput., by this method. Thus safety, 
serviceability, ductility and economy are incoiporated in the 
cost-effectiveness criterion of design. 

(v) Example of three bar truss shows the superiority 
of a cost-effectiveness criterion over minimum weight design. 

A Mitchell structure, vdiich is the ideal minimum weight 
design for a scheme of loading as given is a single bar system. 
The cost-effectiveness criterion shows that a three bar 
system is best suited as it can give enough warning before 
failure. To illustrate this phenomenon, a very high cost 

of failure is talcen in this problem. It points to the fact 
that in o.Tvll engi n eering structures Tidiere wei^t is rot ^ a a , 
imoortant -Fnp-tn-r. cost and cost- effectiveness must be ,t^ 
de-^lgn criterion . However, inaccurate the estimation of the 
cost may be, the design may give a better attention to the 
requirements of design. If weight is also an i^ortant factor, 
a trade off between cost-effectiveness and weight may be 
resorted to; ^ Such a procedure wuld lead to Pugsley*s concept 
of a wPii -balanced structure discussed in Chapter 1. 
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(vi) Tlie probability of states considered liero is different 
from tbo concept of probability of failure. In this case the 
strength, and behaviour of the structure is considered deter- 
ministic and the load probabilistic. If structural behaviour is 
also considered random, the problem may not be as simple as 
the way considered in the procedure discussed here due to the 
nonlinearity of response, The nonlinear structural behaviour 
is shown in Chapter 10 as stochastic process* The randomness 
in the structural behaviour is considered in the subsequent 
decision of the choice of structural members described in 
Chapter 10* In the proposed method, a numerical value of 

the probability of failure is not sought for* 

(vii) No allotment of probabilities of failure to various 
members is needed* 

(viii) The distribution of force vector I is obtained 
as the resultant distributions of loads jg evaluated through 
equilibrium equations. Any error in the estimation of the 
density functions of load w may partly be compensated by 
the addition of distributions (59). However, the error in. 
the estimation of the density function is considered as an 
uncertainty problem and is coii:5)enBated for through a statisti- 
cal game formulation in Chapter 9* 

(ix) The performance of a design for serviceability under 
normal load conditions helps the cost ••effectiveness design 
in several ways. It allows to separate the state of normal 
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load condition for vdiich. no trade off is permitted, as they 
are considered at * abnormal* levels of load* Ih.e evaluation of 
the probability of serviceable state becomes easy as seen 
from Eq^* 6*37« lUrther, the initial portion of curves obtained 
gives a basis to start the search for an optimal set of force-* 
deformation relations,' 

(x) The conc^ts of three spaces (force, load and deformation) 
manifolds (r^resenting con^atibility conditions), reduction 

of dimension of space and manifold etc. give an insight isafeo 
the process of failure. Also it offers some basis by vhich 
the regions can be divided for various states, the different 
types of failure can be interpreted and the probabilities cs^ 
be evaluated. 

(xi) The example of three bar system illustrates further 
that a design of statically indeterminate system becomes unique 
under a cost-effectiveness criterion. It: further shows that a 
design for safety of statically indeterminate system under 
single load condition is not always unique and for unique 
solution additional conditions like minimum weight or cost- 
effectiveness are to be iaposed, 

(xii) The exanple of two bar truss illustrates how the 
behavioural requirement of structures changes with the change 
in the oonsequencos of failure, ibr a higher cost of failure, 
a set of force deformation relations showing greater c^^city 


is needed. 
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6.9 SUMMMI 

This ch^ter presents a direct method of design 
for cost-effectiveness under risk. The complete range of 
force-deformation relations can he obtained by this method 
following a policy iteration procedure.' 

This method foms a basis for direct design when 
the probability density functions are exactly known* lUrther 
it forms a basis for the extension to take the uncertainty in 
the probability density functions into account. 

The next chapter presents the outline of the 
direct inelastic design under uncertainty. 



qil;pter sevm 


QPIIMDM IljfEDii.S!riO DESIGIT UlOJiBR OTGMIAIMIY 

7.1 INTBDHJCTION 

The methods of design developed in Chapters 5 and 6 
are intended to provide a "basis for design for serviceability 
under normal load conditions, and for safety and economy 
(in the form of cost-effectiveness) under abnoimal load 
conditions. In both the cases, no uncertainty in the information 
of design data was considered. In the present chapter and the 
following three chapters design is considered as_ a design 
under uncertainty, and the outline of a methodology for optamum 
proportioning for structures of inelastic materials is presented. 
The concepts and methods developed in the previous chapters 
offer the basic framework of design. 

The complete outline of a method of design is presented 
in this chapter, and the details are worked out in the subse- 
quent three chapters* In this decision process, the structure 
is assigned the status of a decision maker, operating under 
the conditions of uncertainty. Structural action is assumed to 
be a game played by the structure against nature, and a 
competitive situation is created. The uncertainties of various 
origin are taken up in stages. In the proposed game, structure 
is assumed to select its own strategies namely the cross 
sectional properties, so that serviceability is achieved 
under normal conditions of loading, and optimum cost-effective- 



ness under abnormal loading conditions, which, trades off the 
cost of structure ,and the safety level required. 


7*2 STATBVIENT OP THE DESIGH PBOELEM 

The designer is provided with the configuration of a 
structural system, including the arrangement of members, and 
types of connections. It is required to choose the material, 
and geometry of the member cross sections. The following 
assumptions are made in the proposed design methodology: 

(i) The limit values of loads TAiiich s^arates the normal 
and abnormal load conditions are knowni The structure is 

to be serviceahLe within these limit values* 

(ii) When the loads are within the limit values, the 
scheme of loading is assumed to be uncertain. These are the 
strategic uncertainties discussed in Chapter 4 (sequence, 
timing, direction and position of loads). 

(iii) Loads are assumed to be of random magnitudes, the 
abnormal values of wliLch are acting in random combinations. 
The probability density functions of these random phenomena 
are in general not exactly known. However, it is presumed 
that the bounds within which the density functions lie axe 
known. Within these bounds the occurrence of all functions 
are equally likely, 

(iv) The structural behaviour of the cross sectiors 
represented by the force-deformation relations is also random 
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due to the randomness of .the material behaviour and oxobb 
sectional dimensions# 

(v) A good deal of non-measurable uncertainty exists due 
to imperfect knowledge, design idealizations and assumptions 
and inaccuracies in the coii5)utationj and due to constructional 
and operational errors# 

(vi) Ihe material of the structure may he nonlinearly 
inelastic with or without creep effects* 

(vii) It is assumed that environmental conditions other 
than loads remain unchanged, and do not affect the structural 
performance, 

(viii) Ihe loads are of the quasistatic type, and no fatigue 
and dynamic effect aaffl consi'S.ered# 

(ix) Deformations are small, 

(x) Connections are assumed to he so strong that no 
failure occurs due to the failure of connections#’ 

The design requirements are the following* 

(i) The structure is to he serviceahLe within the 
normal load conditions# No damage of any type is allowed^ 
and no compromise on serviceability requirements are permitted 
within the normal load conditions# 

(ii) Once the limit value>>, that hounds the normal load 
conditions are exceeded, the emphasis is more on safety and 
overall economy than on serviceahility. Safety and economy 
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are linked togetlier by a cost-effectiveness criterion as 
developed in Ohsgpter 4, 1 

(iii) Pailure of the sjferucture is not to be defined in 
t<|ms of a single node like *weake 3 t link^ or ‘fail safe*, 
illl types of possible failure modes with the loss associated 
with each failure, are to be considered# 

'"/hen all the three requirements given above are 
satisfied, the rosultiijg design is considered optimal with 
regard to snfety, serviceability, ductility and economy. 

7.3 A STAGE BY STAGE EECISIOE PROCESS 

The problem as stated above is too coEiplex to- bfi 
dealt with in a single stage of decision. Hence a stage by 
stage decision process is proposed in which the uncertalntios 
of different origin are dealt with in stages* 

7 ^ 5,1 Present and PronosQd Method? "*’3. Gompa rison; 

This process differs from the current practice of 
dealing with uncertainty. At present, uncertainties are 
accounted by any one of the following ways* 

(i) By means of factor of safety or load factor in 
the deterministic ^proach to design. 

(ii) By means of partial safety factors in the CEB 
approach (26). 

(iii) By judgemental probabilities in the eicbended 
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reliability £^p roach ( 27 ). 

(iv) ?y probabilistically evaluated safety factors (3^). 

Turkstra (22), in 1962, treated for the first time 
structural design as a decision under uncertainty, and a 

J 4 

Bdyesian approach was proposed* Similar studies were made 
Benjamin (23), and Sexmith (2$). In this work, structural 
design is considered as a decision under uncertainty. ITnlike 
tb.® decision ®proaches of Turkstra, Benjamin and Sexsmith, 
the structure itself is simulated to be a decision maker 
participating in a game, She structure reacts to the loads 
acting on it, the magnitudes and the loading process of #iich 
are uncertain, further, the behaviour of the structure itself 
is Thioertain, 

7.3.2 Proposed Itlrect Ifesign Method ; 

As in Chapters 5 and 6, the force-deformation relations 
of the cross sections are taken as the central decision para- 
meters, based on vrfiich the stage by stage operations are 
carried out as follows; 

St^e 1 ; Design for serviceability under strategic unesrtetinty 
of loading ; Design for serviceability is carried 
out in this stage. Consider that the force-deformation relations 
are deterministic, and the loads are within the limit values. 

The uncertainties are of the strategic type discussed in 
Chapter 4.* Structure decides its optimal set of force- 
deformation relations under the uncertain behaviour of loading 
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such, ■fchp.t sorvicvSahili’by roquir 0210111:3 are satisfied* This is 
the first step shovm in tho f3^ow diagram in Fig, 7,1, The 
portion of forco-dofonration relation constmeted in Sta^o 1 
is shown in Fig. 7,2. 

Stage 2 ; Design for cost^teffectivenoss under stati.citlfia.l 

unc eirb aint y t Design for optimum cost-effectiveness 
is carried out in this stage. As in Stage 1, fore e-defomnat ion 
relations arc assumed to be deteministic, but the loading is 
assumed to be probehilistic, The uncertainties ore of the 
statistical type pertaining to the loads. In this stage, 
structure completes the force-deformation relations already 
obtained in Stage 1, extending them for the abnormal load 
conditions, The choice corresponds to the minimum cost-effecti- 
veness of the system given by: 

Kg, ~ 1 + 2 p ^ Kg^ C ) 

where is the cost of the ith mode of failure eapressed as 

a fraction of the initial cost of the structure. This stage 
is schematically shown in tho second bloclc in Fig, 7 * 1 * The 
curves obtained as tho output oxe called the taslc curves and are 
shown in Fig, 7,2, 

Stage 3 : Design for non-measurable unceirbainties and shifting 
of task curves ; Three marginal factors , r^ 
and r^ are decided by a decision pix)cess based on preferences 
or otherwise. The factors are assumed to represent the non- 
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neasurable uncGrtaiubiGs tlialJ may arise in the design p 3 co cess* 

The task curves are sliiftod to conservative positions using the 
marginal factors as shown in Pig. 7.5. The third hlcok in 
Pig. 7.1, and the thick curve in Pig, 7.2 indicates the operations 
and the results involved in this stage, 

Sta£e_4; Selection of lae-terial and cross section for cost- 

effectiveness ; The material and geometry of the cross 
sections are decided at this stage. The material behaviour is 
assumed to be a stationary Markov process with unknown probabi- 
lities, as suggested in Gh.:^tor 4. Ibe other requirements are; 

(i) The cost effectiveness criterion 

Ot = (1 +^2 p^K^) (7.2) 

•X« 

is a minimum with respect to 0„, keeping p. constant at 

o X 

the values obtained in Stage 2, 

(ii) The force-deformation relations of sections corres- 
ponding to the minimum 0^ must coincide with the shifted task 
curves obtained in Stage 3. Ibis stage is shown in. fourth 
block of Pig. 7.1. 

The method is colled a direct design method as the 
decisions are direct, directly loa'dini: to the final choice 
of sections, 

A design is complete only when all the four stages 
given above are complete. The design method in each stage is 



7.4 STRUGTURi'il, AOTIOIT 


IJifi decisions in stages one and tw), are "based on the 
assiiE^tion of a structural action game, jiccording to this 
assumption, 3t2?uctural action is pU j inQlated as a game plays d 
by structure against nature . Shis game differs from the 
structural design game of Itirkstra (22), in which design is 
assumed to be a gone played by designer against nature* It 
is a ‘pessimistic' approach and the safety levels are fixed 
considering the above. 


7 * 4*1 Description of the (rame : 

The game assumed here js a two player game . Player 1 
is the nature , which causes various loads,, externally applied 
displacements and other environmental effects to act on the 
structure. Player 2 is the structure, viiich reacts to the 
aggressive moves of plasrer 1, by deforming and being stressed* 
The game is assumed to be zero-sum, that is, the loss of one 
player is the gain of the other. The payoff that measures th .0 
loss or gain will be different in Stage 1 and Stage 2, which 
will be discussed later. The strategy of the structuro is the 
selection of the cross soctions in terms of the force-defor- 
mation relations thoy possess. The strategies of nature are the 
uncertainties in the loading process; statistical or strategic. 
Though nature is ccpable of acting in an unlimited way, it is 
assumed that bounds within which the nature acts are known 





through escperimental study. It is further assumed that both 
structure and nature act rationally to better their gains 
within the bounds specified. In the case of structure such an 
assumption is valid as no uncertainty or randomness is 
considered. Because of the assumption, a situation in which 
two parties react with conflicting interest, is created; a 
situation which can be studied by Yon Neumann* s theory of games 
(85), Since the loading is a continuous process, the game 
considered is a multi-stage game extending over the entire 
service life of the system, Ihe sequence of moves made by both 
parties, during the life of the structure is colled a plav 
of the gome, Ihe period, during vdiich the play takes place, is 
called, the period of the play. At each instant of the play, ihe 
two parties, have to choose Pheir action out of the various 
alternatives available to them, The complete set of moves that 
each player chooses in the course of a play is called the 
strategy of the player. In a gome, the players can plan their 
strategies in advance. The forces and stiffnesses in each of 
the force-deformation relations together constitute the strategy 
of the structure. Structural design is the selection of these 
strategies to better its own benefit when an equally interested 
antagonist is trying to minimize the benefit. This would, 
as seen later, lead to a conservative design within the bounds 
in which the nature's action is uncertain. 

luring service life, only a single play takes place. 

But in the design of structures there are two requirements to 
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be met vd-th* They are 

(i) The serviceability is to be guaranteed for the 
normal load conditions. 

(ii) Optimum cost-effectiveness is to be achieved* 

The real sin^e play of the gome is, therefore, replaced 
by two imaginary plays which are to be played one after another 
with tTO different payoffs. The plays are designated as 
'normal play', and * survival play* respectively. 

7*4.2 Normal Play : 

This play constitutes the decision process in Stage 1 
given in Section 7.5. Ilie purpose of the play is to guarantee 
the serviceability requirements. The magnitudes of the loads 
acting on the structure do not exceed the limit values. This 
load condition is colled the normal load condition as defined 
in Chapter 4. These limits ore deterministic quantities 
generally specified by codes, or may be the characteristic 
values of loads defined by CEB, which are the loads with a 
specified probability of exce^ence. In this play, the strategic 
variations of loads constitute the strategy of nature, ilny 
variation in the course of loading is assumed to be equally 
likely, as no compromise on the safety and serviceability is 
allowed daring normal load conditions. The optimal solution of 
the game gives the force-deformation relations (task curves) 
for the normal load conditions. The formulation of the game 
made as a differential game problm is given in Chapter 8. 





7.4*3 Survival Plav i 

This is to he playod on completion of the noimal play, 
and it constitutes the decision model for Stage 2. The puipose 
of this play is to assure safety with least e 25 )ected cost of 
failure, when loads of abnomal magnitudes act. The force- 
deforma.tion relations obtained in the noimal play are suitatxLy 
extended to meet this requirement. The emphasis is on the 
economy of the system and its failure. Loads are considesred to 
be random with unknown probabilities. The unknown probability 
density functions are assumed to be between two bounds obtained 
through experiments^ YTithin the bounds, the occurrence of any 
function is assumed to be equally likely* The functions that 
lie between the bounds form the strategy of nature. The’ pla,y 
is called survival clay as the payoff is the penalty for the 
survival of the structure. The payoff is the cost-*efffictiveness 
factor given by Eq. 7.1. The detailed formulation is presented 
in Chapter 9. 

7^5 EVALTJ..TION OE MiJlGINlL UHOEttTAllTTy EAOTORS 

The decision in Stage 3 consists of the evaluation 
of the marginal uncertainty factors that takes into account 
the non-measurable uncertainties, 

7*5.1 Hon Measurable Uncertainties ; 

Gome theory is a, versatile tool to arrive at pessi- 
mistic decisions when uncertainty , exists. But theory of games, 



or in general, nil mathematical models for decision making, 
presumes that oil the possibilities or alternatives are knovna 
to the decision makers (players) before hand. Hence a gome 
formulation of the problem allows for the uncertainty only 
within this assuc^tion. jiny uncertainty, due to the omission 
of a load, or an error in the estimation of its position 
cannot be taken care of In a gome, The non-measurable uncertain- 
ties that may arise in a structural design process can be listed 
as follows; 

1. Uncertainty due to the omission of one or more design 
data like loads. 

2. Uncertainty duo to insufficient scientific knowledge 
or technological skill, 

3. Uncertainties of design origin arising from idealiza- 
tions, assumptions, inaccurate modelling etc* 

4. Uncertainties of computational origin, computational 
inaccuracies • 

5. Uncertainties of constructional origin, faulty workman- 
ship . 

6. Little skilled infection and lack of r^airs. 

7. Uncertainties in the estimation of needs of design; 
asaessBient of the serviceability needs, cost of 
construction, cost of failure of different modes, and 
the assessment of the cost-effectiveness model. 
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These uncertainties are mostly of the non-random 
non-measurable type, ByaaeutBLing that the effect of these uncer- 
tainties are to cause ,a wrong assessment of the task curves 
( force- defo mat ion relations required), and the real force- 
defomation relations of the cross sections, the non-Eaeasurahle 
uncertainties con be compensated by shifting the task curves 
to the conservative side by introducing marginal uncertainty 
factors as given belov^, 

7f5*2 Marginal Uncertg.inty Eactors : 

The effects of the uncertainties given above on the 
curves may be any on© or more of the following, 

(i) The estimated strength, and aotuol strength may be 
different « 

(ii) The estimated stiffness, and actual^ stiffness may 
be different, 

(iii) Buctility may be different from that is actually 
needed. 

Hence strength, stiffness and ductility are corrected 
to the conservative side by three factors r^, r^ and r^^ 
respectively. The method of correction is shown in Pig. 7.5*. 
The same factors are assumed to compensate the errors in both 
the curves-task curve and the force-deformation relation of 
the cross section. The following points may be noted in 


assessing the factors. 
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(i) The marginol factors that are needed for the tittcesrfcain- 
ties discussed are much smallGr than the conventional factor 

of safety, or the partial safety factors of OEB, hecause 
many of the severe uncertainties are accommodated within the 
decision Stages 1, 2 and 4. 

(ii) Jqints and connections very often are the weakest 
points of the structure especially of steel and prefabricated 
concrete structures. The strength of a connection is not 
improved by the introduction of the marginal factors as 
discussed above, and any uncertainty in the behaviour of 
connections is not compensated for, and must be dealt with 
separately. 

(iii) 1 greater margin may be provided for those cross 
sections, the failure of which have a pronoui^.ed effect on 
the overall safety of the system. Thus a bottom column in 
a multistoreyed building may require a greater margin than 
a beam in the top floor. 

The marginal uncertainty factors can be defined as 

follows; 

(a) Marginal factor r^ for strength 

Let IV and IV, bo the maximum forces in the new shifted 
L B. 

task curve and the task curve re^ectivdy for any defomation. 
Then the marginal factor is defined as; 

CV.3) 
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Knowing a preassigned value of and can be computed, 

Ihe factors r can be split as 
s 

where r_* = the uncertainty factor for strength 

Q 

r_'* = the factor that raises the capacity of critical 

O 

sections, the failure of which have a greater 
effect on the overall safety of the structure. 

It is analogous to tho capacity reduction factor 
for columns given in AGI Codes, 


(b) Marginal factor r„ for stiffness, 

let and be the maximum deformations at the 
normal load conditions in the shifted task curve and. tash 
curve respectively, Then 



( 7 . 5 ) 


(c) Morginol factor r^ for ductility. 

IXictillty of a cross section is defined here as 
the capacity to undergo defomaation without fracture or sepa- 
ration. It is measured by the total deformation of the 
section. A marginal factor r^ is introduced to improve the 
ductility that compensates for any uncertainties, Ibus 



( 7 . 6 ) 



Here and are the total deformations of the section, 

r^, r^ and r^ are positive numbers with numerical values 
lying between 0 and 1, The use of factors r , r and r, for. 

SC u, 

shifting the curve is shown in ELg, 7 ♦3, 

7. 5*3 Evaluation of the Eactors ; 

The uncertainties for which the factors chosen are 
of the non-measurable t 3 ^e, and hence a rigorous mathematical 
procedure is not possible to find the factors. The extent to 
which the uncertainties exist can only be assessed in qu^ita- 
tive terms. The choice of the factors therefore d^ends more 
on the personal judgement of the decision maker. However, the 
use of a suitable decision technique would lead to a systeorsftfic 
process, a decision broach based on preferences is proposed 
for the evaluation of the factors, 

7,5,4 nptiT-i?:i .1 Decisions Based on Pre ferences; 

The theory and solution method of an optimal decision 
problem based on preferences is presented in this section. The 
formulation is due to Raaner (148). The decision problems 
of this type are of very practical use when preferences and 
decisions are to be made by using personal judgement, 

•Rn.Rlo Rrincinles ; The basic principles can be summarized as 
follows. Individuals, ^en faced with two alternative actions, 
will in general prefer one to another or he will be indifferent 
between them. If such preference or indifference can be 
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expressed with every pair of alternatives, all the alternatives 
can te ordered based on tho preferences, numerical utilities 
can be assigned to the alternatives in such a way that they 
represent the individuals* preferences, if such utilities exist 
It is to be noted here that preferences among alternatives 
come prior to the numerical characterization* Ihus an alter- 
native A is preferred to B not because A has a hi^er 
utility* On the other hand, a higher utility is assigned to 
A, as A is preferred to B, 

Statement of the Problem ; The choice of suitable margiiaal 
uncertainty factors is considered as the decision problem* 

The alternatives are the members that are admissible. Mathemati 
colly the problem can bo stated as follows: 

Oiven 

(i) A set A of alternative actions Aj_, 

(It is assumed that the alternatives are finita) 

(ii) A set B of alternative states •••» 

environment. Each element of the alternative states is called 
an event* (Events are assumed to be finite in number)* 

(iii) A set R of alternative outcomes/^ or results of his 
action* -^is associated with each action-event pair (a, B)* 
Thus =5 ( A, B) * 

The decision naher has to choose an action A^ that 
is optimal in some sense* 
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Prefersnce Order ; A poxtiol proferonc© order on the alterna- 
tives is a relation called preference and indifference, 
Tbns ii-j^ xt2 indicates is strictly preferred to ^j.2* 

Similarly A2 indicates is indifferent to 

^ A2 indicates is preferred or indifferent to A2* 


If 


are incomparable. 


Ar 


and 



then and Ag 


Assinaptions ; In order to satisfy some consistency requirements, 
certain assumptions are made as follows: 


Iransitivity : ^ A^ and Ajj. imply 

Reflexivity : Por every A^ in A, A^ ^ A^* 

/— 

Completeness; Por every and A. in A, 

and/or A^« 

It is shown that if the set xi is finite, it is 
always possible to have such preferences among all its alterna- 


1 . 

2 , 

5 . 


tives. 


Utility ; xi preference ordering can usually be represented by 
a numerical function, !EhusXl(-^i^) is a numerical measure 
representing the ordering, if for all xi^^^ and A^ in A, 

A. ^A. is equivalent to JU. (A^) >rt(A.). If il.represents 
ordering, any strictly increasing function of X^also represent 
the ordering. 

let u be the numerical function that r^resents 
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the preference ordering of the alternatives wit-h respect 

to any one event u is called a utility function * With 

the utility u and outcone function ^ a payoff function tHr 
can he obtained as 

or (A, B) = u£Aa, b)] C 7.6) 

Probabilities of the Events ; She relative likelihood of 
various events, or states of the envimnnient can be represented 
by a probability <li> (B) distribution among the events. The 
probabilities nay be obtained objectively or may be assigned 
subjectively by the decision maker using his personal judgement^ 
When the probabilitios aro of the latter type, they are 
called personal probabilitios. They possess the following 
properties. 

(j). > 0, j = i, ^ (7.7) 

I (f. = 1 (7-8) 

3=1 ^ 

T^P.?rhP.ri Pav-Off ; rf/ith the allotted probabilities on B, 
environment is assumed to select a nixed strategy of all 
events. Knowing oj (A, B) and (J^, the quantttyXl(A) can 

be found as 

1 

“ 2 t*r k j ^ •••» ^ (7*9) 

j“*l 

The quantity is called the expected pay-off associated 
with the action 
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Ohoicej With, tho c^^ected pay-offs that show tho 
ordering of all the actions^ the decision Maher can choose 
the optinal action as the one having the optiraiM value of 
expected pay-off, 

7 • 5 • 5 iipplication to the Evaluation of Marginal TTnoertainty 
Pactors t 

fhe decision -pro hi on discussed above is ^plied to the 

evaluation of marginal factors r„, r and r,. The method 

s’ c d 

is particularly suited to this choice^ as the factors are 
chosen using the judgement of the decision laaher. 

It is to be noted that the factors r„, r_ and r^ 

s c u 

are to be evaluated for each of the n task curves leading to 
the evaluation of 3n factors* In order to avoid the tremendous 
work involved, it is assumed that the factors r^* , r^ and 

are the sam© for the task curves irrespective of the members 
to which they belong. This assumption can be justified due to 
the fact that the factors are chosen to compensate for the 
human errors, which may not have any dependence on the type of 
the member* The factor rg** is chosen for each of the task 
curves separately depending upon the importance of the members 
to which the curves belong, on the overall safety of the 
structure. 

States of Environment s The first step in the evaluation of 
the factors r„‘ , r„ and r. is to list out the uncertain- 

The uncertainties fo'rm the events 


ties that may arise. 
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Garc should be taken not to leave any event arbitrarily, 
however, uninfLuential it nay be, Tables 7.1, 7^2, and 7.3 
show the states of environment that affects r r and r^ 
respectively. They include nonmeasurable uncertainties arising 
fron the human interference which may be in design, constimction 
and/or operation of the system, 

Actions ; The purpose of the decision piocess is 
to choose numerical values for Tg', r^ and r^. Generally, the 
range within which these quantities lie can be assessed before 
hand. The factors can take any value within the bounds* ibr 
convomencG, it may be assumod that the numerical values of 
Tg*, r^ and r^ belong to a sot of finite numbers (say 0,0, 0.1, 
0.2, 0.3j 1.0). These numbers fom the alternative actions 

in the decision process. 

Rating,. the Events : Each of the events or the uncertainties 
listed in Tables 7.1, 7.2 and 7.3 is rated by the designer to 
show to what extent each of them may influence the system. 

As no numerical measure is available, the rating is done using 
the personal judgement of the decision maker. The ratings arc 
also listed in the Tables against each of the event. They 
are escpressed qualitatively, as a qualitative judgement is 
easier than a quantitative one. Also, it is required to write 
the rating list in the order in vihich they may occur in the 
system. For example, the ratings for workmanship are very 
good, good, fair and poor. In the actual system it may be 
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;judged in the order good, very good, fair, poor. It indicates 
that there is every chance that worlmanship is good, with less 
chance it may be very good, or fair, and the chance that it 
becomes poor is least, Table. 7*4 shows the rating made, 

Qut_cQme Set, Utilit y and Pavoff ; In the decision of marginal 
safety factors the utility function u(/^) is taken as 

( 7 . 10 ) 

Hence the payoff function is given by 

OJU, B) =/’CA, B) (7.11) 

The outcome set Q^Jis a matrix whose elements r^resent the 
numerical representation of the effect of the choice of the 
alternative actions namely the numerical value of Tg', and 
on the particular event, The qualitative rating of the 
events given above and the degree of safety required in-S^'’"'*^ 
serviceability, safety and ductility fom the basis of 
preference. The preferences are exprosced in the form of 
numbers. Because of Eq^s, 7*10 and 7»11» the outcome set is 
equal to the payoff. 

Probabilitie s; In the usual decision problems only one of the 
alternative events may be actually occurring, iChe assigned 
probabilities indicate with vjhat likelihood a particular event 
can occur. In the structurca system, on the other hand, more 
than one events may occur . The probability allotted to the 
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events may be viewed as the pjx)bability with which nature mixs 
the strategies. The probabilities are judged by the decision 
maker and subjectively assigned to each event. If two events 
are given, the decision maker may be able to judge with what 
probability the two will be acting. From such pairwise judgement 
a global allocation of probabilities may be made. 

Expected Payoff ; Knowing the payoff of all the events and the 
probabilities, the expected payoff of each action can be 
calculated by moans of Ea. 7»9» 

7,5«6 Illustrative Example ; 

The method is illustrated for the example of a 3-bar 
system, The evaluation of is shown and that of others 

can sir;\ilarly be done. 

Evaluation of r_* ; let the numerical value is to be chosen 

o 

from 0,1, 0,2, 0.3 and 0,4, The outcome set R is given in 
Table 7.4asa4xl2 matrix which is the payoff matrix due 
to Eq^g. 7.10 and 7.11. The rating for the events are also shown 
in Table 7,4, The probability allotted to each event is also 
shown in Table 7«4« The expected payoff is calculated and 
tabulated from which the value of Tg* is chosen, 

r * ~ 0,2 

•^s 

Evaluation of r„* : Since the failure of all the members are 
equally serious, the value of Tg' * is sane for all the members. 
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let it be 0,1, 


'^3= ^s' + ^s" = 0-2+ 0-1 = 0-3 
7,5*7 Discussion ; 

The docision ttieory c^proach. presented in this section 
gives a systematic procedure for the evaluation of the marginal 
factors to represent a set of nonmeasurablo uncertainties. IChe 
method recognizes the subjective nature of the problem and the 
d^endence on the judgement of the decision maker. She suspected 
utility criterion is a convenient tool that characterises 
the preference ordering of a complex problem in a simple manner. 
The decision maker is required to espress preferences among 
actions for relatively simple events. However, the vagueness 
of judgement and the arbitrariness of numerical characteri- 
zation will have pronounced effect on the chcdce. But, consider- 
ing the subjectivity and vagueness of the problem itself, this 
is negligible. 

The proposed factor r^ has great similarity with the 
factor of uncertainty used in the extended reliability method 
(27), as both are intended to cover the sane sort of uncertain- 
ties, However r„ does not represent the uncertainty due to 
unknown probabilities which is taken care of by statistical 
game, ing (29) proposes to relate the uncertainty factor 
to judgemental probabilities, iicny such relation Ytoich does 
not consider the utilities involved, vdll bo arbitrary. She 
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method proposed in this chcpter is more rational, as the 
judgement is done for each of the uncertainties and the decision 
is made based on judgement and preferences. 

The Tabulation method of the Institution of Engineers, 
London (34) to evaluate the load factors recognizes the existence 
of the various uncertoantics and relies on the judgement as 
in the present method. However, the choice of factors 
is not based on any ordering of the alternative actions as 
done in the present work. Instead, the factors are chosen 
from a table depending upon the judgement of the situation 
made by the decision maker. This empirical cgjproach makes the 

i 

tabulation method simpler but not so rational. 

7.6 PIHi’jL CHOIGE OF MMBER CROSS SECTIONS 

The three stages of decisions discussed so far are 
intended to decide vdiat type of behaviour is needed so that the 
structure is safe, serviceable and efficient under an uncertain 
loading environment.. It remains to select the cross sections 
that can afford the required behaviour economically. 3?he 
decisions in Stage 4 involve the selection of the material, 
shape and dimensions of the cross sections. She criterion of 
choice is the cost-effectiveness criterion given hy Eq. 7»2. 

The method of choice is presented in detail in Chapter 10. 

■ijTI.-..- O.' J— 

In the method proposed in the previous sections, it 


7,7 
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is assumed "that the memhor arraiigenent is known. However, 
member arrangement nay also influence the optinality of design* 
Hence the arrangoaent of members is also to be taken as a 
decision problem. 

The method of linking this decision problems to what 
is described in this chapter is proposed in Chapter 3* If 
such a cycle of design is also carried out, the arrangement of 
members nay be treated as an additional set of strategy which 
jointly minimizes the cost-effectiveness along with other 
strategies described in this chapter. This Itorraulation is not 
studied hero in detail. 

7 .8 SUMMARY 

The various stages involved in a direct design method 
for design under uncertainty are presented. The design is 
divided into four stages. In the first two stages, a structural 
action game is assumed and the force-defomation relations of 
various sections recjuirod for serviceability and optimum cost- 
effectiveness are found out by the two plays of the game. The 
third stage is to compensate for the non-measurable uncertainties 
involved in a design process. 1 decision procedure based on 
references is presented to evaluate the marginal factors.' The 
fourth stage of decision is to select the cross section of 
members and is dealt with in detail in Chapter 10. 

The next chapter deals with the nomal play of the 


structural action game. 



oiLiPTm mom 

NOiaitJi PLAY 0? STRUG JUiLJ) a.MWR 

8.1 HJTROruCTION 

Ilie nomol play o£ tlie stmactural action gome deserited 
in Para 7»4 is formulated as a full-fledged design method in 
this chi^ter. As proposed earlier, this play of the gome is 
intended to design the force-deformation relations (task 
curves ) required to satisfy the servicoahility conditions. The 
magnitudes of the loads acting on the structure are assumed to 
be within the bounds ^ecifled, for vhich condition the ' 
structure is to be servicoc,ble. for this load condition, 

(called the normal load condition), the loading process or path 
of loading (sequence, timing and manner of loading) is_ assumed 
to be uncertain. The inelo.stic design process formulated in 
Chapter 5 treating design as an optimal control problem is 
extended as a game problem to accommodate the said uncertain- 
ties in loading process. The design problem thus become a 
differential game problem. 

The detailed formulation is presented in Section 8.4,' 

’ f 

while Section 8.5 contains the illustrative examples. ^Che 
problem is reformulated in Section 8.6 to allow for the jucips 
in state variables and in Section 8,7 to consider the change 
in position. The validity of the foimulation is discussed 
in Section 8.8. 


:>iu 


8.2 DIPEERilNTi;!!, MJE 

nfferential game is a natheaatical enti-ty 

which fuses game theory, the calculus of variation, and control 
theory ‘*(149)« It makes the theory of games c5)plicable to 
problems, when the dynamics of the situation must be taken into 
account. Thus, like optimal control theory, differential game 
is a multistage decision model, in 1954, Isaacs intiatedT”” 
studies in this branch of mathematics iater Berkovitz (150-152), 
Pontryagin (153) and others (154) enriched the theory by 
supplying necessary theorems. Ragade, and Saxma (155) ^plied 
the differential game to solve optimal control problems in the 
face of uncertainty. Hfferential game is still in its 
infancy. A good account of the theory can be had from 
references (149-157) • 

8.3 STATMERT OR THE PROBLM 

The following info mat ion?&' -iK given; 

(i) The structural type is chosen, and the arrangement 
of members and the types of oo nnsot ions are also sdLeoted. 

-(ii) The loads acting on the structure are also known* 

The magnitudes of the loads, called the noimal values of the 
loads within which the structure is to be serviceable are also 
^ecified*. 

(iii) The loading process is uncertain. The sequence, and 
timing and direction of the loads are not known and may 



fol4.^.y* ydoxi. xii case a cnange in position of the loads 
occurs, that oay also he specified in which case they also 
are to he considered uncertain. In ~che present fonaulation no 
such change in position of loads is considered . 

(ir) The service life of the structure is specified as T, 

It is required to find out the force deformation 
relations (called the task curves) of the cross sections for 
the range of loading specified. 

The criterion of decision is that the structure is 
to he Safe and serviceable, i.e. the deflections, rotations 
and permanent deformations must he within the allowable limits, 

Kb coEipcronise on the safety and serviceability is allowable in 
the norcial load conditions. Hence all loading paths are 
assumed to he equally likely for serviceability design, 

r 

’ll 

8.4- KlBMDIiiiTIOK OP THE PBDHLM; 

The in^astic design of the structure under uncertainty 
is formulated in this section as a differential game problem. 

The basic assumption is the structural action game, according to 
which structural action is assumed to b e a game nlayed by 
structure against nature . The assumptions made in the formulation 
as optimal control problem hold good in the present fonnulation 
as well. 


8,4,1 Hrief Outline of the Eormul atlon; 


The formulation is basically analogous to the 
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foinulation as opi^ imal coirta?©! probl€oci« BniJi unlilc© in "tiuB 
latter nethod, two parties namely stracture and naturSf having 
conflicting aims, control the deformation state of the structure. 
In optimal control formulation, nature* s control namely the 
loading path has been assumed known. In differential game, 
the path of load is uncertain. It is assumed that nature nay 
choose a loading path that maximizes the damage. As before, 
structure selects its control (force-deformation r Nation) such 
that the damage is minimum. But the minimization in this case 
is to be done when an equally interested antagonist is trsrin^ 
to maximize the payoff. 

The controls are the strategies of the two players. 
Because of the simultaneous minization and maximization, the 
optimal strategies of the players correspond to a saddle point 
in the payoff surface in the ^ace (v, a) x u. The equilibrium 
and compatibility conditions, and the serviceability requirements 
enter in the formulation as constraints.' 

Most of the teiminology defined in Chapter 5 bolds 
good in this case also. Hence the definitions of terminology, 
and the descriptions presented in Chapter 5 are not repeated 
here. The correspondence iiyterminology in structural design, 
optimal contrx)! and differential game prohlQjis is presented 
in Table 8.1. which would clarify the various terminologies 
and their equivalenos. 
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8.4«2 Stage Yariables a 

s and t are the stage variables chosen as In 
Chapter 5* 

8.4.3 State Variahles ; 

(a) Deformation ^ace Y : x = •••» e 

is the state vector that represent the defonaed state of the 
system. The path x(s) » ^(s),..., Xj^(s)*}traced hy the 
vector X is called the path of state vector. Initial value 
of state vector is at s - 0 

xCO) = (x)° •••» y 

Similarly at s = S 

xCS) - •••» (8.2) 

At any s, 

X* “ y* t ^ ^ ^ (s.5) 


When t is taken as an additional state variable, 

X = |x, tj e is token as the augmented state vector, 

(h) Eorce ^ace It As in optimal control formulation 
the forces 2 = Cl'i 

space 1. Ihe rector 2 represents the state of the forces 

in the space 1 . Th® Path ^a) = -^^(e) ®n^®^ / 

represents the path of force vector ^ the ®aoe 1 , At ^ 

2C0) = 



(q) Load ^ace ^ • Let n loads are oi:}. 1;iie 

strvLQture, At any stage^let w =« Le tj?.e magnitudes 

of the loads, llio vector w represents a point in the n-dimen- 
sional load space If* The vector \v is called a state vector 

— . f ■ ,.i , y ■ I— ,i^ 

«» 

in tho load ^ace W, The path of load ^ ig giyeh Tjy 

w(s) = ^Wj^Cs), vVjjjCs)^ , At s * 0 

2 ( 0 ) = |o, o\ (8,5) 

\ J \ * f 

8.4*4 P layers i 

Structure and Mature are the players takii^ part 
in the game, Nature is the naxinizing player and is called 
player 1, Structure is colled player 2, and is the ja^niriizing 
player* 

Game theory assumes that the players are national 
players whq always try to Letter their gains. The validity of 
this assuE^tion is discussed in Section 8,^. 

8.4.5 Strategies: 

The proposed gome consists of a sequence of moves 
starting from s =“ 0 to s == S, At each instant of the play, Loth 
players nolle their moves out of the total moves available to 
then. The totality of the moves constitute- a strat-^^ of the 
player. The strategics are chosen by both players from 
respective strategy functions . Strategy and strategy functions 
are the counterparts of control and control law in optimal 


control problem. 



sjj. rat egj.es of Player l i Player 1 is provided witk control 
variaHes or strategics nonely the uncertainties associated with 
loads* The n loads acting on the structure are the strategies 
in the custody of nature. However, the assumption that the 
controls are * inertial ess* (capable of talcing jump s>« ^piecewise 
continuous) does not allow loads w to be directly taken as 
controls* Hence, the loads w are taken as state variatO.es- 
as given in Section 8. 4*5, ond their rates are taken as controls 
or strategies* Thus, u= u^"^ r^resenting the rate 

of loading, are the controls or strategies in the custody of 
nature. Prom practical considerations the rates are kept below 
certain limits in order to avoid impact, vibration etc, and to 
keep bhe increment of loads always small* The limits are 

-^ < < Uj , i = 1, ..., n (8,6) 

The path u(s) = ^u^^Cs), .*., is called the strategy 

function . In optimal control problem, the loading function 
w(s) and the rates u(s) given by Eq_. 5*^ are known a priori, 
and the solution holds good only for these known functions. 

But, in practice, loading function may not be known beforehand. 
Hence Bq.s. 5^6 are also unknown functions* According to the 
game concept, player 1 is assumed to choose that function which 
maximizes the payoff to its benefit* 

Strategies of Player 2 ; As in optimal control problem, two sets 


of strategies are possessed by player 2 
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(i) Z - force rates associated wit li 

the state variables chosen from contiel laws 

v(s) =* |v^(s), v^Cs)”y (8.7) 

In statically deteminato systea, the controls v are uniquely 
determined in terms of u and hence v may not be treated 
as unknown strategies. 

(ii) a - -^a^, a^"^the stiffness' of the n force- 
deformation relations chosen from strategy functions 

^(s) — ^^(s)j •••) (8.8-) 

8I4-.6 Order of Moves and Information :patt.e;^ t 

At any instant s, the play can be cojyfcinued by 
player 1 initiating the nexb move, The response o,f 'the structure 
for any external load is so quick that it nay be assumed that 
player 2 makes the move simultaneously with player 1, 

It is also assumed that at any s, the states x, j; 
and 2 » and all the prior positions occupied by the state • 
variables together with the moves made by both parties are 
known to both of them. :Ey definition, such a game is called 
a grnne of perfect information . 

8.4.7 Constraint ; 

The constraint equalities and inequalities are the 
same as that in the optimal control problem formulated in 
Chapter S- Thev are the following; 
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(i) 

0 _< w ^ W , 


(8.9) 

(ii) 

R^(P, w) = 0, 

•••> P 

(8.10) 

(iii) 

II 

O 

cj. 

(8.11) 

(iv) 

state equations 




dx. 

~ ^CStCs), P(s) v(s), a(s)),i = l,.,.,n 

( 8 . 12 ) 


with initial conditions given by Bq. 8.1, Eqs, 5.15 to 5# 20 
that show the various idealisations hold good for this case 
also , 

dP^ 

(b) '5^ = » i»l,..,, n (8.15) 

vdth initial condition given by Bq. 8,4 
dwj 

(c) ^ = ■«•! » i = 1, m (8.14) 


with initial condition given by Eq, 8.5 

(v) Serviceability constraints 

(a) Q(x) < 0 

Q(x») =* Q(£'') - 0 

(b) \ f i'^(s) Vjj_(s) > 0 

> a^‘, for Pj_(s) v^(s) ^ 0 


(8.15) 


( 8 . 16 ) 


(vi) Plasticity condition 

(a) 0 “1^(9)^^ “ 


(8.17) 
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(b) 0 < < a^(o) , i =» 1, n (SaS) 


8. 4*8 Payoff or Perfo x nance Index i • 

4 . 

Ihe maorical quantity wiiicti the players strive to 
nininizo in gone is called the payoff * It is the reward gained 
by the maxinizing player, or the loss occurred to the uininizing 
player. They are the same due to the assumption of zero-sum 
by which the loss occurred to one is the gain of the other* 

The payoff is given by 

S 

P(x, s, P, V, u, a, w) s / G-o(x(s), s, P(s), v(3), u(s), a(s;, 

“ - - - - 0 

, ;^s))ds (8,19) 

The strategies v and £ minimizes P, and u maximizes it, Gq 
is the same as the quantity defined in Chapter 5* Eq.®* 5*28 
to 5*33 also hold good in the present fomaulation* 

8*4.9 Saddle Point and Yalue of. the Game : 

# # ^ 

Consider that there exists strategies u , v , £ 

such that 

p*(v* a* u*) « max min P * min max P (8*20) 

u v,£ E 


and 

me quantl-ty E*(v*, «*, Is called the Tglue of £SSS. 
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V , a, u j define a saddle point in the space (v, a) x u* 
Eqs. 8«20 and 8.21 constitue the necessary and sufficient 
condition for the existence of a saddle point (152), Ihe value 
P nust he singl e-value d, though the other tyro pairs 
l’(Z > » H) S E ) multivalued (152), Ihe 

existence of saddle point is a must for pure strategy solutions. 
The existence of saddle point and value for the structural 
action gome are further discussed in Section 8.8, 

8,4*10 Optimal Path and Optimal Strategies : 

The path x (s), P , w corresponding to the value of 
the game is called the optimal paths of state variables. The 
requirement that p must bo single valued does not preclude 
the possibility of there being more than one trajectory x (a) 
(152), However, P takes same value along all such paths. The 
strategies v'(s), a (s) and u (s) associated with the value 
of the game are called, optimal strategies , 

8 , ^ ,11 Porce-Peformation Relations from Optimal Strategies: 

By the procedure described in 5*3*11 the force- 

« * 

deformation r^ations can be obtained from P and a as 

, i=l, .... n (8.22) 

These are the task curves that are needed to satisfy the 

serviceability requirements and laws of motion* In an optimal 

# 

control problem, these curves correspond to the mini m u m P 
whereas in differential game they dorrespond to the saddle point , 
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It shows that the task curves ore obtained for the worst 
course of loading . It is shown later in Section 8*8 that the 
structure if designed with these taalc curves vo.ll he serviceahLe 
for any other course of loa(3ing . 


8.4*12 Statenent of the Prohlea j 

Nov/, the design prohlea can he formally stated as a 
differential gone pro hi on as follows: 

Given 


s » stage vnd^iaHe, 


w 

I 

X 



• • « y 


• € • 9 


Wj^J (loads) 
forces) 

x^( de f 0 mat io ns ) 


as state variahles and 


u = 

X ={v 

a = 


strategies 
player 1 

...» 


in. the hands of 


• • •> 


a \the strategies in the hands of 
player 2 


determine 

u^* =* C®) > 

V.* » V.*Cs) , 


i, sit If ♦ » ♦ f "d 

i St * * • f 
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* 

= 

Wi*(s) , 

i =! 

1 # » 

m 


* 

II 

\*(«) , 

i = 

1) • « . , 

n 

and 

•ifr 

Xi = 

(s) , 

i =5 

If 

n 



such that 




rnin 

v,a 


S 

max / G-^(x, s, 
u 0 ^ " 


Jl> i> 2,» 2» 


s 

= max nin / s, v, F, a, u, w)ds 

u v;,a 0 ^ - 

( 8 . 19 ) 


subject to the constraining conditions given by Eq.s* 8.6 and 
8,9 to 8.18. and the initial condition given by Eqs. 8.1, 8.4 
and 8.5. 


8.4.13 Solution of tho Problen i 


1 solution to the differential game probleci must 
yield the following 


1 . 

2. 

3. 


The value of the game P (s) 
Optimal paths x^ (s), (s), 

and w^*(s), 

Optimal strategies u^^ (s), 
and cx^ (s), 


i =» 1 , n 

jL^X^ tn. 

X^X^ in 

X^lj ici 

•••! 33. 


Ihe method of solution of the differential game is 
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somewhat similar to that of optimal control problem. Bat it 
involves certain added difficulties such as the existence 
and uniqueness of solution and occurrence of singular 
surfaces and conjugate points. Saima and Ragade (156) have 
discussed some of the difficulties encountered in solving 
differential game problan. The pmblem, in its most general 
form, can be solved only with the help of an algorithm and 
by resorting to numerical methods. An analytical solution 
becomes unwieldy when the number of variahles increases. 

The necessary conditions for the existence of 
solution offer an analytical basis for solving simel® 
problems. The necessary conditions for the existence of 
solution to the differential game problem have been studied 
by three different s^proaches as given helow. 

(i) Using the principle of optimality 

(ii) Variational £S)proach 

(iii) Geometric approach, 

Isaacs CL4-9) made use of the principle of optimality and 
obtained a partial differential equation. Berkovitz (190 
also obtained by Hamilton - Jacobi theory of calculus of 
variation a similar condition. Also, by using Weistrass 
condition, Berko vitz (150) has obtained another set of 
conditions presented in Section 5*4* Beitman and Mon (166) 
by a geometric approach obtained a S'et of necessary 
conditions, which is an extension of the geometric theory 
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of optimal control. The geometric approach has the appeal 
of Isaacs ^proach "based on physical consideration and the 
equations obtained are similar to those obtained by Berkovitz 
(151 )• A differential game problem may be stated as follows 

( 155 ): 

Determine a u* 6 U, and a * 6 such that, 

(li 5 P(u, a) (8.23) 

a^e u*eu 

where 

T 

I’Cu* “) = li(x(T), T) + / u, a, t) dt 

(h is called teminal payoff.) subject to the 
conditions 


ox. 0 

■3— =* fi(x, u, a, » ^i(O) * > i 

QjCx, a, 1 0* 3 = ••• Jf. 

6j(x, u, t) > 0, j = 1, ... / 

Q(x(T), T) = 0 


(8.24) 

(8.25) 

(8.26) 
(8.27) 


Isaacs (149) divides the solution to the problem into two 
divisions. 


4' 
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Solution in the smal] i The state apace is divided into 
a mmber of subregions separated by surfaces called singular 
s urfaces * In each part the solution is smooth. lEhe smooth 
part of solution found betv/een singular surfaces is teisned 
solution in the small. The solution technique in the small 
is that of differential equation, ©le value of the game 
and the optimal strategies u and ^ are continuous aiid are 
of class C* in this case. 

(il) Solution in the large s On the singular surfaces, a 
variety of special behaviour occurs. Solution in the large 
consists of the identification of the singular surfaces and 
the assembly of smooth parts into total solution. 


Solution in the small : Ilie equations for solution in the smaH 
are the following (151, 155). The problem stated earlier may 
be treated as a statement of the problem in th division. 

Let 


H = Qq + ^ f 


(8,28) 


Let u , £ be the optimal strategies and x (t) the 


optimal path respectively. Then 
dx. 


V> 


U) ar- 

/ . , \ ^-^i t , u ( t , x) , (ij , x) , ^ ), i=lj.*.j n 

"" Qx. "** 

^ ( 8 . 30 ) 
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where 




(iii) 

8H . 


• = 

0, i 

= 1, . 

i t « y DOL 

(8.3L) 

(iv) 

8H . 

t 

80 

•5i,» 

0, i 

=5 Ij , 

» * • 1 H 

(8.32) 

(v) 

t- 

0 

= 0 




(8.33) 

(vi) 

t'- 


= 0 




(8.34) 

(vii) 



/^ < 0 




(8.35) 

v-iii ) 

At each 

t 8 [o, 

Sj , H must 

he such that 




2 > 


a (t) 

(t)) 




« Max Min H(t, x*, liCt), “(t),X('t)) 
u a “ — — 

* 

» Min Max H(t, x*, u(t), ^(t), X('fc))=* ■* |t 

a u - - - 

( 8 . 36 ) 

where 

u*(t) =s u(t, X*) 
a*(t) =! a(t, X*) 


(ix) is continuous in the (aDinain*At the point of 
aisoontinuity possess a left hand limit and a xi^ht 
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haind linitt "X* • 
k 

(x) If S=x^(t), then 

i|- (8.37) 

Vxi) P satisfies the Hamilton-Jacohi equation* Hence 
value of the game P* may be obtained from this equation. 

The equation is 

Min Max G-oCt, x, u, a) f(t, x, u, a) + ll- = 0 

— .ot; 

( 8 * 38 ) 

or 

^ • iCt, X, u* a*) + II - 0 

(8.39) 

(xii) Tranversality Qondrtion : Let the ecjuations 
q(x(T), T) = 0 r^resent ! the terminal surface, let is be 
rewritten as 

x= x(<r) , T= K'T*) (8.40) 

where is an n-vector of free variables. The n-relations 
req^uired at the terminal time T to give the traaieversality 
conditions are 


(8.41) 
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An element in the ith row and jth column of is given by 



3t 55& 

Ida 

5<r~ 
3 


(8.42) 


(xiii) 



(8,43) 


where 



Solution in the lar ge; Isaacs (149) has discussed the 
properties of several types of singular surfaces like, 
transition surface, semi-pamieahle surface, barrier etc, 

Berko vitz (151) has given the following continuity properties 
on the switching surfaces (.singular surfaces that s^arate 
two regions in whoxh the optimal path may be continuous), 

(i) An optimal trajectory must not be tangent to the 
switching surface, wnon it crosses the surface, 

(ii) let (T , x’ ) be a point on the switching surface 
where the trajoccory crosses. If this point is a point of 
discontinuity of uorccor both, there may be more than one 
solution of the scate equation satisfying (x , x*)» Also, 

a solution uniqii® at ("IT, x* ) may bifurcate at some point 
when u, a or both discontinuous. If ^ 2. both continuous 
at ("C, X*) there will be a unique solution for the state 
equation. 
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(iii) If on the manifold M which the trajectory cixDsses 

~ only one of u , or oc become discontinuous, 
then 3: is continuous at t a X , 

A(t> 

otherwise 


HCMr) ^ 
Qx” 




95' (T) 

8x»-‘_ 


(8,45) 


where x** is the value of x on the adjacent manifold 
from where the trajectory emerged, HCM^) r^rosents the 
value of H on the manifold , 


8,5 APPLICATION TO THE DESIGN OP STHUGTUEES 

In this section, the foimulation of structural 
design as differential gome and the solution of the problem 
are presented. The application is intended to illustrate 
tho technique involved so as to bring out the characteristics 
of the problem. Computational aspects of the protlm are_ not 
discus sed h ere, 

8.5,1 Characteristic s of the Solution of Stru ct ural 
Action Game : 

In structural action game, the trajectory of x is 
such that its smooth portions are separated by switching 
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surfaces. "'/Jh.en u, v and a are all continuous and amootli, the 
trajectory x is also smooth. Hscontinuities in the strategies 
occur as described below. 

(i) u changes abruptly with or without a change in sign. 
A jump in magnitude of u causes a corre^onding jump in the 
magnitude of v. A change in sign of u causes a change in 
sign of V and a jump in a . 

(ii) u may be continuous but some component of v may 
become zero (denotes yielding). 

Ihe boundary B that represents the limit to serviceability 
is a switching surface or terminal surface depending upon 

v/hether x’ of x that belongs to B is an intermediate point 

" f 

in the trajectory or the final value x . 

8.5.2 Anniication to Statically Dete rminate Systems; 

As discussed in Chapter 5, the design of statically 
determinate systems is simpler due to the simplifications 
described in Section 5.5.1. !Ihe state variables B and 
strategies v may be eliminated by means of equilibrium 
equations. No equality state variable constraint due to 
combatibility conditions need be considered. 

8.5*3 Examule of Tension JB^i 


Consider a tension bar of 100 inches length as 

shoTO in ag. 5-8.a. W is subjeoied to an axl.1 load w 
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which is hounded as 

0 ^ w < 4 tons 

It is required to find out the force-defonnation r^ations 
of the har in order to satisfy the following. 


1. 

The bar must be safe for the range 

of load specified, 

2. 

The elongation should not 

exceed 1 

inch. 

3, 

The permanent deformation 

should not be more than 


0,001 in/in. 



4. 

-1 ton < u < 1 ton. 




The variables may be defined as in the example of tension 
bar presented in Section 5.5.2. 

I's w, y = state variables 

V, cc = strategies of player 2 
u = strategy of player 1. 

Let S = 8. The equations may be written as follows, 
p = - 100 J y ds 

Constraints 

0 _< w ^ 4 
-1 < u <1 


u s= V, P = w 
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(a(o)-a) > 0 

a - a(o) p. - l^lj 0 ti 0 

a - a(o) j^l - 1^ ij 2: 0 for u < 0 

y < 0.01 

ly " 1 S 0.004, u > 0 

> 0.002, u < 0 

The equations for solution of the prohLem can he obtained 
as follows. Total duration of play S is 8. Also, since 
u =: V and P =* w, P and v are eliminated hy substituting u 
for V and w for P . 

H =s - 100 y u 4* S’ ^ 


^ , with y(0) = 0 

u , with w(0) « 0 

dX 

« 100 u 

Prom the solution of case three of example of Tension Bar 
in Chapter 5, 

*^^2 _ ^ v(tt( 0 ) "* j ) 

p 


for u > 0 
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optimal strategy -i sgn Ag . 

It is req^uired to find a u* and a* such that 

P*(u* a*) a Min Max H 
a u 

0 < w < A- 1 

In the exaii?>le of tension har in Chapter 5, the type of 

# for 

optimal strategy a is shown different types of loading. 

Hence minimization with rei^ect to tt is not presented in 
' detail* Only the maximization with raspect to u is presented, 

lahLe 8*2 contaii^ the value of H(u, different 
values of u* Pig. 8.1. a illustrates the loading strategies 
considered for solution. It can he seen that Trial 4 in which, 
the section is loaded to 4 tons and fully unloaded has the 
maximum value of 3?. This exai^le ^ws that loading and 
subsequent unloading of forces jsili give a positive pay off 
which is maximum when the sect ion .i a_lnadfiLil.tgL th e ma x i im ga * 
Hence the optimal strategy of player 1 is to’ load each section 
to the Tnfl-viTtnim fbrce level possible eind then uzHoad it fully 
or partially. This load strategy is called the worst course 
of loading. Th^ optimal strategy a corresponds to the 
wor^ course of loading*' Hhe optimal lb roe deformation 
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relation is the same as that shown in Ihg* 5«9*e* 

8.5*4- Example of Two Bar Iruss : 

The two har truss shown in Eig. 5 *11 •a is 
subjected to two loads v/hose normal load conditions are defined 
as follows. 

0 _< w^ jC 5 tons 

0 < W2 ^4 tons 

It is required to find out the task curve satisfying the 
following conditions. 

(i) The joint c should not deflect more than 1* 
horizontally and iW vertically, 

(ii) The permanent defoimations of the members should not 
be more than 0.002 in/in» 

Eormulatinn of the Problem ; Variables are defined as in the 
exaiJ^le of two bar truss in Section 5..-5.3. Ihe duration of 
loading S is taken as 12.' The equations may be formulated 

as follows. 

^^1 _ ^1 ^ a 
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dWj_ 






d's' 


, i = 1, 2 



a\ 

ds 

_ 100 
f2 

■¥ 100 

rz ' 

1 (12) 

= 0 

d!^2 

•3i~ 

« 100 

^-100 

U2 

tz ’ 

2 (12) 

xs 0 

H » - 

. ioo| - 

lyi+yg) 
u. 

^2 ^ 

. ^yi-y2> 

L 

fz 




^2 

ir2«i 





Ihe constraints are 

ct^ < cc^Co) for loading of the section 

tti s ot^(O) for unLoa^ng and r loading 

jv 

OCf a Ctj^(O) — 1^1 j| 2l ® i =» 1, 2 
0 < W]L 5 tons 

0 < W 2 < 4 tons y^, t ^2 — — 0.01414 

0 < li^il < 1*25 " yg - t 0*01414 

0 < 1^2! 

The method of maximization of Hamiltonian H vdth respect to ti 
is illustrated in Table 8. ,5* 2!wo trials with same value of a 
and different values of u are shown for this purpose* Severe! 
trials are needed to arrive at an optimum solution*' The foroe- 
deformation relation is shown in Tig* 8*2» 
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^*5*5 ipplioation to Statically Inde-feenui-nate System ; 

The ^plication of the differential game fonnulation 
of structural design to statically indeterminate systems is 
straightforward. Unlilce in statically determinate system, 
the strategies v are also to be treated as unknown strategies, 
Also, the state variable equality constraints due to compati- 
bility conditions bring in additional difficulties. 

The problem in its general form can be solved only 
with the aid of an efficient algorithm, 

8.5,6 Inelastic Material With Creep Effects t 

When the structure is to be made of materials with 
time- dependent behaviour, the formulation presented in Section 
8,4 can very well be applied provided the loads are continuous* 
functions of time. With the following changes, the problan 
can be formulated to take care of creep effects, 

(a) Time t is taken as the stage variable in 
place of S. 

(b) The state equations contain terms that account 
for the creep effects, 

(c) The payoff function should be modified taking 
the additional energy due to cre^ deformations; 

When steady state cre^ is considered, the state equation 
may be written in the form, 






8 .6 TIME EEPENDEIIT EEEOMATIOII WITH JUMPS IH STATE FARIABLES 

THe formulation presented in Section 8,4, Holds good 
when the state variahles are continuous functions of • or 
t. As discussed in Ghgpter 5? it nay happen that loads, when 
expressed as functions of time, may show instantaneous changes 
with respect to t. The effect of such sudden loading is to 
cause a iii state variables in an otherwise continuous 

motion with respect to t. Ordinarily, optimal control theory 
and differential game are not s^plicahle for such situations. 
However, the problem may be reformulated in a manner similar 
to the one discussed in Chapter 5, so that it reduces to a 
differential game problem. The solution aspects are not discuss- 
ed as the* problem is too complex, and requires further study 
and deeper understanding. 

Reformulation of the problem t 

The reformulation ’is to he done exactly in the same 
manner as described in Section, 5«7*1, However, the following 
differences may be noted, 

(i) In optimal control problem with given loading path, 
the number of sumps r in a sequence is known. In differential 
game, as the loading path is also unknown, the number of 
juitps that totally occurs axe not known. Ibr convenience, it 
may be assumed that altogether only r 3 ^ps occur in the 
service period, 

(ii) The loading path, being known a priori in optimal 
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control fomulation the time t^. at which the jth jiimp 
occurs IS also kmwn. Hence the selection of the value of the 
parameter Wq, as 0, or 1 is not difficult. In differential 
game, the time of choice of Wq as 0 or 1 is totally unknown 
as the functions sCs) themselves are unknown* Hence Wq 
j- - S .„ assigned as an addi jU oML. strategy in the hands of plaver 1 . 
.who chooses the value 0 or 1 at appropriate time such that 
the payoff is maximized. 

The pro hi on may he mathematically stated in a manner 
similar to that given in Section 5»7«2 with the introduction 

of (wq, as maximizing strategies of player 1 

and (w^, w^) as the state variable in the load g^ace* 

8.7 PROHiMS WITH CHAIGE IH POSITION OP LOADS 

In the problems formulated hitherto, no change in 
the position of loads is considered. The uncertainty arising 
from the change in position can also be easily taken into 
account in the above formulation. Change in position of loads 
is very common in bridges, buildings etc. where moving loads, 
and movable live loads are acting* If all the possible 
positions occupied by the loads can be located beforehand, the 
uncertainty can be accounted as follows s 

Consider, for exan^ile, that at any stage s, a load. 

Wj occupy any of the 4 positions Ii]_, Lg, L^ and on a 
structure. The exact position out of the four given above, 


occupied by are 330 1: taiowu. The following change in the 

problem formulation can be made to compensate for uncertai-n 
position of loads. 

Instead of a sin^e load v«r^, assume that 4- loads 

> "^ 2 * ^13> ^14 acting at locations Ii 2 > and 

^4 ^respectively such that only one of them may occoir at any 
time t. Mathematically the above-mentioned requirement may 
be written as 

Wj_(s) = ^ Wj^^Cs) if v^^Cs) 

and 

V£l(s) A ^2^®^ ^13^®^ ^^ 4 ( 3 ) = <t> 

The introduction of the conc^t of sequential application of 
loads helps the above mentioned adjustments. 

8.8 DISOUSSIOir 

The validity of the method as a conservative approach 
to design under uncertainty, and some of the special features 
of the formulation are discussed in this section. 

8.8.1 Qom-parison With Bsisting Methods of Design ; 

The proposed method, vdxile satisfy the basic laws 
of motion that are the fundamental axioms of any structural 
mechanics problem differs from the existing methods of both 
utilitarian and non-utilitarian design processes. This 



difference is only in the procedare adopted, and nofcin the ’ 
basic requirements. The existing methods of design make use 
of force—defoimation relations as known parameters that 
help to relate stresses, strains, displacements etc. in 
terms of the design variables namely cross sectional 
dimensions. In the proposed method, the force-defoimatlon 
relations, that are required for the serviceability requirement 
consistent with the basic axioms of structural mechanics, are 
constructed and their cross sections that have similar force- 
deformation relations, are chosen. The force-deformation 
relations therefore servo as an intermediate step of decision 
to separate the choice of cross section from tho analysis of 
structure for design requirements. This method has specific 
advantages in the design and optimization process. Some of 
the advantages are discussed in Ohspter 10. 

8 ,8 • 2 Comparison with the Optimal Control Ibmrulation 
of Structural Design * 

The difforontial game formulation is a direct 
extension of the optimal control theory approach given in 
Chapter 5. The essential characteristics of the optimal 
control formulation are retained in the extension also. Ehe 
discussions that had in CSaapter 5 on the validity of opti ma l 
control formulation as a design tool holds for differential 
game model as well. The solutions obtained by the two 
methods differ as described below. 







(Dlis coirtrol problon assiinios ■bha'b ijh.6 paiJli of external 
load is known as a function of s or t • The optimal solution 
of the problem, tberoforo, is valid only for the given path 
of loading. In differential game, the loading path is 
considered "uncertain. The solution pm cess therefore, checks 
for all possible paths of loading and the force-deformation 
relation that minimizes the payoff for the worst path of 
loading is picked out. As any other path of loading can 
load only to a less payoff, the solution obtained is 
conservative for all courses of loading other than optimal 
one. Thus differential game gives a conservative or pessimistic 
solution for an uncertain situatid^n of loading, 

8.8,3 Justification of the Buie of Saddle Yalue ; 

The aoceptanoe rule in game theory (see Table 2j6) 
that picks out the optimum strategies of both players is "fciiia 
saddle value theorem (or minimax theoron). According t® t,his 
rule, the optimal strategy or payoff ooirresponds to the mpselmum 
of the minimum gain the player 1 can have. Similarly plragre^ 2 
has the optimal strategy corr emending to the mi n i mu i B o:l^‘-the 
maxiODum gain his opponent can have or loss he himself suffers* 
If a saddle point exists, 

min max I = max min P = P 

The quantity P is called the value of the gane. If player 2 
sticks on to its optimal strategy namely fo roc-deformation 
relations, it can he sure of a payoff equal to tho value of 


thy gamo, evon if the. opponent also sticks on to its optimal 
strategy. Any deviation from tho optimal strategy hy nature 
causes only a reduction in the payoff. Thus the opti ma l 
strategy of structure is obtained by assuming that nature 
will also choose the optimal strategy. In other words, nature 
is assumed to be a rational player, who always strives to 
maximize the. benefit. 

Serious objections may be raised on this assumption 
of rationality when it is known that nature does not care to 
have the optimum outcome. It may bo feared that such a design 
will lead to very uneconomical structure. It can be seen from 
tho discussion below that such a fear is not with any basis. 

Two assumptions are involved in the formulation of 
the gam® problem related to this a^ect* They are, (i) the 
nature is a rational player who strives to maximize the payoff, 
namely the damage measured in terms of the energy by choosing 
an optimal path of loading and (ii) all paths of loading are 
equally likely. It is to be noted that the magnitudes of the 
loads are kept below the limit values within vhich the 
structure is to he serviceable. Within this normal load 
condition no compromise on serviceability and safety is 
permitted and hence the solution is obtained for the optimal 
path of loading. Thus tho worst case attitude is taken with 
regards to path of loading, and not with respect to magnitude. 
A design for a worst magnitude of load not considering the 
risk involved may lead to highly uneconomical designs, #xereas 



a worst! case attitude alDout the path of loading may not lead 
to such 'ttn.economic designs hecause it is the magnitude of 
the loads that governs the dimensions and cost of structure 
more than the path of loading, 

Thus the pessimistic approach to design is with regard 
to serviceability for a limited magnitude of load. At such, a 
normal condition, the assumption that all allowable paths are 
equally likely may also bo justified. 

8,8.4 Existence of Saddle Point ; 

As mentioned before the existence of a saddle point 
is one of the prerequisites for pure strategy solutions. 
However, in structural design problems, the non-existence of 
saddle point in not a calamity. If no saddle point exists, 
the problem may still be treated as a game problem and a 
mi -niTnax solution may be sought for instead of a saddle point, 
solution. The necessary and sufficient conditions for 
existence of a saddle point are given by Eq_s. 8,20 and 8.21, 

By definition, the proposed game is a game of perfect infonaa- 
tion in which the state variables x at any s are known 
to both players. According to game theory, saddle point does 
exist for games with finite strategies that are of perfect 
information. However, the existence of saddle point in the 
structural action game is shown below from physical considera- 


tions. 
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To show that for tho game stated In Section 8<4«12, 
at least one saddle point dooe exist, and if more than 
one saddle point exists^ all of ttion will 3aave same 
value 

It is required to show that 
Ci) min max P = max min P « P 
(ii) 5 (v , d , u) ^P (v , a , u ) ^ pC v, d, u ) and 
(iii) P is the same for all optimal pair (v , d^;, u 

(i) Assume that; min max P 4 niQ-x min ?• 

v>a u u v,a 

Then from game theory it is known that 
max min P < min max P • 

Consider now a discrete version of the differential game with 
finite immhor of strategies* let player 1 has k strategies or 
k sets of the loading path, and player 2 has i sets of force»^ 
defomation relations leading to^ structures. The payoff 
matrix (P) for this discretised pro hi cm is a k x£ matrix, each 
row of \\hich r^resonts a path of loading and each column 
a structure* The payoff matrix is shown in TahLe 8*4* The 
element P.^ is the payoff of jth structure for ith path of 
loading* The physical significance of the payoff is already 
described in Gh^ter 5 as the energy #iich is a sum of the 
energy dissipated during the period 0-S of loading and the 
recoverable energy at the stage S. The minimum of any 



5A5 

tla3 energ'/ payoff id greabor than bho value, llius 

5 “ > li) < “* ]i*) < I’CZj 1 > E*) 

(ill) According to gomo theory if nore than ono saddle 
poinb existij all of bhcai will have same value (l‘^2)* Prom, 
structural point of view, ib shows the existence of moro bhan 
one structure with same amount of damage, 

Note: In cases where the various paths of loading have 

no effect on energy just as in elastic systems, a valley with 
constant minimum energy value may occur instead of a saddle 
point, 

8*8,5 Safety a nd .Scryicea bility ; 

fhe optimal strategies v , ® corresponds to th.e 
worst path of loading. If the structure is dosic,ned with 
y , a , then it will have less damage at any loading. Hence 
serviceability is guaranteed, 

# # 

To sh ow that t he .s t3: uctura jwi th -r ICZ J 

f or all pa ths of, loodi^^ pip.'vld^A-Sk®. limi t valu es 

are not exp e,^e d. 

In order to h?vve safety, the force-deformation 
relations obtained must be completely obtained for all 
combinations of loading within the limit values. In the 
proposed game, player 1 strives to maximize the energy 
dissipated and the energy conserved in the system. The 



dissipation is maximui.i whon energy is dissipated to the fullcj 
extent at all sections. In inelastic material, tho dissipatioi 
is maximur'i when each section is loaded to the maximum possillf 
force level by taJcinA” suitable combinations of loading and 
then unloading thorn, 'this process of loading to tho fullest 
extent is done for all sections, and the force-deformation 
relations obtained by the opthaal solution will have the maxin 
force and maximum deformation possible at each section; . Hon< 
if the structure is designed with these curves as the force- 
deformation relations, it will be safe for all paths of loadia 
provided the limit values arc not exceeded, 

8.8.6 Stabilit y; 

Stability is .another requirement in a design for 
noimial load conditions. It may include (i) Elastic stability 
(ii) stability ag-'inst creep bucld.ing and (iii) inelastic 
stability. A structuro is said to be unstable, when atleast 
one of the deformations become very large as the external loa 
is inf rnitosimally increased, 'Woff (158) and Ziegler (159) 
advocate that such a a 3 rnoin.ic criterion is the realistic one 
not only in usual dynamic and static situation but also under 
non-conservative loads, Ihis criterion is implicitly satisfie 
when a(s) is taken as greater than zero, which limits the 
increase in the deformations bo finite values, This condition 
is satisfied for the vb.ole service life from 0-S, -ence, it 
may bo noted that instability of the second and third types 
he Absent in the structure so long as the limit values of 
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■fchs loads aro not 6xc©eded» HLastic instability on buckling 
requii*3a additional considerations. Bbwever, th-c probleni of 
stability rcqaires further examination and no conclusions 
are arrived at in this investigation on the stability of the 
system. 


8.8,7 Special Features of the Method i 

HLfferential game formulation has all the fecial 
features of the optimal control formulation discussed in 
Chapter 5. In addition, the following points may be noted, 

(i) The uncertainty in the sequence and timing of the load 
are automatically taken care of by the game formulation, A 
design with minimum damage for the worst course of loading 
is obtained. Uncertainty in the direction and position of 
load may also be taicen care of by proper modifications 
suggested in Section 8,7, In the existing method also, the 
aspect of the problem is taken care of by placing the load in 
such a way that worst effect is produced on the structure. 
Therefore, the pessimistic solution due to game ^proach no 
way leads to a more costly design than that is obtained by the 
present design process, A proper algorithm will automatically 
take care of the uncertainty, while in the present design 
practice, any omission on the part of designer to correctly 
locate the worst positions may lead to unsafe designs. 

(ii) The maximization of payoff is done by player 1 by 
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stressing tiic cross-sections to the maximum extent possible, 
and by subsequent unloading* Ihe presence of any external load 
at the final stage would gi'/e a negative value of payoff 
('iince the net value of payoff is negative) which v/ill not be 
a best policy for player 1 as the payoff is less* Hence, a 
best strategy for player 1 is to unload the structure fully at 
the final time S so that the payoff is the loss of energy 
from 0-3 which is a positive quantity. 

(iii) IfVhen cre^ defoimation is present, the best 
strategy for player 1 vx)uld be to apply all the loads at the 
earliest instant possible and to allow the worst combination 
to continue until the final time is reached. At the final time 
the loads may instantaneously be removed. 

(iv) itor player 2, the best strategy a would be the one 
set that allows the sections or joints b<d.ow load to deflect 
more than othor points on the structure so that the sum of 
external work and complementary work is increased due to the 
increase of the deflection thereby leading to a less value of 
payoff. 

8,8.8 Extensions of the ^ferk ; 

Ihe method proposed in this section has been studied 
in detail only for a very special case of statically deter- 
minate system. It can be extended to more oo^lex cases. All 
extensions proposed for optimal control formulation may be 
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a't'tsDip'tGd for diff sroirtial gOii© as wsH, 

8.9 SUMARY 

fhe normal ploy of the structural action gams presented 
in Chapter 7 is studied in detail, and a design method is 
formulated. The problem is formulated as a differential game 
problem which is an extension of the optimal control formulation 
presented in Chapter 5. The loads are assumed to be within 
specified limit values, and cho loading process is considered 
uncertain. The solution of the pi?oblcm gives the task curves 
required for serviceability under uncertain loading process. 
JjXtensions to cases where time-dependent hchaviour is present 
and to a case where loads are instantaneous applied in a long 
process causing jumps in state variables are discussed. The 
method is illustrated through examples of tension bar, and two 
bar truss* The valid.ity of the method is discussed in Section 
8.8, showing that the structure if designed with the optimal 
for 00 - deformation relations is safe and serviceable for any 
path of loading provided the magnitude lie within nomal load 


range 



OliA PgER 

SURVIVAL PLAY OP THE SIRUGIURAL AGIION GAME 

9.1 imOIXJGIIOlT 

Itie DDxmal play of th.e structural action game has been 
formulated in the preceding chapter. Ibis play of the game 
chooses the optimal force -deformation relations for safety and 
serviceability requirements under normal load condition. Ihe 
subsequent survival play of the game for cost-effectiveness 
criterion is formulated in this chapter. The strategy of 
structure is the same force -deformat ion relations, chosen in 
Chapter 8, while that of nature is the uncertainty in th.e 
information of probability density functions and the timing of 
the loads, Wald's minimax game (88) is applied to find the 
optimaJ. strategy of structure. The method proposed in this 
chapter is an extension of the cost-effectiveness design 

\ 

presented in Chapter 6 considering the uncertainty in the 
probability density functions. 

Statistical game and minimax rule are briefly 
presented in Section 9*2, The problem is stated in Section 9,::' 
and a brief outline is given in Section 9*4* She detailed 
formulation and the solution process are given in Section 9*5* 
The method is illustrated by means of a sample example. 

Section 9.6 is a brief discussion on the foamilation* 
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9^ 2 ST ATI STIC ja GM'ii AID MIEEIM RULE 

9 •'2*1 Bayesian and. Mlnlmfly Models in Structural Design : 

The formulation of structural design as statistical 
decision game is not new. Turkstra (22) seems to he the first 
to attempt a Bayesian approach to the solution of structural 
design problem. This attanpt is followed by Benjamain‘s (23) 
extensive form of Bayesian decision for earthquake loads and 

Sexsmith*s (25) ^p roach to the design of beams# 

• ^ 

A Bayesian decision model is extremely useful in 

situations where the decision maker can improve the statistical 
information through eicperiments, When additional information is 
available, the a priori distribution (assumed or objectively 
measured) can be modified in the light of the additional data 
obtained from eisperiments. In a structural design problem, 
the designer may have neither the resources nor the time to 
conduct an experiment for in^) roving his knowledge of the 
probability distribution of loads. Hence, the direct use of 
Bayesian decision model may not be helpful as a decision tool 
for uncertainty in structural design. However, a Bayesian 
model can be used effectively for the improvement of codes from 
time to time, as and when additional data are obtained* Ibr 
example, consider the case of a probability density function 
for wind loads. Every year additional data may be obtained by 
conducting observations. This additional information may be 
used to improve the existing distribution through a Bayesian 
decision model. This process of refinement may be continued 



making the function closer and clooar to reality. 

Simultaneously with this refinement, the designer mus'c 
he able to «rk with the existing infomation giving due 
onsi derat ions to the inaccuracies and to arrive at reasonably 
accurate designs, 1 v;d considerations are necessary in this 
process. In one, the inaccuracy in the data or more precisely 
the degree of confidence with ;^ich the data can be used must 
be transmitted to the designer. This can be specified by 
specifying the bounds to the real unknown functions, which 
bounds may be reduced gradually by the Bayesian e35)erimental 
process. The second consideration is a decision model for usi'.g 
the daba with limited uncertainty to arrive at reasonably 
acceptable decisions, il minj mgg ga me of_'vyal d*s t ype is propo sed 
in this chapter for the latter situation . This model takes a 
conservative decisipn within the bounds ^ecifying the uncei-' 
tainty, 

9.2.2 Statistical Decision G-ame t 

Statistical decision game is assumed to he a game 
played by the decision maker against nature. Nature is designs' 
ted as player 1 who selects a probability distribution, of its 
choice. Player 2 is the decisionmaker who makes a decision 
under the unceirtain information of the probability density 
function* Such models are extensively used in the decisions 
^plied to statistical problems., It is based on the principle 
that a statistical procedure should be evaluated by its 



consequences at the particular circumstance. In 1939, Wald 
adopted this concept for statistical prohLems. later in 1950, 
b he minimax ^aiiic is proposed hy hini. 

!flfald*s model of decision theory has the formal structure 
of game theory and is a fecial case of the latter* G-ame theory 
considers an intelligent opponent while in statistical game, 
nature is a neutral idayer \'i4io may nob care for the outcome* 

In spite of this fact, Nature is assumed to he a rational 
player in the minimax game pro hi on, leading to a pessimistic 
solution as descrihod helovn 

9*2,3 Minimax Rule ; 

let the decision maker (player 2) has a set of 
strategies cc of v/hich he has to choose one that gives optimal 
outcome under the situa-tion. Player 1, (Nature) has a set of 
stratogios e of which it is assumed to choose an optimal one, 
Por each comhination of strategies belonging to oc and 6^ 
belonging to i9, there is an outcome u(ajl_, 0^) which is a 
measure of the loss suffered by the decision maker, fith the 
knowledge of u(a, £) the decision maker can select an optimal 
strategy a as follows, 

u(a) = min max u(a, (9.1) 

The rule thus states that the strategy that gives the minimum 
of ql 1 maximum losses is the acc^ table one. If the decision 
maker sticks on to the optimal strategy any deviation by 
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nature from its ovm optimal strategy results in a less loss 
to the former. On bhe other ha.nd, if the nature sbicks on toitso.v*' 
optimal strate,;y, decision maker may or may, not have another 
strategy toat has a yreator gain. Thus bhe minimax rule is a 
pessimistic ono that assures the least loss a decisionmaker 
can afford. Unlike in game theory, a search for saddle point is 
not necessarily made in minimax game. One such saddle point 
may or may not exist. Since no saddle point condition is searched, 
the minimization and maximization can he done independently 
from one another. 


9 . 3 STATIiM OP THii; PROHLai 

(i) Assumptions; lUl -assumptions made in Chapter 6 hold good 
in the present formulation. 


Cii) mta Given ; The following informations are given 

(a) The force-deformation relations req^uired for 
safety and serviceability undor norms! load conditions are known 
hy a design described either in Chapter 5 or in Gh^ter 8, 


(b) The external loads w acting on the structure ace 
raiidom. TUe variables 2 arc asawod to be namely distributed. 
However, either mean or standard deviation is assumed to he 
unlaiDwn within two bounds as dosoribed In Oh^tor 4. Within the 
hounds, all prohahility density lunotionB are equally likely. 


(lii) It is required to carry out the oost-effeotlveness 
design considering the uncertainty in the prohahility density 


functions.. 
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9.4 BRILi' OUTLIHi!) OP 'IHE MPOHOD 

Tiio present lonaulation constitutes the survival play 
o± the gam^ described in Ghsptor 7t 'Ihe strategies of the 
structure are the forcc-dofo relation relations, of which the 
initial portions are already known from serviceability consider- 
ations. It is required to select an optimum set of force-defor- 
mation relations (task curves). The strategies of nature arc the 
probability density functions the range of which is given. 

Nature may choose any combination of these functions. Also, the 
timing of the application of the loads on the structure is also 
considered as a strategy belonging to nature. By minimax mLe, 
the structure chooses a set of force-deformation relations as 
its optimal strategy corresponding to the worst course of action 
of nature (worst combination of distribution within the bounds) 
so that the loss it suffers in the minimum of the maximum loss 
among all alternatives. She cost-effectiveness factor given 
by Sa, 7.1 is the pay-off. Nature can maximize the pay-off by 
maximizing the probabilities by choosing proper density 

function and the costs of failure by choosing ^propriate 

time at which the cost of failure is high. 

9,5 PORWtULAlION OP IHiS PROBEiM 

The formulation for cost-effectiveness design under 
town probability bolds good in this case also with the followir. 

changes, 

(i) In the cost-effectiveness design under risk situation. 
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the probabilities aro known quantitios for any ^ocified state 

structure.. But, it is nob fully Known, in the game foimxileti^ 

because of the unknown density functions associated with the 
loads. 


(ii) The time t of each mode of failure is such that the 
cost of the particular mode of failure is high, 

(iii) The optimum policy of structure corresponds to the 
min max K^j, instead of min taJeen in cost-effectiveness 
design. 


9«5,1 Strategy of Hatiirc i 

The uncertainty in the information of the exact 
probability density functions is assigned to nature as its 
strategy, Nature is assumed to choose a combination of such 
functions so that it receives maximum benefit under the 
competitive moves. 

One way of mathemabically stating the uncertainty r- 
is described in Oh^ter 4? whore the standard deviations 0 
are treated as unbinown parameters. This method of definitin ^ 
of the uncertainties is further discussed here. 

The t 3 ^e of distribution, the meanand standard 

1 

deviation are the usual parameters needed to define a density 
function. Miy one or all of them may generally be considered 
unknown. As a first attoi^jt, let us assume that the distx- 
bution belongs to a class, say normal distribution . Thus let 
0^), ,,,, N(^, he the normal distributions for 


m 
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loads acting on "tlio stnuctuno. 

In each of the distributions, either the mean or 
deviation may be treated o.s unknown and other parameter as 
known* 

Cage 1 . Mean ^ is unlcnown deviation 0_ is known; Ihis uncer- 
tainty is not with regard to the sh^e but with regard to the 
position of thvs function. 'Sien it is difficult to exactly locate 
the moan, this sort oi uncertainty may be assumed, let ___ 
be such that 

< 1 = 1 ,..,, m (9.2) 

In this case the choice of a proper is the strategy of 

nature, Ihis strategy is called h: strategy, strategy 
is shown in iig, 9.1. a. 

Case 2. Deviation 0 is unloaown, mean ^ is known; Ihis 
uncertainty refers to the sh^o of the noianal distribution, Yevj 
often it is difficult to correctly estimate the shape eaperi- 
mentaHyln such cases, ^ may be treated as an unlcnown para- 
meter such that 

6,^ < e, i i ® 

The choice of a proper 9 is the strategy of nature. This 
strategy is called ^ ■” strategy to distinguish it from 
strategy. The Q - strategy is shown in Fig, 9.1.b. 



Timing of the App lication of Load ; Tiiu cost-effectiveness 
factor Kj given by Eq. 7,1 is a function of time. Hence, if 
the timing of the supplication of load is properly chosen by 
nature, the value of can be maximized. This is possible by 

choosing the appropriate time of application of load so that 
the cost of failure C^(t) is maximum, Hunco, timing of load is 
also considered as a strategy of nature, 

9,5,2 Minimax Solution ; 

let represents the cost-effectiveness factor given 

by Eq, 6,26 as 

= 1 + S p(w) TC(w) C9*4) 

This factor is taicon as the pay-off which is a loss to the 
player 2 (structure). In the method proposed in Chapter 6, 
p(w)f)r any w is taken as a known quantity. In the minimax 
game, pCa) is unknown since or 9 is unknown. The maxhui 
zing player chooses a /f or 8 and the tame t such that 
IS maximum. Simultaneously, the minimizing player chooses the 
force-defomation relations ^ch that % is minimum, iet the 
strategy of player 2 bo denoted by (F-y). The problem can be 

stated as follows! 

Find an (F-y)* such that the pay-off 

E = Min Max j" 1 + S pCw) K(w)J(9.5) 

(l-y)>^or a.t'- 



Eq.. 9.5 is callod tho minimax rule of the survival play of 
structural action game. The maximization and minimization may 
he carried out separately for any load w chosen. 

9 ♦ 5,. 3 Maximization of Pav-n-p^p ; 

The terms p(w) K(w) in the Eq, 9 , 4 . arc all positive 
quantities. Hence, maximization of each teun wDuld lead to a 
total maximum* Por any ^ nature must find a Suitable combi- 
nation of t or £ such that p(w) is the masdmum* Also^ 
the time t is chosen such that 0(w) is maximum* This freedom 
of choice is allowed to player 1 within the bound given by 
Eq, 9*2 or 9*3. If 0 . happens to be the strategy, the tqjper 
bound would very often give the maximum p when load is at 
the tails of the distribution. However, if b is the strategy, 
careful consideration is necessary in the choice of the vaXue 
* Por any load , the distribution function may be 
placed in such a way that the mean /*^ is within the limits 
and the probability pCw) is maximum* 

In the practical solution of problems, the probability 
of regions with same cost of failure is ad.ded up* Hence, the 
regionwise maximization with respect to b or 9, strategies 
would become necessary* This can be done by finding the 
maximum probability p, of the region by choosing appropriate 
probability density functions within the bounds* 
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9 . 5 ♦ 4 Illustrative I bcanijn^i 

Ilie maximizabion oX pay-ofX with, respect to ^ - 
strategies or 0 -strategies may be illustrated ttirough a simple 
example of three parallel bar system. 

Consider a tloree bar system as shown in Pig. 9 « 2 #a» It 
is subjected to a load w which is random, The probability 
density function of w is considered nomial v/ith either jM*or S 
known% Consider that the structure ho,s force— deformation 
relations as shown in Pig, 9 « 2 ,b, Ihe cost-effectiveness is 
given by 


Kjjj = 1 + p^»K^ + "Q 2*^2^ + p jK j 


where 



and P2_, P2» P3 ar® probabilities of the three states of 
serviceability, damage and collspse respectively, Por pu:qE)0se 
of con^jarison, the distribution is assumed as ^(40, 5 ) and the 
cost-effectiveness factor Kg, is calculated as 0,54695L2, 

Case 1 , Nature with strategy t In this case, is assumed to 
be unknown such that 

36 tons ^ < 40 tons. 



361 


-and e = 5. 

I'iie maximuin values of pg, in this case are found out, 
fhe max p^ corresponds to the lovjer limit and the other tw> 
correspond to upper limit, 

Q-ise 2 , lature with 9~3t rateg.y: In this case, 0 is assumed 
to be unknown such that 

5 < e < 10 
40 tons 

Ihs maximum P 2 , corre^onds to lower bound and corresponds 
to upper limit, 

The example illustrates how the value of changes 

due to maximization. It may be noted that the probabilities 
in each row for A^-strategy or e-strategy will not get added up 
to unity, 

9 . 5.5 Minimization 

Minimization of pay-off can be done exactly in the same 
maimer as proposed in ouster 6. A policy iteration prooetoe 
may He followed. In the policy iteration prooednre a maximizing 
operation may also He added in the policy evaluation operation. 
At this operation nature is assumed to select the /^strategies 
or e-strategies and time in such a way that is maximum. 

Ihe maximum value of Kj can He oHtalned by a manner similar 

to the one ei 5 ,lalned in exawle given in the above section, 

«hen probability dlstrltationa of the internal forces are found 
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out f^om that of external loads, hy means of equilibrium 
equations. The two limits may be estimated in such a way that 
the limits in the case of forces are the possible extr'3mos 
laiowing the bounds to the distribution of P tjao maximization 
can be carried out, llhe fLow chart for the new policy iteration 
scheme is shown in Pig. 9.3* 


9 . 6 DISCUSSION 

The uncertainty in the information of probability 
distributions is considered ais a strategy belonging to nature 
and a game is formulated. The minimax solution gives the optimal 
set of force-deformation relations that minimize the cost- 
effectiveness for the worst combination of probability density 
functions (tliat maximizes the pay-off) within the ^ecified 
bounds. So long as a distribution is unknown, such a conservativ 
estimate taking a worst case attitude is aamissibLe. The error 
due to tbe wrst case roach depends on the bounds pacified 
rather than the adoption of rdnimax rulel Hence; th^ bounds 
must be obtained in a morb''a^bhltkte Way. 

The process of msxiSizatibh becomes too <3ue to 

the complexity of normal function. It is worthwhile'’ tb study 
the’usb of algebraic approximations of normal fUnctioi^. or some 
distributions that can be e^rassed by algebraic functions so 
that the differentiation with respect toucan be easily aone. 
Such approximations in the distrihrtion is permissible on 
account of the worst case atbitudo taken in this formulation. 
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Also, the e25>ansion oX tho probability density function f<w) 

into a series of the fom knovm as G-ram— Oharlier Series of Type 
A (160) given by 

f(w) = S C. 

D=0 ^ 

where Oq = 1, = 0, 02 = ^(9^-1), ^ etc. may be 

attempted to use. The series may be truncated at convenient 
level of accuracy. Z(w), Z^^^(w), Z^^^(w), Z^^\w) for a normal 

3 

distribution are tabulated by Owen (14-6),^ is the third 
moment about the mean of w. The computation of multivariate 
distribution for cost-effcctiveness design described in Chapter 
6 and for the maximization of with reject to or 9, 

would be easily done using such algebraic functions. However, 
this extension requires considerable study before any concrete 
proposal can be made about tho applicability of the method. 

9,. SUMB/IARI 

The survival play of the structural action game is 
presented in this chapter. The cost-effectiveness design is re- 
formulated taking the maximization of the factor by nature 

choosing appropriate probability density functions. Two types 
of uncertainty have been discussed; one is the uncerteiinty in 
the mean and the other the unceirtainty in the deviation. 

By this design, the force-defoimation relations axe 
obtained taking the uncertainty in the statistical property 
also into account. 
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10.1 IlTliiOIOCSION 

In Gh^ters 5 to 9? several decision techniques for 
obtaining the task curves for various conditions of loading 
h-ive been presented. The curves are obtained as the optimal 
course of action or behaviour required to be followed by the 
structure under oppropriato conditions of loading such as 
certainty, risk or uncertainty and also taking into account 
the non-measurable uncertaintios. Fo specific material or cross 
section has been proposed to use in this process, (except in 
the case of time -dependent behaviour) and instead certain 
behaviour idealizations like linearity, nonlinearity and in- 
^asticity etc. have been made.' ilso, no uncertainty or ranitom- 
ness in the behaviour of the structural cross section is taken 
into account. Hence, the material and cross section of the 
members remain to be s^octod. This selection is to be done 
considering the uncertainty or randomness in the behaviour of 
material and also the economic aspects of the problem. The 
problem is stated in Section 10.2. Since the forco-deformation 
relatione can be anywhere on the conservative side of task- 
curve, the designer is fr-;c to choose any suitable oixjss 
section of any suitable material with behaviour identical to 
that of task curve. This point and certain other aspects 
about structural behaviour are discussed in Section30*3. 
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In Section 10^4, tho simplification achieved in optimization hy 
this method is discussed* fho direct design, u:i3.ike the 
existing optimization methods, allows a memberwise opcti.-iization 
(selection of structural material and cross section i:'.<3ludcd) 
because of the s€ 5 )aration of structural analysis from 
optimization. The choices under conditions of cortainty, risk 
and uncertainty are discussed in Section 10,5’“10*8. Section 
10.9 conbains a brief discussion on the methods suggested in 
this chsgpter. 

Considering the volume of computational work involved, 
several simplified procedures are proposed to use depending 
upon the accuracy needed. 

10*2 OtlEEtlNE 01 TED METHOU 01 CHOICE 
10.2.1 Statement of the Problem ; 

The decision problem involved in this process nay be 
stated as follows. 

TTcnision Variables ; The nateicial, sha^e and dimensions of the 
cross sections are the variables to be chosen in a decision 
process. In some pix?blais, especially when time-dependent 
behaviour is considered, the tj^po of material has to chosen 
a priori. The choice, therefore, reduces to only that of the 
shepe and dimensions of tho cross soot ions. 

Q j The CO st»^ f f ectivoness criterion given by 

°T= °s[^ * 4- 


( 10 . 1 ) 
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is optimun. In this expression and 0^ aro kepi; constant 

daring this stage of design ihen 0. is other than C - 

i S 

Constraints : 

(i) The cross sections chosen should have their accepted 
force-defomation relations coinciding with the 
corre^onding task carves fully corrected for all 
uncertainties* 

(ii) The naterial should have the same sort of idealized 
behaviour, as the idealization made in the state 
equations. 

(iii) i^art from structural considerations, the material 
chosen should be suitable for other requirements like 
aesthetics, durability etc. 

(iv) The dimensions and shf^e chosen must bo conformal to 
the aesthetic needs. , 

Decision Process : The decision is to be done under certainty, 
risk or uncertainty depending upon the information pattern 
ava.ilable about the beho.viour of the structural cross sections. 

10.2.2 Method of Ghoice t 

The problom stated above does not require a rigorous 
mathomatical framework to solve it. Instead a graphical 
procGduro as described below would be simpler. The choice of 
the cross section is based on matching of the f o recede fomaa— 
tion relation of the section and the task curve required at the 
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socoion for safety, as shovm in Pig, 10,1, llie natohing can be 
done not only with respect to forces but also with roi^oct to 
deformations, stiffness and maximun cspacity of dofonnation. 

In this matching, the designer gets enough freedom of choice, 
as described below. 

(i) If the curyo is coinciding with the task curve or 
lies on the conservative side on all cross sections 
structure is safe, Thus no point by point coincidence 
of the two is necessevry. 

(ii) Designer can cbooso any curve and the corre^onding 

cross section on the conservative side of task curve, 

so long as the constraints stated in Section 10, 2*1 

are not violated, Ibis would allow to choose the 

section fooon a widor class of materials* Shis choice 

no way affects the task curves, 

* 

(iii) So long as the behaviour of material matches with the 
behaviour idealization made in the design of task 
curve, any material can be chosen pro-vided it satisfies 
other constraints stated in Section 10*2.1, 

Ihe method of solution is quicker and easier if 
force-deformation relations of various materials are made 
available in the fom of graphs and charts. In such a case, 
the section can be chosen by matching the task curve to the 
curves provided in the chart. In precast construction work, 
the manufacturer can supply such infomation along with the 
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Eienbers narkotod in ■fcb.G fom of a Esp ecification* Actual stross— 
strain curves of several metallic materials (l6l) and reinforced 
plastics (162) and elements are puHished in the foim of 
Handbooks , (161) by the Defonco Doparbment, Washington# Similar 
charts and grs^hs for structural sections of different materials 
nay bo prepared for regular use* 


10.3 MxiTflRIACi ..NH ESH^^TIOUR COFSIREEhiflOlTS IH 
•IHE CHOICE OF SECIIOIS 

10.3*1 Materials in Design ? 

Traditionally, material consideration in design has 
been neither systemabic nor rational. The designer is constrain- 
od to choose certain materials a priori and carry out the 
design, and there is not enough free don to try the effective- 
ness of alternative materials with respect to cost or weight. 

This is because of the dependence of the entire analysis of 
structure on the force-dcfoimation relation. IiB discussed in 
Chapter 2, any change on the relation would demand a revision 
of design. This difficulty is eliminated by the birect design 
concept introduced in this investigation. The design for 
oxternol load is free of material consideration and tt^ designer 
can choose the material on co3::5)letion of the design for task 
analysis. I'Jiy alternative trials of materials will no way 
affect the design already carried out. 


Several new materials and composites are being 
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developed the use of which, in structural design need he 
investigated* The concept of coaposition of aatorials allows 
designer to have need-oriented naterials and the direct design 
would promote the concept of composition of materials* 

10*3*2 Interaction of lbr‘ce-dofo33riation Relations and 
Plastic Yield Condition i 

The interaction of the various force-deformation 
relations at any section is to he taken into account in the 
computation of individual force -deformation relations* For 
example, the presence of axial forces or twisting moments 
affect the bending moment capacity of reinforced concrete 
sections* In certain case^ like reinforced concrete, the order 
of development of various forces at a section has great influ.“ 
ence on the deformo,tion patterns and cracks. The worst order 
of development of forces is also known hy the solution of 
differential game prohLcm. Hence in an accurate ajialysis, this 
fact may be taken into account* 

The plastic jaeld condition is another requirement., to 

i 

bo satisfied by the forces ab any section. In a nonlinearly 
inelastic material, the yield surface also expands with f 02 ?feo 
level* The actual force-deformation relations are to be 
obtained for any plastic material satisfying the yield condition! 

10.4 PROCEIKJRB OF OPTIMIZATION 

A cost-effectiveness criterion has been proposed 
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earlier to select the opbiaal structure out of all the alterna- 
tives available, Shis optiriua is achieved in two stages, as 
U3plain-d in Chapter iJo obtaan the task curves, the 
eq^uation 


= 1 + 2 ( 10 . 2 ) 

is nininized. Subsequently for the choice of the sections, 
the criterion in the foni of Eq_* 10,1 is made use of. 

The sections are bo bo chosen such that their actual 
forco-defomation relations coincide vdth the respective task 
curves or lie on the consorvativo side (above the task curves)* 
If sections are chosen vath its force-deformation relations 
coinciding with the corresponding task curves, the term 
S p^ 0^ in Eq* 10*1 remains practically unaffected* On the 
other hand, if a section having a conservative behaviour com- 
pared to that represented by task curves is chosen, the tern 
2 p^ 0^ may be reduced. 3Xiring the selection of cross- 
sections since there is no chance of increase in the value 
2 Pj^ 0^5 can write 

Min/o t 2 p. 0. \ - Min 0 + constant (10*5) 

\ S • X 1* J s 

The sections can bo cboson such that the cost_.o_£_ structure 
is__nini£um, finally, after the choice of a stmicture with 
minimum cost the accuracy of the costs of various chosen 
failure modes may be verified. 
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The cost of structure nay bo divided as 


Gg Cosb uf nanbers + Cost of coimoctions (10*4) 


The choice of cross 


sections of neiobors cannot reduce the cost 


of connections. Hence, 


Ivlin Cg - Min Cost of nombers + Constant (10*5) 
I.I 

— Lin £ Cost of ith nenber + constant 
i=l 


iis fchc cost of ell the nenbars aro positive nunbers, minimi- 
zation of the cost of each nenbor can load to overall minioun. 
Hence , 


M 

Min Cg = 2 Miniciun cost of ith member +• consti(10.6) 


It shows that the cross sections of tho members are to be 
chosen such that the cost of the nenber is a niiainum. This 
memberwise minimization is possible only because of the separa- 
tion of structural analysis from the optimization process. 


10 . 4 *1 Some Special Gases i 
Maintenance Pactor ? 

Cost of a member = Initial cost Cost of maintenance 

= Initial cost(l + maintenance factor) 

= Initial cost ( 1 + P ) (10.7) 

The factor ^ r<^ resents maintenance cost as a fraction, of 

the initial cost. These factors may be evaluated for different 

for 

materials used for construction and location. Ibr exmgfXOf 
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|3 may be more for o. steel structure where corrosion possi- 
bility is high, than thab of a concrete construe cion or steel 
structure itself when used in a place vdiere corrosion is loss. 
In comparing structures of different materials, this factor 
nay also be introduced, Hbv/over, when the material is chosen 
a priori, there is no necessity of the introduction of p , 
as it does not affect the choice* ibr aero^a,co structures, 
whore weight is also an important consideration i^art from 
cost, the use of similar fa.ctors to r(^rosent the equivalent 
operational cost duo to the weight of a section as a fraction 
of the cost of member nay be attempted. 


Uniform Members ; When the members are of uniform cross 
section, the cost o C unib length of member will represent the 
cost of the entire length. In this particular case, 


Initial cost = Cost of unit length of member x 


length 


( 10 . 8 ) 


Initial cost consisbs of cost of material and cost of construc- 
tion, When complex shc^os are compared for choice, the cost 
of construction may be an important factor to be considered. 


10,5 OHOIOi; UNDER CERTJJIHY, RISK OR UNGERIiilHIY OF 
M^xTERi;!, BEHIVIOUR 

f 

Depending upon the information of material behaviour, 


the choice of cross section is to be made under three 
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difforGnt situations, 

(u) Tho laaterial and cross sections chosen nay h.avs 
det ojXiinistic behaviour. In this case, the forco-defomation 
relations of the cross sections will be uniquely detenained. 
The choice of the section under such conditions is called 
cbpi.PP. under certainty. Under strict control of nanufacturc, 
especially for netols, a condition close to certainty nay 
sometimes be obtained though such a possibility is very rare, 

(b) The mechanical behaviour of the sections may be random 
with the probabilities known. This situation is said to lead 
to a choice under risk , 

(c) The mechanical behaviour of the cross section nay be 
random with unknown probeMlities, This situation occurs 
when no sufficient information is available about the 
statistical nature of the behaviour of the cross section* This 
situation loads to a choice under uncertainty . 

10.6 OHOIOfi UNDER CERTAINTY 

This is the simplest condition of choice possible* 

The force- do format ion relations may be uniquely obtained as 
the beha'^iour is unique. These curves may be compared wiiih 
the corresponding task curves. If the charts of force- 
deformation relations of several cross sections are made 
available, the choice can be easily made by ^perposing the 
tasic curve and selecting the section ho.ving force-deformation 
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relations lying on the conservatiro side of tJie task curve. 

10 .6.1 Xllus tration of the Method of pyx'* joe ; 

Ilie method of choico of the material and members is 
illustrated by means of the examples that are previously 
solved using optimal control formulation and cost-effectiveness 
model. Pigs* 9*2 and 3*3 show the method of choice. Ihe stress 
strain curves given in Ref, ifiL are made use of to find out 
the force-deformation relations. Cost factors indicated 
against each of them are arbitrarily provided and are for 
purpose of illustration only. 

Example 1 ; The two bar truss analyzed in ChEgfiter 6 is chosen, 
for purpose of illustration. Since the bars are of uniform 
diameter, the optimization of cost can be carried out at the 
level of cross section. The force-deformation r^ations of 
several materials are con^ared as i^own in Pig *10. 2. The 
section having least cost and its force-defermation r Nation 
lying on the conservative side of task curve is chosen. 

Example 2 ; When the design is done for only normal load 
condition and a sectioa is to be chosen using the task durve, 
the shifting may be done by using a greater margin. This 
method of choice is illustrated for tension har in Pig* 10#'3. 
The force-deformation r^ations of bars with different 
material are compared with the shifted task curve of tension 
bar. A factor 1.5 is chosen for shifting the curve,! 
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10.7 OHDICE UOER RISK (PROEiiBIIIIY OE BfilLxVIOUR 

PiEJJaE[CERS|KIOWI. ) 

Y/hen the behaviour of structural cross section, is 
random and full infoiriation on probabilities is available, the 
choice is a 'choice under risli. Unlike for loads, information 
about the statistic-vL nature of the stress-strain curve of 
materials can be collected at relatively less cost. Therefore, 
statistical nature of the behaviour of cross sections may, 
in general, be considered as known phenomenon. The choice of 
sections in most cases mc,y bo treated as i choice under risk. 

The nonlinear random behaviour of cross sections is a 
sequential process or stocha.stic process. The consideration 
of the process in this most general form is too conqplex to 
use in practical design. Hence, the process can bo idealized 
to a Marknv process introducing suitable assuriptions. 

10.7.1 Markov Idealization of Random Behaviour of Sections ; 

It is shown in Section 4.2,5 that the random process 
of doformational behaviour of sections can be idealized as 
a Markov process. Markov process is a special type of stochastic 
process distinguished by a certain Markov property. According 
to this property, the probability of transition to future 
states depends only on the state presently occupied by the 
system and not on the history of the system prior to that 
state. The Markov chain is a Markov process with denumeratle 
number of states (163). She approach taken in this formulation 
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is based on th.e m^rk of Howard CI64) and Martin ( 92 ), 

It is to be noted that the randomness under considera- 
tion IS in the pure mechanical behaviour of the cross sections. 
It may be reasonable to assume that the mechanical behaviour 
of any cross section is statistically ind«gpendent of that of 
adjacent sections, ibr excai^le, the moment -curvature relation 
of one section may bo statistically independent of that at 
anobher section. The force- deformation relations of any cross 
section cannot detvjministicclly bo specified as assumed in 
the optimal control formulation. However, if all the random 
curves are on the conservative side of the task curves, then 
the structure is safe. On the other hand, if one or more 
curves lie below the task curve, there is some associated 
probability of unsafety. /iKain, it is practically difficult 
to find a section that has all its random curves well above 
the task curves. Hence, it is ('aimed to have sections yith 
force-deformation relations coinciding with the task curves 
below which the probability of occurrence is negligibly small. 
So, the ultamate aim in the study of statistical behaviour 
pf a cross section must be to find such a curve with a 
^ Gcifi 3 d pir^bability level, which may be arbitrarily chosen 
quantity. 

In the study of the statistical phenomenon of the 
force-deformation relations, the forces correeponding to any 
stated deformation or the deformations corre^onding to ariy 
forces nay be considered as random. Qhe former approach Is 
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followed, hero, lest the deformation j take the place of "the 
stage variable time in a stochastic process. Consider that 
at any y, the force at the section is let A P be a 

reasonably acceptable increment of force that divides the 
states of force into finite intervals, let N be the 'minber of 
states of force level the section can have. Thus the forces 
at states 1, 2, N are (l-l)AP, (2-l)AP, ... (i-l)^P, 

, (lir-l)AP respectively as shown in Pig.l0*4. force 

at ith state is therefore Ci-1)AP, 

In a short interval dy of deformation after y, l®t 

a process at state i will make a transition to state j, with 

probability i^yCVa)* ^he transition is assnmed to have 

the Markov Property, Such a process having transition rate 

matrice s' P(y) = is called a continuous process. The 

diagonal elements are not yet defined. The transition rate 

matrix f niay in some problems be constant and do not chang© 

with y. In the random beho.viour of structural members [P] 

is not same throughout y. let 7i^(y) be the probability 

that the section will ha'vo a force P^ at ith state at a 

deformation y. The state probabilities itj^Cy t <3y) 

7 [.(y) may be related as follows (164); 

^ H If 

1^(7 + ay) = >^(y)[i - 2 Pij ay] + 

IT 


pjji(y) i = 1, •••> 


(10.9) 
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It shows that tho system can occupy state i at y + dy 
in two rautually exclusi\ 7 'e ways. 


(i) It could have "been in state i itself at y and 
made no transition at y + dy* It corre^onds to 
yielding of the section. The probability of those events 
axe Jtj^Cy) as tho probability of stage i at y, and 
5 - transition probability* let us 

introduce tho diagonal element as 


P 


11 


‘2 p. . 

3?^i 


( 10 '. 10 ) 


(ii) The second tern in the Eq^. 10,9 represent that the 
system is in the state j at y + dy is to have 
been at state i 3 at y and to have made a 

transition from i to 3 during the interval dy,Eq..lO,9 

can be written as, 


Tij_(y + < 3 y) = Tt^Cy) [^1 + ^yl + 5. Jt^Cy) 

IT 

or is^Cy + ciy) - ^ijL^y) =* s P^i^y) ^ 

3'“I 

(X0,11) 


Dividing both sides by dt and taking the limit, 


d-tt^Cy) 

dt 




!T 

Z 


*jCy) PjiCy), 


i = 1, 


# 


IT (10*12) 
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To obtain the solution of these N equations, the 
initial conditions 71 .( 0 ) for i = 1, n must be 

specified. The solution of the differential equation giTcs 
the state probability at any y in terns of the initial 
state probability and the transition rate matrix jp 
off-diagonal terms of the matrix |p 
transition rates. The diagonal element of are given by 
Eq« 10,10. As a result the rows of [!0 sum to zoro 
H 

Pi3 = 0 (10.13) 

10.7.2 Application ; 

Though the description of the random process is 
accurate enou^, it requires considerable data for application. 
The essential statistical information needed are; 

(i) The probability Ji:j|_(0)5 D = 1, F of the 

starting point, and 

(y)J as a 

function of the stage y. It nay be noted that 

p . is not a fixed matrix, but is a function of the 
13 

stage y. 

Knowing those tw data, the state probabilities can 
be found out for all stages y. Let there be a curve ^ch 
that the probability of any curve lying below the one under 
consideration is an acceptable v^ue p. Such a curve caa 
be obtained by finding those states of forces below which the 


(ii) The transition probability matrix |p^^ 


are given by the 


me 
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ootal probability v '"coccr::?' jjo q, c p iV^4 

plotting them against y, ipho curve with such an acceptable 
probability margin p and that corresponds to a section of 
least cost may bo chosen* Oonsiderablo e3^erimental study is 
needed to obtain the data mentioned abo'^'e for puipose of 
design. 


10.7.3 Simplified ij^nro ach Due to gerrv Borges ; 

2ji appixjximabG way of dealing with the problem of 
finding the random force-deformation relations itj^Cy)* is 
suggested by Perry Borgos(113). He studied the statistical, 
variation of Moment-curvature relations (M-e), Pig» 10*5*a 
shows the application of such (M-e) curves of any cross 
section. Corresponding to a33y Mq and any curvature 8 q* 
there is a statistical distribution of Q and M respectively, 
The mean value, standard deviation and co-efficient of 
variation for 0 and M re^ectively are represented by 
E(elM), ])(e|M), O(elM) and ECMle), DCMie) and C(Mle) respec- 
ively. Pig. 10. 5. b indicates the values of f)(Ml8) and 
I)(Mle) corresponding to Pig* 10«5*a. Suoh diagrams for each 
cross section may be obtained. As usual, the curve that, has 
a probability level p can be chosen from the alternatives* 

10.7.4 nn«t~effectivenoss Model Por Oho ice of Membm? 

In Section 10*7.2, the criterion of selection of a 

the minimum cost go rre® ending to an 


cross section proposed is 
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accept alle probability level p* Such an arbitrary specification 
of probability as p may bo oxcludod by incorporating a cost- 
effoctivoness analysis at the member level* This analysis is 
for tbo safety of the system relative to the taslc curves by 
assuming that failure of some kind occurs if bask curve 
. rcquirtaicnt is violated, lot the cost-effectiveness model 
at member level be as folio wst 




0® iPi “to 
r 


( 10 , 14 ) 


where 


0 , 


'Tm 


sm 


0 , 


'Im 


Cost-effoctiveness of member m 
Cost of the member m given by Ei».10,7 or 10,8 
Gost of ith tspe of failure of moaber m, 
Probability of ith typo of failure. 


In general, failure of a member may lead to 3 types of losses, 
Jailure la asaoaaed t.y matohUig tho actual foroe-aoloimatlon 

xsXsrtfion wit-tk tiho task curTO*^ 

(i) failure of serviceability; If the actual force defor 
mation relation lies on the unconservativa side of task curve 
hut tho forces match within the normal load rar^e the failure 
is said to be the unsorvicoability Clig* probabili y 

p of cost 0^ of unscrviceability is the area of the 

pLubility ^notion t>^t la loss that luaioatod 

I 

by tho task curva^ 
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effectiveness model doscribed in Section 10,7*.; vdth the 
Bayesian Moxkov process. the Bayesian Markov process is 
still in the process of development, it is not attempted to 
make a detailed study of the applicability of the method* Instead 
only a brief outline is presented, 

Bayesian decision theory is a convenient modal to 
improve the decision maker* s belief on the probability of a 
state of nature (subjectively assigned) by incoiporating 
information from experimental evidence, 2hus a prior distribu- 
tion is subjectively assigned to the state of nature by the 
decision maker* Utilities are also assigned to the various 
action state combinations, This wuld give the expected 
utility of each action of decision maker, nhen additional 
eij^erimental evidence is obtained, the prior distribution can 
be improved incorporating the now information by means of 
Bayes* theorem. This refinement is done consistent vdth the 
associated utilities, xx prior posterior analysis and a pre- 
posterior analysis (92) nay be carried out to find out the 
optimum action-experiment combination that maximizes the 
expected utility* 

In the Bayesian Markov process, Markov process with 
alternatives and rewards is considered. In this case, each 
transition probability may have, say, E alternatives, 

^ TJolic-V consists of the selection of one alternative in each 
state, Ihe choice of such a policy brings in a reward 
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to th .0 docision makor^ 'iT^c uncertainty in tho stochastic 
matrix becauso of tho aXtornatiTO possibilities is ospresscd 
by rGga^*ding it as a random matrix vdth a prior p 3 x> lability 
distribution function. I'ho initial state probability may bo 
asoum^d known, ij. fixed cample size analysis may be carried 
out v/iuh the data obtained from a consecutive sampling of 
A. state transitions. Hie prior posterior and preposterior 
analysis may be carried out. The above process of refinement 
of distributions may be carried out by code writers and the 
result transmitted to tho designers. This will reduce the 
computations in an actual design process, 

10,3 DISCUSSION 

m 

10,9*1 Oom-parison wibh Mathematical Program mi ng: Problem ; 

It is worth comparing the direct design with the prohL^ 
of structural optimisation based on mathematical progrojaming. 
This would give a better understanding of the proposal and its 
merit over the existing mathematical programming <j|>proach. to 
design. The mathematical programming problem in structural 
design can be stated in a general way as follows s 

Decision Variablos ; The parameters defining the cross sections 
such as area, modulus of the sectionj breadth} depth etc, 

Obnectivo function : A mathematically stated criterion like cost, 
weight, or any other utility that measures the systom merit* 
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O P- Bs traints ; liie constraints genercily chosen are listed below; 

1. Constraints on sh.<^G, dimensions, and material of 
cross sections, 

2. Constraints associated with safety or failure mode. 

3. Equilibrium equations 

4* Compatibility conditions 

5« Serviceability constraints 

6, BicliLing constraints 

7. Bictility constraints, if necessary. 

The constraints 2 to 7 ere required to satisfy either the 
laws of mechanics, or the values in design namely safety, 
serviceability and ductility, 

j-i. close oxaminabion of the problem will reveal that the 
link between the objective function and the constraint space 
is actually provided by the force-deformation relations. This 
fact is recognized in the proposed method of choice. The task 
curves are obtained by satisfying tho constraints 2 tq 7 for 
the load pattern given* Hence, they can replace the coivstrad^nts 
2 to 7. This IS in this form that the probloa is stated in 
Section 10.2*. It will ho cleax from the following paragni^hs 
that the process of optimization in this way is isuch sin^jler 
than that in a mathanatiorl programming prohLoa, 

In the mathematical programming method of optimization, 
the optimal choice of the section and the structural analysis 
are combined together into a ain^e operation. The alterations 



nadG in the dimension oi any one cross section may affect the 
stress distribution in the entire structure. Hence, the search 


for optimum requires the repeated calculation of forces or 
stresses for every change made in the cross sections, This 
difficulty is not present in the proposed choice of sections. 

It is only required to see whether the force-defoimation 
relation of the section chosen agrees with the corresponding 
ta,slc curve. If not, a, new section con he tried; so on and so 
forth until an agroeahle one is found, This repeated trial 
no way affects the choice of other sections, nor affected hy 
the choico of others as no stress analysis is carried out at 
this stage of decision. 

10 ,9 , 2 The Pro hi cm o _f_ I nteracti on of go r peg : 

The matching of the actual force-deformation relation 
of a section and the task curve is easy in the case of members 
with only one active force-deformation relations provided 
relations are aTallaolo in the fom of etorts or gr^bs. Wbon 
more than one foroo-dolormation relation ia prosont at a 
section, tbs matching nay bo a problm espeoially when Inter- 
action or yield condition is to be satisfied. So method is 
availablo in this direotlon as snob a problem has nOTOr arisen 
in the oonTontional design. Syatmatic methods may be 
developed for this oboloo. It may be noted that an enact 
fitting of the t« diagrams ate not necessary Or safety 
pnisose. Ihe actual foroe-doformatlon rS-ations need be on tho 
oonserratlve side of task eurre for purpose of safety. 
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The jiethod, of choice alone docs not guarentos an 
absolute inininrujn cost design. The attainment of an absolute 
minijauiii d.(^ends on many fo.ctors» Economy bns a greater 
dependence on the correctness of the alternatives chosen*. 

Also, economy depends on the proper choice of the final cross 
sections. However, this drawback is not a ^eciality of this 
method. In many of the non-linear programming problems, absolute 
optimum is not guaranteed and the choice of proper initial 
starting point has grcai^nfLuence in the minimum obtained when 
the functions are not smootliLy convex. 


Consideration of cost as an objection in the usual 
optimization problems is vory complex. This is duo to th.e fact 
that cost may have to be related to aroa of cross sections and 
sometimes to forces even. This is a complex operation and cost 
may not be easily related to the cross section dimensions. In 
the present ^p roach such a hypothetical relation is not 
necessary. Gross sections arc chosen directly using the cost 
index such that the force-deformation relation matches with 


the task curve. 

10,10 SUivIMARI 

Ihe operation desoriljea in thia otepter is tHe last 
stop in a series of decisions regarding the structural design. 
It consists of the s^eotion of the material and cross section 
of menhars, Ihe choice is made »ch that the actual forcs- 
aeformation relations «>lnclde , 1 th the tash cur.es end the 
00 St or oost-effeotireness of member is a mlnUmJm. 



GI L'iPTER EDEm 
SGMIiimi. iiifK COmUSIOMS 


In the foregoing chapters, the framework of a 
methodology of optimal inolastic stiuctural design for 
simultaneous satisfaction of strength, serviceability, 
ductility and economy has "been described. She need to fomulat 
a more rational methodology of inelastic structural design 
using theories of docision making so as to approach further 
to the goal of a we ll-balanced structure , has been the main 
motivation behind this investigation. With this intention, 
several decision techniques extensively used in optimal 
control theory, management and war sciences, and operations 
research hn,vG been studied for their feasibility of 8®>plying 
to the various decisions in structural design. Several 
decision models such as differential gome, statistical 
decision game (Wald*s minimax model) optimal control formula- 
tion (Pontryagin's maximum principle and variational ^proach), 
certain risk decision models based on preferences, check list, 
subjective programming, gamii:^ simulation, Bayesian Markov 
process, cost-effectiveness analysis etc. have been ^plied 
to the various decisions in the proposed methodology of 
structural design and their suitability illustrated, 
fim phaslPi throughout the i n vestigation ha s been more. oiLiyjg. 
formulation of the problems in the fram ework of the proposed 
design methodology than on the computa tional adepts ..Q.£_:aie. 


problem . 




11, -Z SUMLiRY OP CPHE PESIGN MEIHOEOLOGT PjROPOSEE IE THE THESIS 

In ord^r to identify the decisions involved in tlie 
structural design and th.a characteristics of the decisions, 
the nature of sbructural design decisions has heen studied 
from the viewpoint of engineering systams design and theory 
of decision making, Y£Lth this study the major decisions have 
been listed out, and a decision criterion has been proposed, 
larious decision models and acceptance rules have been reviewed 
with respect to their suitability for decisions of different 
character. Some of the major problems that deserve attention 
in a structural design methodology have also been listed out, 

11* 2,1 G-oneral Methodology : 

Structural design, like any other design, is a 
creative decision process which starts with vague concepts 
and ideas and ends up with a finished product. In this 
process, thv^ designer has to make several decisions, a 
simultaneous consideration of which is difficult. Hence, the 
basic philosophy in tho p apposed methodology is to 
the decisions in structural design to smaller levels ydiere 
they can be dealt with In an easier an d rational 2Jhe 

decisions are then embedded in tho framework of a learning 
mechanism^ which connects the decisions together to a ^obal 
decision, Even in choosii^ the decision models, it is 
emphasized wherever possible to take the judgements to a still 
smaller level \idiere the judgement can be more precisely 
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excorcisGd. No srapirical procedure is proposed, and all 
decisions are to be dealt with as decision theory probleias# 

!Ehe method is iterative in nature. 

In this investigation, structural design is divided 
into five major decisions v/hich are grouped into throe 
depending upon the nature of the decisions, iv group decision 
method is proposed for the initial planning of the site and 
fiinctional configuration of the general system of which the 
structure is a part, The structural designer takes part in 
the decision as a partner .C^erationsl gaining is the model 
proposed for this decision. With the background information 
gathered and using his own judgement, structural designer 
selects a structural concept , devcral methods like chock list, 
subjective programming, decision tree etc, have been suggested, 
studied and illustrated through exenples. The decision of 
structural concept is followed by the arranganent of monj^ra 
And types of connections and the sbloction of mat erial ..and 
nronortioning of tho members . This decision is again sub- 
divided into smaller decisions and studied in detail. 1 
system-effectiveness criterion that trades off functional 
conformity, structural efficiency and economy is taken as the 
basic design criterion. 

The interdependence of the decisions is considpred 
to be taken into account by connecting them together by a 
learning mechaniafl or heuristic procedire,' By repeated trials. 
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any degree of precision may Ig achieved, Ihis aspect of the 
problem has not bean dealt with and is beyond the scope of 
this investigation* 


11.2.2 Selection of Mpt_o_r i£ls_ and Proportioning of Manbers : 


A direct design mo bhod is proposed in which the force- 
deformation relations of cross sections that are required 
to satisfy strength and serviceability consistent with economy 
arc obtained as oatpat of design as opposed to the use of 
them linking relolions in conventional method of analysis* 
Later, cross sections of suitable materials and dimensions 
are chosen such that tho5'- provide the necessary force- 
deformation relations obtained by the direct design met ho d» 

A brief summary of the method of direct design is presented 
here. The essential data and steps of computation are also 
briefly described, 

(a) Ttie material, shape and dimensions of the member 

cross sections are to be chosen. 


(b) Needs : 

(1) At normal load conditions (dofinod In Ohaptor 4), 
tha structure must te safe as w^l as S'-rviceable* 


(li) me safety, duotility and cost are traded-nff 
optimally for randon loads and abnormal load conditions 
tnrousb a cost-effootiveness criterion. conse,nonaes 

of failure associated «ith various modes of failure are talcon 
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into consideration. 

(iii) The proposed design for inelastic naterials is egually 
suitable for both oLastic and inelastic systems with or with- 
out tine-effects, 

(iv) The design is essentially a, decision process under 
uncertainty, (Bat the nebhod is flexible enough to be a 
design under certainty or risk as well), 

( c ) Bata or Info rmation Uo eded ; 

(i) The skeleton of the structure mth the layout of the 
members to be proportioned and the manner of connoctions* 

(ii) The possible loads and their positions; iiny possible 
change in the position or direction of load may be ^ecified 
before hand. 

The loads may be deterministic or random in nagnitud®#^ 
If random, the probabilities may be known or known to bo 
within two hounds* 

The normal load conditions are to be ^ecified. 

These are the magnitudes of the loads below which the 
structure is to be serviceable. They may be arbitrarily 
specified or if probabilities are known nay be taken as the 
characteristic loads of -Ooiatso Buropeon flu Boton (0EB)(26) 

(iii) Ihe type- of laealisatioh of the structural behatlour 
like clastic, inelastic, mth or vdthout creep offeota; 

(iv) ibroe-detoBaation rdations of cross-sections of 
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various materials, sliopos and dimensions. It is convenient 
if such, relations for a. vast number oC cross sections in the 
form of charts or graphs are available, The forco-defoiciation 
relations may be certain, random vdth Marlcov property 
(Chi^ter 10). The transition pro bo.bili‘Cies nay be toiown or 
unknown. 

(v) The cost per unit length and the maintenance factor 
P (given in Chapter 10) nay also bo entered as indices 
against each forco-defomation relation in which case the 
choice of optimal sections become easier. 

(vi) Serviceability reauirements in tenas of allowable 
deflections, pv^rmanent doxomotions, rotations etc, 

(vii) The cost of the consequences of failure associa,tod 
with each mode of failure. It may be a function of time or nay 
bo invariant with tiins# 

(Till) Hires marginal, factors r^i r^, and r^ for unoortalirty 
are to » evaluated to compensate for tho non-^oasaratae 
unoertaintios. Itey may Ho a.eoiflod Hoforehand or may W 
decided in wdlob case tho rating of the various events hy the 

designer is also needed. 




(i) The cross sootlons that are to ho designed are 

"1 Ti Xn tho liLstrih^tod 

chosen and numbered from 1 to 1. iii 

/ nvion+pr 5). the cross soctions at 
parameter systms (see Chapter 



regular intervals nay 
the size of any other 
by inteipolation. 


b^- cboson as the represcnta.tivc ones and 
section may be obtained after design 


!Phe forco-defomation relations of the N cross 
sections may be listed out .-md numbered from 1 to n (n > N). 

(ii) Find out the following constraints 
1 . Equilibrium Equations 
2« Compa-tibility Conditions, if required. 

3. Serviceability Constraints, 


(iii) 'Ihe perfornanco index or pay»»off which is a 
measure of energy potential may also be computed, 

(iv) The possible failure modes that are bo bo considered 
and the associated costs of failure may also bo listed out. 

The cost-effectiveness criterion Diay be fomulated using the 
collected data. 


(v) The state equations that rc^) resent the behaviour 
idealization may also bo listed out, 

C'^) Problem Formulation : The prohLcrrts for the various 
decisions nay be fomulated. Four decisions are involved; 

(i) Stage 1. Design for serviceability under normal load 
condition (Cheaters 5, 8). 

(ii) Stage 2. Design for cost-effectiveness under abrjornal 
loads or ranebm loads. (ChhP'ters 6, 9)^ 



(lii) Stage 3* Corroctiiog the force- deformation roLations 
for nDn-iiioasurable uncertainties (see 
Chapter 7) , 

(iv) Stage 4, Selection of cross sections (material, shape 
and dimensions (OhEptor 10). 

Depending upon vdicther the data is certain or random 
with probabilities known or unknown, different formulations 
may be chosen as shown in [Cable 10.1. Unceid;ainties of various 
types in loads, materials and non-measurable uncertainties due 
to other factors arc isolated and dealt with s^a,rately, 

(f) So lution of the P ro blem ; The design formulated as a 4“Stage 
decision problem nay bo solved in stages in the order given 
above. The decisions of each stage are the iiput data to the- 
subsequent decisions, iilgoritbms may be develop ed for the 
various decisions mentioned above. The results of the decisions 
are the following; 

(i) In Stage 1, the n forc'^-defoimation relations 

required for safety and serviceability under nD333.al 
are 

load condi tions^obtained. 

(ii) In Stage 2, the force-deformation relations are 
further extended for optimum cost-effectiveness under 
abnormal and random loading, 

(iii) In Stage 3, the force dofomaation relations are 
corrected for the rBonnaeasurable uncertainties 
discussed in Chapter 7, 
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(iv) In Stags 4, the cross sections are cIiosgh such that 
their force deformation relations match wLth the 
sot obtained in Stage 3. 


11.3 CONCI/USIONS 

formulation of structural design that linics the 
conventional field of safety, the current trends in optimum 
design and the modern concepts of structural design processes 
considering the social and oconoriical and other involvements 
of design is proposed in tiiis investigation. A well-balanced 
outlook on the design needs like safety and serviceability, 
under normal load conditions and optimum cost-effectiveness 
under atnomal or randoi. loading is also riaintainod in the 
proposed design. Many associated proliLems in structural 
design like subjectivity of design data, uncertainty and 
randomness of loads, materials and other design paranators 
stc.Clisted in Chapter 5) have been given duo consideration. 
lUo dooislon models chosen for varicus design decisions are 
selected in such a way that they fit in with the nature of 
the problem and design needs* 

Iho special loatures and results of the various ^ 
I’.ialike oho oKList method, decision tree, subjoc 

decision models liKie cn'-t-jw-* 

five programing, optinal control fonnulation, oost-effeotr- 
veness design, decision based on preferonoes, dlffsrentrol 
gsBO fonsulation. statistical decision gome and final y 
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Markov assumption and Bayosian Markov process are discussed, 
in the corresponding chapters. Hence, they are not reproduced 
here. In this section, certain features of tho general 
methodology are presented, iilso, the conc^ts and methods 
of the proposed design procedure are coiiparcd mth those of 
tho existing methods of design. 


11.3.1 Special Ihaturcs of the Proposed Design Method s 


Some of the features of the proposed method of 
design may he listed as follows; 


(i) The present trend in coded structural design 'Soee 
not kec^ a well-balanced outlook on the needs of design on . 
one side and the data available at other# Ihe optimization 
must be consistent with tho social acceptability. The 
decision model must te sultatae to incojiiorate the data and 
goal vdach may he suhaective or ob 3 ectiTe* This prolHQm 
given due attention in the pioposea design deolsions. Tho 
group decision activity &r selection of site and functional 
configuration Is a that allows for the personal 

preferences of indiviauals and incorporates the deolsJons 

under conflictiiig interest. 


(ii) Bor purpose of design, structure is oensidsred as 
a component of the general engineered system ^loh is also 
in constant action along vdth other componmts.- She inter- 
action of the struo^rel ccs®or«nt with other components of 
the system to terms of fanotlonal, ansthetio and other 



requirenents aro taken in design thnougla the system effeotirc- 
n©ss concept, and the initial gnoup decision procedure* 

(iii) The social, psycbologi cal, political and econoiaic 
considerations in design have boon given due consideration 
by the choice of an operational gaming model for the group 
decision activity, 

(iv) The nature of data available at various, stages of 
design has been talcen into account in the choice of decision 
models. The informations a.t the initial stage of selection 
of site etc. are vague and subjective and as the final stage 
of choice of members aro reached, the data become more 
specific. Hence, the doniaion models for earlier stages are 
not so rigorous as that for the later decisions. The -aocaracy 
of design nay not bo improved so long as the input data is 
vague and inaccurate, however , rational the decision model 
may be. Hence, there is no specific advantage in resorting 
to a rigorous model like mathcsaoctioal programming for the 
first three decisions of the design# 

(iv) The global decision of a structural componeirt is 
decomposed into smaller decisions at which level they can 
be tackled in a rational way. Whenever judgement is 
involved, the decisions are still divided into smaller 
components and the judgement is made vdth respect to a 
limited number of factors. The piecemeal decisions and 
judgements and their synthesis through a design methodology 
are the special features of the proposed method. 
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11*3*2 Practical iiPnlicatinrtFi i 

(i) Th.0 ncthod of design proposed may find considor- 
atle application in the design of reinforcod concrete struotu- 
ros dac to the following roasona* 

(a) The serviceability controlled design limiting 
deflections and pcrQ.anent deformations (which limits the crack- 
width) considering creep effect is very much suited for rein- 
forced concrete, A direct procoduro of this typo is much 
simpler for this material* 

(b) Reinforced concrete is a nonlinear material 
which has nonlinearity oven within the working load conditions 
due to the developraent of cracks. Hence, the nonlinear Inelastic 
design for normal load condition is very well suited to it* 

(c) As discussed by Hair and Sridhar Rao (165), the 
non- conservative nature of structural concrete die to the 
progressive development and propagation of microcracks, the 
usual theories of continuum mechanics may not rationally pre- 
dict the behaviour of reinforced concrete members. $be sequence, 
timing and manner of loading (kmm as strategic uncertainties) 
are more important in reinforced concrete design e^ecially 
when serviceability is to bo satisfied* The optimal control 
and differential game are well suited nodaLs to deal with 

this problan* Purbhor, a kno^edge of the worst oourse of 
loading and the optimal forcc-defomation relations would bo 
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very much helpful in finding the sections that are conservative 
in behaviour. In reinforced concrete the force- deformation 
relations of actual sections vary with the path of loading. 

Hence, a prior loiDwlodge of the path of loading would bo very 
much useful for better design. 

(d) Forco-defomation relations of various sh^e 
and requiroaent can bo easily obtained by changing the amount 
of steel. Hence, a method of direct design is very helpful 
to design the sections with minimum reinjBDrconents required 
or for minimum cost. 

(ii) IThis method of design may suit very well to 

the modern practice of prefabrication and standardization of 
structural elements. The basic design cor^jutations are free 
from material and cross sectional conside??atioi^. Hence, on 
completion of design, the designer can doaand the sections made 
of suitable materials that he wants. If such a section is not 
available, he is free to choose any other agitable section 
without altering the basic design requirements. Ibis freedom 
of choice suits to the concept of standardization and mass 
production of structural dLeme3its. 

(iii) Ib-® method is equally ^plicable far both 

conventional materiola modem coi^osites and plastics. 

The concept of design of materials for g?eoific use by 
coii?)05ition of severe elements is a fast developing field 
of study. Kio proposed design wroaoh. fits in very w^l to 

the philosophy. 
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(iv) Ths trade-off iDetwGGn weight, cost and safety 

to arrive at well-balanced structure is very important in 
aerospace structures. The design of such structures is to bo 
carried out under conditions of uncertainty. The design may 
be carried out in such cases as a decision under uncertainty 
as dealt with in this thesis. 

The design method covers a wide class of materials 
and structures both conventional and innovative and is Explica- 
ble to all of them with equal rigor. 

11 . 5. 3 Comparison with Existing: Design Qonoepta t 

The proposed method is compared with the existing 
methods of design. 

(a) Oompaxison with the Gonventional Hbn-Utilitarjan 
Design ; The proposed method differs considerably / 

from the conventional method of design. In conventional method 
of design, most of the decisions mentioned are talcen empirically. 
The proposed metho d considers that all decisions axe decision 
theory problems of one t3X® or aimither. further, the metliod 
is a direct logical design in contrast to the indirect intuitive 
character of the conventional design. 

(b) norm n.ri son with the Mo dem Optimum Utilitaxi.a^ 
Design Processes ; % nature, the proposed method 

is a utilitarian decision process. However, it Offers from 
the existing methods of c^tlrnma design in the following 
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respects. 

(i) Ihe decision net bads suggested in this design that 
makes use of subjective data, arc not so rigorous as the 
mathenaticol progranning methods of design. 

(ii) The direct design approach separates the optimiza- 
tion and structural design as discussed in Chapter 10. This 
i^p roach has got ^ecific advantage in the incoiporation. 

of uncertainty, and gives enough free don to the designer 
in the choice of nembers and materials. 

(c) Safety ; Design for safety is the matching of the 
load and strength. If the strength is greater than load, 
structure is theoretically safe. In the existing design, the 
matching is done at the level of stress, strength of a 
sGction or at the load level depending upon whether the design 
is stress design, strength design or limit design. The 
proposed method also considers safety by matching the two 
at the cross section level. The task curves may be considered 
as the load effect and the force-defomation relation of the 
section as the strength or opacity of the section. The 
matching of the two therefore corresponds to the matching of 
strength and load in oonventional design. It may he noted 
that the matching in the proposed method is not only for 
strength alone but also fi>r stiffness and Motility with the 
result that the desi^ assures safety not only in terns of 
structural failure, l^t also in terns failure. 
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.Statene nt of Safo tj: Safety in the existing methods 
of design is stated in toms of an arbitrarily specified 
factor of safety, load factor or probability of failure. In 
the proposed method this epp roach is dispensed with* Instead, 
safety and serviceability under normal load conditions SLre- 
assured by a design first and safety is traded off to the 
consequencv^s of failure and cost of structure under abnormal 
and random load conditions* Itirthcr, inelastic reserved 
strength is used under abnormal load conditions to share part 
of the excess load acting on the system. 

(e) TTncertnlnty : In the existing design, uncertainties 
are taken enipirically by means of safety factors. In the 
proposed method, design is treated as decisions under uncer- 
tainty by which the use of arbitrary safety factor is 
eliminated. 

(f) Probabilistic Itesign : Ihough the random behaviour 
of the structure and loads arc taken into account, the method 
of design is basically deterministic. 

(g) nnmnutation,-n goAsltoll-ty j Iho proposed netbod nay 
Ej)pear ooESUtatloMlly iiwolved. It Is so Ijeosiase most of 

the decisions dealt vdth aio not done in a conventional design. 
If all the deoisions proposed here oxo to be done by convention- 
al methods of design (not using aipirioal factors) for 
inelastic materials-, the ooi:®utations involved may not be 
less than that in the present method and perhaps it may be 
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ereu more. Inverse inelastic analysis and proportioning 

for similar conditions involves iteration and is conputationsQly 

involved even for feasible solutions* 

11 * 4 REGOMENDATIOHS EOR further RESHiRCH 

The method of design proposed in this thesis is 
new though the underlying philosophy is Icnovm to all 
structural engineers, The method has to he carefully studied 
in all aspects before nald.ng use of it as a design metho d* 

It gives greater scope to carry out considerable research, 
Further, the method suggested hare is only one method of 
approach, Similar possibilities may be studied and the one 
that is more acceptable nay be chosen as the design methodology. 

The various possible extensions of the method have 
been discussed at the end of each chapter under discussion. 

Of these, three aspects of research deserves imediate 
attention to make use of it as a design methodology* 

(i) Computational algorithm for all the decision 
methods suggested in this thesis* 

(ii) Collection of relevant design data that are needed 
for use of this design process. 

(iii) Treparation of charts and graphs of force-delbmation 
relations of cross sections of va]rfx>us laaterial 

of various shqpe and dimensions* 
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!Furtlier extensions oi the prxsposed design method to 
complicated structures and practical problems with cre^, 
thennalj latigue and other effects and also for ea3?thqualce 
loading may be attempted, 

Ihe various decision models like differential game, 
optimal control, cost-effectiveness, statistical game, 
Bayesian Markov process etc, are all recently originated 
techniques and by themselves arc not fully developed, \Sith 
the further development of these basic decision mo d^ a, 
improvement in the proposed design can also be made so that 
the method can be applied to practical inelastic structural 
design problems and can be used for improvement of codes of 
practice and specifications. 
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SMEs OF Nature 



^Probabilities are uiilcnovjn (decision under uncertainty) 

**Assumvjd true state of nature in deteministic design 
(Decision under certainty), 

TAELE 2.2 - UTILITY MiJERIX TO ILLUSTRATE LEBGISION UNDER 
CERTAINTY. RI^ AND UNCERTAINTY 
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Decision 

^■"^..^^^iabl es -* 
On t ini 

Paramet« 

3rs 

Eunctions 

tion 

criterion 

Oontimous 

Int egcr 
(Discrete) 


iUnction 

function optimiza- 
tion prohlcms 
(Sec Table 2.4) 

Integer 

prograraa. 

ing 


Panctional 

(continuous, 

convex) 


1. Calculus of 
variation. 

2 . D! 3 rnamio pro- 
gramming# 

3. Pontryagin* s 
maxic’-ua 
principle 

ilinctional 
(Discontinuous 
non-smooth 
mn- convex) 

* 

jfon-BH orian 
calculus 


TAEDB 2.3 - MAIHSMillOa. MIHODS OS OPEDCZASIOB WSm. 


OMAIIKT, 
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Nature of 
Objective 
Function 


Linear 


Non-'linear 


Nature of 
constraints 


Linear 


Problem 




Classical 

optimization 

problems 


Equality 

constraints 


Computational Method 


SitE5)lex ^goritha 


1* Indirect metliods 
using differential 
calculus, 

lirect methods or 
search methods 
(See Table 2*5), 

3, Combined uco of 
indirect and direct 
methods, 

a* Equatioii solution 
by search, 

b* Reduction of 
dimensionality. 


dassical : Lagrangian Siultiplier 
optimization method, Jacobian method 
problaas 


Non-linear 


Constraint B Ian-linear 

are equaliti-- programEing 
es, inequalities 
or both. Linear 
or Non-linear 


1 *Eet jx) a 0 f t oasi oL e 
directions, 

2,PmsCLty jainction 
®T)roa.ch.# 

(i; Outside penalty 
(ii) 0UMT (Fiacoo and 




SPIOI.t;L TYPES OF NONLINEAR PROGRAMMING PBOKLM 


aoV: Tarlalile method 


Non-linear 


Quadratic 

function 


Convex 

functions 


Non- convex, 
discontinuous 


Geometric 
progression in' 
decision 
variaba.es. 



Qradienfe pro section 
iKethodU 



Convex inequa 
lities 


Eiscontimous 


Inequalities 


SOMT, using Kuhn-JEuclcer 
theoraa 


Concave 

progranBaing 
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One dimensional searcli 


e 


Hon^*- SequentiaL 


(1) Hewton-Raphson eearcii, 

(2) Cubic convergent searcb 
without derivatives, 

(5) Quadratic convergent search, 
without derivatives, 

(4) Fibonacci search, 

(5) Search by Golden section, 

(6) One dimensional search in 
n~dimensional ^ace. 


(1) KonHStequential hancbm search 
(Honte Carlo search), 

(2) Nonnasquential factorial 
search 


Relaxation 



Gradient Methods 


(1) Univariate search, 

(2) Southwell’ B relaxation 
search, (3) Southw^JL Synge 
search 


(1) Continuous stalest aseeafe 
(descent), (2) DUBorete 
ste^est ascent (descent) 

(3) n-dlmensionfia. Bewton-Rsphson 
search 


Accel er ation-St ep 
Search 


(1) iUwo dinensionaL accsLeraticn 
st^ search, (2) PAREAH 
(n-dimansionaCL aocelerat ion- 
step search) 
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Table 2,5 (Contimed) 


Conjugate Direction 
Methods 

i 

(1) Conjugate gr*^dient nethod 
of Hestenes and Stief^. 

(2) Method of Hetcher and 

Reeves, 

(3) DEP method (Davidson nethod 
via iletcher and Dowell) 

Otlier Search Methods 

(1) Pattern search, 

(2) Search by directed array, 

(3) Banny-Hop search, 

(4) Creeping random methods, 

(5) Centroid method , 


* * 


T^JiB 2.5 (OOBTIKUiia}) 
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lOI UTILITARIiil DECISIOIS 

THHLITAElJjr DEOISIOIS 

PROBABILITI ASSIGM A PRIORI 

BEOISION UIDER OERMHIY 

1, Rule of high prohahility 

2* Rule of max. prohahility 

3. Riile of high weight 

4* Rule of max. weight 

PROBAEEXiITY NOT KfEDW A 

Optimum utility 

BBGISION UNBlER BISK 

1. Laplace utility ojeriterion 

2. Ib?)ected utility 
criterion 

BECISIOI UHDER UMCSIIAIHTI 

а. Grme situation 

Minimax (saddle Tslue) 
theory. 

h. OoBlolete fgnojrajuce oJt 
prohahility 

1. Minimax loss (fald*0 

theory) j 

2. Minimum loss ! 

3. Maximln gain 

4. Maximg^ gain 

5. Minlmax regret rule 
(lavage) 

б. Optimisn-pessijiiiai 
criterion (0urwios*a role) 

c. Prohahility oan he fmmd 1 
by exp elements 

Bayesian rule 

PRIORI 

5. Rule of max. likelihood 

6» Method of least squares. 


'I'AjSLE 2.C - ^CCilPTAITCE BDIiiJS II UBCISIOI MAJOlla 
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Nature oi 
Decision 

Decision Made 

Decision 

Maker 

Modd 

Criterion 
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Group 

decision 

Selection of 
site or position 

Group consis 

ting of die 

financier, 

society, 

structural 

engineer. 

constructior 

engineer, | 

architect ax 

others 

nt 

System 
effective- 
ness (]?un- 
ctiond 
conformity; 
structural 
efficioncy 
economy) 
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Group 

decision 
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Selection of 

functional 

configuration 

Operation- 
al gaming. 

Id 
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jf 

Indivi- 

dual 

decision 
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■ t." 'v 

Ohoice of 

stmetural 

coiicept 

Structural 

engineer 
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Check list 
Method and 
other sub3-’ 
ective de- 
cision 
models 


Jf 



Indivi- 
duaiL de- 
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of course 
of action 

Arrangement of 
'fflenibets and 
types of 
i connections 
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Structure 

Game 

Cost ‘•effec- 
tiveness 
( safety, 

1 service- 
ability, 
ductility, 
economy). 
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Selection of 
material and 
geometry of 
members 

Structure 

Game and 
decision 
theories 
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i’iJfcB 5*3 - MOISXOH fAB&E EOR IHB SMiBCidOir Of OPSIMOM lYPE Of BDOF 
















X3f€r to the attrilmto8 listed in latie 3*3, 

3*4- -BIOISIOH OJABLiJ ^ Jim THiJ miLlTl OF SSRUCOJUiL^ MEttBRRS 
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Weight ago 
for systems 

^ iim imMmtt 

Roof 

Support 

Ibundation 


ul» § 

0.3 

0,3 

0.35 

0.35 

j 

i. 

2* 

0.4 

0.5 

0.3 

0^2 


It 

0^3 

0t5 

0,5 

0 




0*44 

O' 38 

0*18 

'i 

» i 


®f£l<3leacy 

, ^ Oost 
3fc, iosttLetioQ 


t'hBT.'B 3.5 - EMMIOH 01^ aBAmnon MM 50B 

OOMHlBilDIOlf Of fmilOMh + y®R$tOiI» 
aOPPOBD + K)tJN3>A?I?I0B. 



SI , Bo * ilt or^iat i ve 
comlDinations 

B 

0 

B 


1. Bi_ 0^ Dl 

1 

0.33 

1x1 

0.33 

1 

0.33 


^2 

1 

0.4 

1 X 0,5 
0,2 

1.0 

0 f 4 


3. 02 3^ 

1.5 

0.3T5 

2x1 

0.0 ■ 

0.5 

0.125 


CM 

O 

1.5 

0.333 

2 X 1.0 

0 * 4'4*4’ 

1.0 

0.223 


5. % O3 Bl 
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0.375 

2x1 

0,5 

0,5 

0.125 


6. O3 D2 

1 
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2 X 1.0 
0.444 
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0.286 
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0.143 


' 8. B2 Dl ' : 
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0.2 

1.0 
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9. B2 0^ J>2 
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0.11 

1.0 
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10 • Gg 

0.8 

0.348 
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0.435 

0.5 

0.218 


11 • B2 ^2 D2 
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0*357 
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1.0 X 1.0 

0,435 

0,5 

o.as 


13. Bg 0^ 

0.0 

0.348 

1.0 X 1.0 

0.435 

0.5 

0.218 


w. B3 Oj^ Bl 

1 

0.533 

1 X 1.0 
0,333 

1.0 

0.333 


15. Bj Og 

1.5 

0.375 

2 X 1.0 
0.5 

0,5 

0.125 


16. B, O3 3^ 

1 

0.286 

2 X 1.0 

0.572 

0.5 

0.143 



TABLE 3.6 - ETALUATIOB OE IHDERACTIOH EAOTOBS 



Sl.Uo. llternative 
Combination 


B(B) 

U( 0 ) 

U(D) 

2 

Gradation 

factors 

E 

0.44 

0,38 

0.18' 

1.0 

1- % Ol % 

U 

^f 

9 .1980 

0,55 

9.4630 

0.33 

9.800 

0.33 

2.795 

2. ^ Cj^ Dg 

U 

9,1980 

0.40 

.O^lSli 

9.4630 

0.20 

._.0^719_ 

7.0 

0.40 
0.5p4 _ 

-„lf3845 

‘ 

xs 

9*198 

9.3566 

9.80 


3 . 

h % ^ 

“f 

0.575 

1*52 

0.50 

1,78 

0*125 
' 0.2205 

3,5205 . 

:• 4* ^ ,^^2 % , 

* » 

u 

9.198 

0.535 

1.01 

9.3566 

0 . 444 

1.58 

7.0 , 

0.223 

0.281 

2.871* • [ 


U 

lU^ 

9,198 

0.575 

1.52 

8.318 

0.5 

1.56 

9.80 

0.125 

o. 2 a )5 

’ 3.3205 

6 . O 3 Dg 

u 

9.1975 

0,333 

1,01 

8.3177 

0.444 

1.405 

7.0 

0.223 

0.3KI 

^ ! 

7. Bl 0^ Dl 

U 

. 

9.198 

0,286 

1.16 

6,878 

0.572 

1.50 

9*80 

04.43 

0.232 

2.912 

8, Bg ^ 

U 

7.3659 

0.4 

1.298 

9.4625 

0,2 

0,72 

7.00 

0.4 

'0.705 

Z.IZi 

: 


TABLE 5^7 - EV.\I.UATION OF UTILITY FOR imxms OOMSII^ 1 »SS 
OF ROOF + YERTICAL SOFFORTS + FOUlWIOS, 


SI , Fo , i!it ernati ve 
combination 


U(B) 


11(0) 


V(J)) 


14« 


15. B 3 O 2 Di_ 


-3659 

9 

-445 

0 

441 

0 

3659 

9. 

5^ 

0. 

130 

1. 



7.5350 

0.333 

1.080 


7.3350 

0. 375 

1. a5 


6.875S 9.8 

0.435 o.as 

1,135 0*385 


9.4625 9.8 

,0,333 

1.260 0,^ 


9.3566 

0.5 

1.785 



i 11 '. Bo 
! 2 

^2 ^2 * 

7.3659 

0*286 

9.3566 

0<357 

7.0 

0,357 


: ^ 


0,895 

1.270 

0.450,, 

• 2 rf 615 

: i^K'h 

05 li 

1 

1 Bv CO 

0 

8*317t 

0,435 

9.8 

o.as 




1.130 

1.1375 

0,385 

2*6525 


2.650 


2.928 


9^8 ' 

0.125 

O>2205 


5.2205 


16. 0^ 3^ 


7.3350 

0.286 

0.895 


8.3L77 

0.572 

1,810 


9*8 

0#l'45 

0.252 


2.957 


3.7 COOIWI). ) 








435 


Trial 

No, 

Item 

0'=O 

P=1 

g=s2 

8=35 

®*.4. 


a 

440 

440 

440 . 

440 

440 

1 

y 

0 

0.002295 

0,00459 

0.006885 

a 00918 


H 

0.918 

0,918 

0.918 

0.918 

■ 0,918 


a 

430 

430 

430 

430 

430 

2 

y 

0 

0.00232 

0,004645 0.006965 

0.00929 


H 

0.929 

0,929 

0*929 

• 0.929 

0.929 


« 

420 

420 

420 

420 

420 

■ 5 

y 

0 

0t00238 

0.00476 

0,00714 

0.00952 


H 

0*952 

0.952 

/ 

0.952 

0,952 

0.952 


a 

410 

410 

410 

410 

410 

4 

y 

0 

0.00244 

0,00488 

0.00752 

0.00976 


H 

0,976 

0.976 

0.976 

0^97^ 

0.976, 


a 

400 

400 

400 

400 

400 Optimal; I 

5 

y 

0 

0.0025 

0,0050 

1 - ir , , , j 

010070 i 

; 0,01 j Iiiait I, 


H 

1.0 

1,0 r 

1,0 

jl.O 

1.0 : 




Maxinmjni H 




TABLES 5.1 - ESAMPIE OF TENSION E4R ttASTIG C^S 


Item s=0 


s«5 

444 


s=4 

444 


bound to 
a 


8=1 8=2 


a 

444 444 

444 

444 

444 


y 

0 0.00225 

0,0045 

0.00675 

0.009 

a 

a 

/,44.0 436.5 

426.0 

418 

409 


y 

0 0.00225 

0.00454 

0,00689 

0.00928 


a 

.,40,0 431.5 

423.0 

414.0 

405 


y 

0 0*00227 

0.00458 

0.00694 

0.00936 


a 

430.0 422.0 

412.5 

404 

396 


y 

0 0.00253 

0.00470 

0.00713 

0*00960 


d 

420.0 412.0 

403.0 

395.0 

3B6.0 


y 

0 0,00238 

0.00480 

0.00729 

0.00982 


a 

415 406 

398 

390 

382 

i 

bDumd 

y 

0 0.00241 

0.00486 

*'" ■ ^ i 

0.00758i 

I 

0.00995 





• 


TABLE 5,2 - UPPJSa .UTD LOWER BOUNDS TO THE VALUE OF 

o((s) mR THE TEHSIOH BaR WITH HDSLINEAR 
MATEai;i.s. 









Basic 

Data 

s a 0 

■*"^*»*» T - - 1 ■■■ n. 

S =S 1 

a =s 2 

■>% 

a = 3 

a s= 4 

V 

1.0 

1.0 

1.0 

1,0 

1.0 



-400 

-300 

-200 

-100 

0 

Upp er 
■fco a 

bound 

444 

444 

444 

444 

444 

Lower 
to a 

bound 

<15 

406 

398 

390 

382 

Trial 

Item 







a 

444 

444 

444 

444 

444 

1 

y 

0 

0.00225 

0,00450 

0.00675 

0,0090 


^2 

0 

0 

0 

0 

0 


. a 

.. i.L 

—0 #901 

- 0,901 

- 0,900 

0.900 

0,900 


a 

450 

422 

412.5 

404 

396 

2 

y 

0 

- 0,0286 

0.00233 

- 0,0286 

0.00470 

- 0.0152 

0,007125 0^00960 
- 0.0049 o ' 


H 

^♦9486 

- 0,9716 

- 0,9702 


- 0.960 


a 

420.0 

412,0 

403.0 

395,0 

366.0 

•z. 

1 

0.0 

0.00238 

0.00480 

0*007285 0.009815 

J 

^ 2 

- 0.02995 

- 0.02993 

- 0,01583 

- 0.00555 0 


H 

- 0.98495 

- 0.59593 

- 0,99183 

- 0.98683 - 0,9815 


a 

4L5 

406 

398 

390 

382 

^ 


y 

0 

0.00241 

0.00486 

0,0073b|o.00995|® 

4 ' 


- 0.03257 

- 0.03257 

- 0,01622 

- 0.00550 0 ; 


H 

- 0.99757 

- 1.01157 

- 1,00422 

- 0,999590 - 0,995 


TABLE 5.3 - ITEBATIVE SOLUTION OE OETBIAL (XJSTSOIi 
TENSION Km (iNELaiSTIG OASE). 






'Criol Item 



5.4 















i 


'Sj- 


O 

O 

H 




<M O 
H[ Q H 

tfv ^ • I 


VO O 



S* O H 

VO H 


VD 

VO 


VO 

m 

cvl* 


o 

o 


H 


V0 



H 


^ 


VO 


VO 


% 

VO- 



H 




s ■ „ 

S “ ^ 

■a 

•*ri f 

6-ti§ H 



$1»S 5# 5 lISBAfflTS SOJjimOK OP OPSIHAIi OONTBOI.^ mMPIiE 
Of 21MSI0K MR K)A3BD ARD OmOAmD 


w 



t 


TABUS 5,j5 (OOlllB.} 



4 ^ 


s 


^2 

^1 

^2 

1 

2 

0 

0 

0 

0.884 

0,884 

•^6 36 #4 

-353.6 

1 

0.884 

0.884 

0,884 

0,884 

-548.6 

-265.2 

2 

1.768 

1.768 

0.884 

0.884 

-459.6 

-176,4 

3 

2,652 

2.652 

0.884 

0.884 

-371.2 

-88.4 

4 

3.536 

3.536 

0.884 

0,884 

-282.8 

0 

4* 

3.536 

3.536 

-0.177 

-1.591 

-282.8 

282.8 

5 

3.359 

1.945 

-0,177 

-1.591 

-300.5 

123.7 

6 

3.182 

0.354 

-0.177 

-1.591 

-3L8.2 

-35.4 

7 

3.005 

-1.237 

-0.177 

-1.591 

-335.9 

•0.94.5 

8“ 

2,828 

—2.8^ 

-0,177 

-1.591 

-353.6 

-353.6 

*4*’ 

8 

2,828 

-2.828 

0,884 

0,884 

-353.6 

-353.6 

9 

3,712 

-1.944 

0,884 

0,884 

-265.2 

-265.2 

10 

4,596 

-1.06 

0.884 

0.884 

-176.8 

-176.8 

11 

5.480 

-0.176 

0,884 

0.884 

—88.4 

-88,4 

12 

6.363 

0.708 

0.834 

0.884 

0 

0 


!E..BLE 5,6 TRIiJi 131 ) ERx^OR SOIiUTIOH OF OPTIMJOi 
COiri'ROL. EX*iI.!PLii3 OF TW BiiR 2EUSS. 



442 

Trial 1 


s 


oc 

2 

^1 

^2 

^'’3 

^4 

H 

0 

580 

500 

0.0 

0 

- 0.2655 

- 0,08585 

- 1.906 

1 

555 

478 

0.00150 

0.00177 

- 0.2169 

- 0.05465 

- 1.892 

2 

530 

456 

0.00311 

0.00362 

- 0.1613 

- 0.02905 

- 1.861 

3 

505 

435 

0.004775 

0.00556 

- 0.1195 

- 0.01035 

- 1..862 

4 " 

478 

411 

0.006525 

0.0076 

- 0.0818 

00 

- 1.045 

4 '*' 

580 

500 

0.006525 

0.00760 

- 0.0818 

0 

0.527 

5 

580 

500 

0.00622 

0.00442 

- 0.818 

0 

g.321 

6 

580 

500 

0.005915 

0.00124 

- 0,0818 

0 

0-5242 

7 

580 

500 

0.005610 

- 0.00194 

- 0,0818 

0 

9*524 


580 

w 

0.005305 

- 0.00512 

- 0.0818 

0 

9.525 

8 * 

580 

500 

0.005305 

- 0,00512 

- 0.0818 

0 

H.2525 

9 

464 

500 

0.005610 

- 0.00335 

- 0,0549 

Q 

wl *2215 

10 

440 

500 

0.007515 

- 0.00158 

- 0.03835 

0 

1 . 1.2245 

11 

414 

500 

0.009020 

0.00019 

- 0.01505 

0 

- 4.1735 

12 

388 

500 

0.01160 

0.00196 

0 

0 

- 1 . 19§5 


TABLE 5,6 ( OOlSfTII ,) 




s 

# 

CM 

^1 

^2 ^3 


H 

0 

510 

560 

0 

0 -0.2930 

-0.07655 

-1.989 

1 

488 

536 

0,00173 

0.001575 -0.2477 

-0.04875 

-1.990 

2 

466 

5U 

0.00354 

0.003223 -0.1958 

-0.02595 

-1.967 

3 

443 

486 

0.00543 

0.004951 -0.1481 

.0.00925 

-1«948 

4“ 

420 

461 

0.00742 

0.006771 -0.1056 

0 

-1.943 

4* 

510 

560 

0.00742 

0,00677X -T0a056 

0 

Oi523t 

5 

510 

560 

O 

8 

o 

0.003921 -0.1056 


0,519 

6 

510 

560 

0,006726 

0.001071 -0,1056 

0 

e.519 

7 

510 

560 

0.006379 

-0,001779 «0. 10506 

0 

0.519 

S'* 

510 

560 

0.006032 

•.0|004629 -10,10505 

p 

9.5^86 

8*^ 

510 

560 

0.006032 

-0.004629 -0.10505 

0 

-4,585 

9 

416 

560 

0.006?05 

-0.003054 -0,07445 

Q 

rl.3?5 

10 

394 

560 

0.008525 

-0.001579 -0.04005 

0 


11 

371 

560 

0.010565 

-O. 000004 -0.01445 

0 


12 

348 

560 

0.012945 

0. 001571 0.00 

0 

-1.298 


■^Optimal control 5 


lABCiE 5.6 COOlffiD*) 



44‘<h 


Trial Item e=0 sal s=2 8=3 s=4 


Trial With Single Bar 


^1 


^1 

^4 

H 


10 

10 

10 

10 

10 

4740 

4260 

3780 

3’i20 

2850 

0 

0.0210 

0.00446 

0,00700 

0,01001 

-4000 

-3000 

-2000 

-1000 

0 

-0.00178 -0.00165 

-0.00140 

-0,000908 

0 

-0.5454 

-0.3788 

-0.2224 

-0.0900 

0 

-11.128 

-11,036 

-10.782 

-10.470 

-10.00 


Trial With Two Bars 


dw 

ds 

^1 

y 


10 

5 

0 

5 

2370 

0.0 


10 10 

5 5 

0 0 


5 5 

2130 1890 

0,00211 0.00446 


10 10 


5 

0 

5 

1660 

0.00700 


5 

0 

5 

1425 

Id.- 

“! 0,01001 Jadt 
. t — ^of 

1% 


'<2 

2370 

2130 

1890 

3 

0 

0 

0 

^1 

-2000 

-1500 

-1000 

'X2 

-0000 

1 

-1500 

-1000 

'X3 

0 

0 

0 


-0,00178 

-0,00165 

-0,00140 


1660 1425 

0 0 

-500 0 

-.600 0 

0 0 

- 0.000908 0 



TABLE 5.7 TEIAL AHE ERROR SOIUTIOR OE THREE BAR 
SISTM (iromilHEAR CASE) 



444 CL 


Trial Item 

s«0 

S»1 

Sss2 

s=*3 

s*4 


-0.00178 

-0.00165 

-0.00140 

-O.OOO 908 

0 

^5 

0 

0 

0 

0 

<* 

0 

A 4 . 

-0.2727 

-0.1894 

-0.1112 

-0.0450 

0 

^5 

-0.2727 

M}»894 

-0.1112 

-0^450 

0 

^6 

0 

0 

0 

0 

0 

Jtl 

-11.128 

-11,036 

-30.782 

- 10 t 470 

-10*00 


TMxM 5*7 - AHD EEEOR SOHJTIOH OR fHESB 

MR SYSTBM (NOKLIIBAE CASE) 


Item 

s=0 i 

3=1 

Sa 2 

s»3 

s»4 



Trial mtji 

Three Bara 



dw 

10 

10 

10 

10 

10 


3.33 

3.53 

3.33 

3.33 

3.33 

■^2 

3.33 

3.33 

3.33 

3.33 

J 

3.33 


3.33 

3.33 

3.33 

3.33 

3.33 


1600 

1440 

1230 

1120 

960 

“2 

1600 

1440 

1280 

1120 

960 

°^3 

1600 

1440 

1280 

1120 

060 


0 

0.00208 

0.00439 

O.OO699 

0,009^6 

^2 

0 

0.00208 

0,00439 

0,00699 

0*00996 

^3 

0 

0.00208 

0.00439 

0.00699 

0.<X39g6 


-1333 

-1000 

-667 

-333 

0 

^2 

-1333 

-1000 

—667 

-333 

0 

A3 

-1333 

-1000 

—667 

-333 

0 

t\ 

-0.001735 

-0.00161 

-0.001558 

-0^000912 

0 

f-^2 

-0.001735 -0.00161 

-0«001358 

-0,000912 

0 

h 

-0.001735 

-0.00161 

.0. 001358 

-0 .000912 

0 

^ 4 

-0.1794 

-0,1259 

-0.0722 

-0,0288 

0 

As 

-0.1794 

-0,1259 

-0,0722 

-0,0288 

0 

Ag 

-0.1794 

-0.1239 

-0.0722 

-0.0288 

0 

H 

-10.144 

-10.269 

-10,542 

-10.248 

-9,96 


TAH.E 5,7 (aorou,) 


dw ^ ‘^''''^2 

"ds" ^2 


Ai ^1 

(of y,)(i^sumed) 


^2 



1 

0.5 

-*282.8 

-282,p 

\ 

1 

1 >. 

0.5 

-247 .45 

-a2.i 

1 

0.5 

-a 2. 10 

-141.:4 

lllli 

0.5 

-176.75 

-70.7 

1 

1 

5;- Sifti f;Si*i:¥fia!?fe 

^S.1) i I'f' , 


0 

' ^v.-: g| 

3:liw 

!l||p|iP 

i^p.'4 

282.8 

-1 

0.5 

-106.05 

a 2.1 

-1 

0.5 

-70.7 

141.4 

-1 

0.5 

-55.55 

70.7 

-1 

0.5 

0 

0 


-141.4 

0.9 

0^93 

0..2274 

-106.5 

0.9 

0.193 

0.2274 

-70.7 

0,9 

0.193 

0.'2274 

-35.55 

0.9 

0.193 

0.2274 

0 

0.9 

0.193 

0.2274 

141*4 

-0.167 -OB74 

-0*406 

106.05 

-0.167 

-0*874 

^,406 

70.7 

-0.167 

-0*874 

-0,406 


55.55 -0.167 -0.87+ 

0 -0.167 -0.87+ -O.+O® 



fHEfflB OIETJSS 


taels 5«j&' example os 



s 

^2 

h 

®3 

^1 

72 

75 H 

0 

90.96 

400 

147.5 

0 

0 

0 -JL.666 

1 

90*96 

400 

147.5 

0,00225 

0.0025 

0.0013 -1.^56U7 

2 

90.96 

400 

147.5 

0.00450 

0.005 

0,0026 

3. 

90,96 

400 

147 .‘5 

0.00675 

0.0075 

0.0059 -54%'%918 

4^ 

' ) 

90,96 

400 

147.5 

0.0090 

0.01 

0.0052 -4l,'^555 


'^♦96 

400 

147.5 

0,0090 

0.01 

0.0052 -r.acf$ 


,> - .V, 1 - » 

...400 

147.5 

0,00658 

0.00553 

-0,00072 “.6466 

‘ -‘V' ■ 
f ’‘f 

.3 

4 . 

’^',1 ' 


' 147.5 

0.00616 

0.00106 

*0.00664 -.4065 


r-^ ' ‘ 

90.96 

400 

147.5 

0.00774 

-0,0054L -O.Ca256 0.5417 

8 

90.96 

400 

147.5 

0,00732 

-0,00788 *0.01806 ^t 668 
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6.1 - OOST-IIPFBCTI/MSSS DESIGN OE THREB B;jl S^STM 




SI. Mb. 


OTfOIS 


BATim 


yg s f p 


yg g f p 


yg g f p 
yg g f p 


m n t IS 


VH H f jr 


1. Scientific }mowle<5ge and teclmologioal 
slclll, ^t’h. wBioh. tne structure is 
designed 

2. Accuracy of assuinptionB made, modelling 
chosen for design, design technicjue 
used 

3. Accuracy of computation 

4» Accuracy in the estimation of needs, 

serviceability and cost of failure 

5, Possibility of loads that are not 
accounted for 

• ■S', tl^oaaibility of new positions and 
- of loads that are un- 


f.; loading in manners in YH H f H 

•which they are unaccounted (fatigue, 
i^aCt, vibration etc.) 

8, Possibility of environmenli^effects YH H f H 

of destructive nature not considered, 

like ten^erature, shrinkage, settlement, 
fire, earthquake etc. 

9, iforkmanship (skilled craftaaanship, Yg g f P 

efficient supervision) 

10, Inspection and control of materials M g ^ P 

in accordance vdlth codes of practice 

11, Constructional accuracy of shs 5 >e and Yg g f P 

dimensions of members 

12, Puture maintenance, periodic infection ; Yg g f P 


YH H f P 


yg g f P 


yg g f p 
lyg g f F 


Yg very good f fair VH very high f 
g good p poor H high H 


fai3^ 


lEAELB 7.1 =• UHGEB3IAIlS2IiS 10 BS 00MPMSA3JBB Bf r*g 




SI. No, 

EfMDS 

RAPING 

1. 

• Scientific Toiowledge and technological 
skill with which the structure is 
desigh^d- V ■' 

% g i P 

2. 

Accuracy of assuccptions made, model 
chosen for design, design technique 
used ■ 

Yg g f p 

5, 

.Accuracy of computation 

Vg g f P ! 

4» 

Accuracy of the criteria chosen for 
serviceability 

Vg g f P 


Possibility of loads that are not 
accounted for 

VH H f N 

*J' *''V‘ 

\ 6 -^ : - 

1 ? , 'i j. . 

u > .' ■■'' 

Possibility of change in loading 
„p.rCo@ 9 S and manner of loading 

?H H f N 

i, 

of other enviro mental 

deflection and cracking 

VE H f N 

8. 

flbrkmanship (skilled cr ait men, 
efficient supervision) i 

Vg g f p 

[ 

9. . 

Inspection and control of materiel in 
accordance with codes of practice and 
design specification 

Vg g f P 

10. 

Constructional accuracy in the choice 
of material and dimensions of members * 

Vg g f P , 

11. 

lUture maintenance and periodic 

inspection 

Vg g f p 

12. 

Importance of unserviceability on the 
overall usefulness of the system 

¥H H f K , 


^CAELE 7e2 - UKOEElfDAIlS'illES K) K3 ACCX)tIH!BED IH 3S-S 


EVALUAKON 01 3:^. 



SI. m 

. , Emis 

BillNG 

1 a 

Seriousness of a sudden collapse 
without warning 

VH H f M 

2. 

Ductility of the materials chosen 

. Yg g f p 

3. 

Degree of redundancy provided 

VH H f M 

4. 

Chances that all the critical sections 
will reach maximum capacity simixltane- 
,OLisly 

VH H f N 


T;IBDE 7,3 - TJNCERIi\IFJ)ISS 10 BO CONSIDMED IN THE 
E7AIUATI0N 01 r^. 


Event *"*■ 1 
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4 
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6 
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1. ¥g 
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Vg 
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H 
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?g 

yg 

yg 
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p +■ ® 
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g 

g 

f 

f 

VH 

B 

g 

g 

S 

Vg 


5. f 

f 

f 

P 

H 

H 

f 

H 

f 

f 

f 

f 


4. p 

P 

P 

yg 

VH 

VH 

H 

VH 

P 

p 

p 

P 


Event 

Personal 1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

•1 

prohahili- 24 

■by 
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24 
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n 


T 

n 
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4 

4 
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3J|.?5 
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4 
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3 
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3 
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3JLi.75 













o 

< matrix 

2,'., 

2 ,,, 

1 

3 

3 

2 

3 

2 

2 

2 

2 
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0.4 1 

1 

1 

4 

4 

4 

1 

4 

1 

1 

1 

1 

12*00 
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* The numhers 1-12 refer to the events listed in Tahle 7*1 
**0,1, 0.2, 0.3, 0.4 are the alternative actions. 


TABLE 7.4 - EVALUATIOI OS' r‘ - lOR A THEEiS E\R SltSTaS 

s 


Structural Design 

Optimal Control 

Differential Game Problem 

ProblOT 

Problem 


Structure 

Decision maker 

Minimizing player (Player 2) 

Nature 

(Not considered) 

Maximizing player (Player 1) 

Structural action 

Control process 

Game 

Loading process u(s) 

(Given function) 

Maximizing control 

Load w( s) 

(Given function) 

State of Player 1 

Porce P(s) 

State of minimizing 
control 

State of Player 2 

Po r c 0 rat,f,.. |j( 0 ) • 

Minimizing control 

Minimizing strategy 

Stiffness .dCe) 

Minimizing contTOl 

BJinimizing strategy 

DefdrEsation ^(s) 

State of controlled 

State of the controlled 


system 

system 

‘Behaviour idealiza- 
tion 

St at o' equation 

State equation 

Equilibriuia equations 

Constraints on £ 
or V 1 

State variable const rai3lt?s 

Compatibility 

condition 

St at e vari ahL e 

State variable equality 

equality constraints 

constraints 

Limit of no:mal 
load condition 

(Given) 

State variable ine(p.ality 
constraints 

Serviceability 

constraints 

Stats variable 
inequality cons- 
traints 

State variable inequelity 
constrai3its 

Energy potential 

Performance index 

Pay-off 

— 




TABLE 8.1 - GORRESPOIDMOE IH TEBMIHOBOG-I IN STBUCimJ) 

BESIG-N, OP'T’ TM.'J, OOKTEDL ii^B BilCB 


PROBLEMS. 
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Maximum of each column indicates worst course of 

loading for each type of structure, 

(Saddle point exist if Maximum of the^rows coincide 
with minuaum of the coluuins — There is one element 
that is the maximum of its column and minimum of its 
rov/) . 


table 8.2 - EXISTEICB OB SADffiE POINT IliUSTlUTED. 



Oases 

Cost of 

Serviceable 

One member 

Collapse 



' 'structure 


laiis 


Max ' 

vr 


Rs. 

Max 

Max p 2 ^2 

Max p 3 K.3 

""1 

,r r.- . j 


l.Distriba- 500 0.655422 0.2 0.521828 0.60 a.022750 1.0 0.546933.«i 

tion 1T(40,5) 

500 0.884950 0.2 0.521828 0.60 0.022750 1.0 0.3928528 

(I.l.) (U.l.) (U.l.) 


56 X 40 
0 = '5 


40 

I5 < 0 ^ 10 500 


0.655422 0.2 0.3Z1828 0.60 0;158655 1.0 0. .',828362 

(li.) (l.l.) 


-Values correspond to lower limit. 
^^^^K^piyi£a l-(^<yrre@ond to upper limit. 

•^-rsi Ctost of HO dsma,ge Rs. lOO/- 

Cg - Oost of one memlor fail Rs* 500/- 

0^ = Cost of collapse Rs» 500/— 

TRELE 9.1 - ItUaMIZRUOH OF CX3Sl-EFFMIVia^S 

POR - SlRiii'lGIES RHR 0-SlEUVlSGIES IHiUSTEiilED 
IHRiii; RH SYSTSM. 



Type of 
Decision 

Conditions under which decision is made 

Oerteinty 

Risk 

Uncertainty 

Stage 1. De- 
sign for 
serviceabili- 
ty 

Optimal control - 

(Ch.. 5) 

Differential game 
(Ch, 8) 

Stage 2. 

Design for 
■ cost-effecti- 
veness 


Cost-effectiv- 
eness design 
(Oh.6) 

Minimax: game 

Stage 3. 
Decision of 

Not needed 

Not needed 

Decision theory 
(Oh, 7) 

uxiCGi; b axilby 

factor 




■Stage 4. 

1 

Ibpce-defor- 
f mat ion rela- 
, tioh certain 

piilillili ■ ■ , 

Markov ideal- 
ization or 

CO st-eff ecti- 
veness design 

Bayesian Markov 
process 

^ — 

,TlBriE 10.1 - SECTION 
STAGES. 

OE DECISION MODELS EOR YARIONS 
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COBCEPT 
l*T5pe of str- 
Ticture 
23aterials 
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